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e feel pleased and delighted in presenting the revised edition of the book “CBSE Champion Chapterwise-

Topicwise Mathematics” as per the CBSE Curriculum for the current academic year. As we know, CBSE Board
has taken multiple steps towards the implementation of Competency Based Education (CBE) in schools, range from
aligning assessment to CBE, development of exemplar resources for teachers and students on CBE pedagogy and
assessment and continued teacher capacity building so, special efforts have been put to align this book to CBE. It will
give students comprehensive knowledge of subject according to the latest CBSE syllabus and pattern.

The salient features of the book are as follows :

» Topicwise Graphical Analysis : Bar Graph Analysis of Previous 10 Years’ CBSE Board Papers’ Questions
(MCQ, 1 mark, 2 marks, 3 marks, 4 marks and 6 marks) is provided. The Graph and ‘Weightage Xtract’ will help
students to figure out the chapters and topics which are to be revised frequently and how much is the weightage
of these topics.

» Comprehensive and Lucid Theory : Well explained theory with important formulae, flowcharts and tables for
quick recap and summarise the chapter with Brain Map.

» Chapterwise-Topicwise Questions and Solutions : Previous 10 years’ CBSE-Term |, Term II, DELHI, ALL INDIA
and FOREIGN papers’ questions are segregated chapterwise-topicwise. Detailed solutions of these questions
are given according to the CBSE Marking Scheme.

» Strictly Based on CBSE Syllabus & NCERT Topics List : Topicwise questions are arranged in descending
chronological (2023-2014) order, so that latest years’ questions come first in practice and revision.

» CBSE Cognitive Levels : Questions are labelled as per the cognitive levels issued by CBSE for assessment and
evaluation to provide evidence of students’ knowledge and ability.

Cognitive Levels :

Remembering Understanding Applying Analysing Evaluating Creating

| § [ '§ | '§ 1§ | g 1§

(R) (u) (Ev)

» Key Concepts Highlight : Key concepts have been highlighted in the solutions for their reinforcement.

» Exam Preparatory Tools : Detailed solutions are supplementary with Exam Preparatory Tools like
Key Points, Answer Tips, Concept Applied, Commonly Made Mistakes, Alternative Methods, Shortcuts, etc. to
improve aspirant’s score.

» Topper’s Answers : Topper’s Answers of few selected CBSE-2022 Questions are given which will help aspirants
to write perfect answers in the upcoming CBSE Board Exam.

» Chapterwise Self Assessments (Solved) : To master a chapter, self assessment test is given at the end of each
chapter, covering all typology of questions.

» CBSE Sample Questions : Last three years’ official CBSE Sample Questions are segregated chapterwise-topicwise
for which solutions are given as per the CBSE Marking Scheme.

» Practice Papers as per CBSE Blue Print : 5 Practice Papers (Solved) strictly based on the latest syllabus and
latest design and blue print of CBSE Sample Paper issued by CBSE Board. Various types of questions like Case/
Passage/Source Based Questions, MCQs, Assertion-Reason, SA and LA type, are included.

» Solved CBSE Sample Paper : Latest solved CBSE sample paper is included.

We are sure that the value addition done in this revised book will be helpful to students in achieving success in the

coming board examinations. Every possible effort has been made to make this book error free. Useful suggestions

by our readers for the rectification and improvement of the book content would be gracefully acknowledged and

incorporated in further editions.
Readers are welcome to send their suggestions and feedback at editor@mtg.in.

All the Best &
MTG Editorial Board
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5.1 Introduction
5.2 Continuity
5.3 Differentiability

5.4 Exponential and Logarithmic
Functions

5.5 Logarithmic Differentiation

Continuity and
Differentiability

TOPICS

Parametric Forms

Analysis of Last 10 Years’ CBSE Board Questions (2023-2014)

5.6 Derivatives of Functions in

5.7 Second Order Derivative

16

14

Number of questions —

» Topic 5.31s highly scoring topic.

» Maximum weightage is of Topic 5.3 Differentiability.

topics

Helps you to figure out the

which carry maximum
weightage!

54
Topics —>

Quickly revise chapter from‘Quick
Recap’and summarise through
‘Brain Map'!

Integral

QUICK RECAP

@ Integration is the inverse process of differentiation.

ie., le(x]:f(x) :Jf(x)dx =F(x)+C, where Cis the constant of integration.
Ix

Integrals are also known as antiderivatives.

Previous rs’ CBSE Board Questions

13.1 Introduction
McQ

1. Five fair coins are tossed simultaneously. The
probability of the events that atleast one head comes
upis

27 1

@ 22 @ L

@ 2 @ L

(2023)

2. Adie is thrown once. Let A be the event that the
number obtained is greater than 3. Let B be the
event that the number obtained is less than 5. Then
PAUB)is

CEEIC)

(1mark)
3. A coin is tossed once. If head comes up, a die is
thrown‘ but if tzll comes up, the coin is tossed again.

ind obtaining head

5
(b) =

© o (d)

3
= 1(2020)
5 (2020)

6

(2021C)

4. Two cards are drawn at random and one-by-one
without replacement from a well-shuffled pack of 52
playing cards. Find the probability that one card is
redand the other is black. (2020)

5. Fromapackof 52 cards, 3 cards are drawn at random
(without replacement). The probability that they are
two red cards and one black card, is

(20200)

6. A bag contains 3 black, 4 red and 2 green balls. If
three balls are drawn simultaneously at random,
then the probability that the balls are of different
colours s (2020) (Ap)

(2marks)
A box By contains 1 white ball and 3 red balls.
Another box B, contains 2 white balls and 3 red balls.
If one ballis drawn at random from each of the boxes
B, and B, then find the probability that the two balls
drawn are of the same colour.  (Term , 2021-22)

8. A bag contains cards numbered 1 to 25. Two cards
are drawn at random, one after the other, without
replacement. Find the probability that the number
oneach card s amultiple of 7.

(4 marks)
11. A bag A contains 4 black and 6 red balls and bag B
contalns7black and3 red balls. Adie is thrown. If 1 or
hosen i If

two balls are
from the selected bag, find the probability of one of

them being red and another black.  (Delhi 2015) (G7)
13.2 Conditional Probability
McQ
12. For two events A and B, if P(A) = 0.4, P(B) = 0.8 and
P(B/A) = 0.6, then PA U B) is
@ 024 (b) 03 () 048 (d) 096
(2023)
13. Iffor any two events Aand B,
4 7 .
PlA)=Z andP(ANB)= 15, then PB/A) is
1 1 7 17
@ L o 1 o Z @ 7
(a) o ) 3 () 8 (d) %
(2023)

14. In the following questions, a statements are
Assertion (A) is followed by a statement of Reason
(R). Choose the correct answer out of the following
choices:

Assertion (A) : Two coins are tossed simultaneously.
The probability of getting two heads, if it is known

that at least one head comes up, is %

Reason (R) : Let E and F be two events with a random

experiment, then p(F/E)f%,

(a) Both (A) and (R) are true and (R) is the correct
explanation of (A)

(b) Both (A) and (R) are true, but (R) is not the
correct explanation of the (A)

(© (A)istrue,and (R)is False.

(d) (A)is false, but (R) is true. (2023)

-
&

. Acard s picked at random from a pack of 52 playing
cards. Given that the picked card is a queen, the
probability of this card to be a card of spade is

Using Integration by Parts

e Integrals

A4

Definition

For any two values a and b, we have

JEA) = (R0 + e = F(b) - Fla)

Fundamental Theorem of Calcul

First Fundamental Theorem : Let /x) be a continuous
Tunction i the losed mteral (5,6 41 et AG)be he area

Then A'(¥) = ), for all x € [a, b],
Second Fundamental Theorem : Let f(x) be a continuous
{a, b and

f
S hen [ 10 =[F (O = F0)-F (@)

Ifuand v are two differentiable functions of x, then

Joo o= o] {82 fuf o

Inordrto e 1 fction e ke he e whic comes it in
heword

1 eont Tiganomeic Funcion,

L~ Logarthmi Funcion, A Algcbraic Function,

T Trigonometric Funetion, E - Exponental Functon,

— Using Partial Fractions

1600 and g6 ae ta polynomials such that
dog f1) > deg g0, them we divide 1) by g(x).
T
9(x)

N Using Substitution JA—

The given integral j () d can be transformed into another form

Remainder
= Quotient +
Q ™)

<

— ] Properties —

5 . s
. Lf(x)dx:fjh £(x)dx In particular J_ (x)dx=0

< [ rcom [ 1o 1emnecase <

Definition

If A s any anti-derivative of flv),

and lower limit is known as indefinit.

most general
antiderivative of f(x) is called an indefinte integral and denoted by
J F(X)dx = F(X)+C or An integral which is not having any upper

< [Troow=[ o000

. I;Hx)ﬂx:’ﬂ

o[ 1 if 1= 100

== 100

B J’: Fx)dc= J‘ Hx)ux+J f(2a-x)dx

Some Standard Integrals

o
B e B [
k=2 C, wherea>0

Crena

" \ug‘xth#“c, Putting x ~ a sec 0

=togfe-++ +a|+C, Puting x=atan®

:—Ie +C. By partal fraction
o y par or

L2

. I;ﬂx 10g, [X]+ C, wherex#0 Jsinx‘ =
+ Jeost ax=sinxc - [scx ax-tnxsc
. J‘mseczxﬂxsfmbwc ~J'secxlanxnx:sa¢x+c

i ——

I +C. a>x, By paril fraction
= h’x] c. y patial fractior
2eC, Pur=atn®

ax—ﬂan

7z
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Chapterwise-Topicwise last 10 years’
question papers with CBSE cognitive

levels labelling!




Last 3 years' CBSE sample questions are
segregated chapterwise-topicwise with

CBSE Sample Questions

10.5 Multiplication of a Vector by (L mark)

CBSE cognitive levels labelling!

‘ Previous Years’ CBSE Board Questions .

1. (b): Total number of reflexive relations on a set having
nnumber of elements = 2 -
Here,n=2
. Required number of reflexive relations = 222-2
9422024

2. (b):Given,R={(a,b):a=b-2,b>6}
Since,b>6,50(2,4)2 R

Also, (3,8) ¢ Ras3#8-2

and(8,7)¢ Ras8#7-2

Now, for (6, 8), we have

DN SOLUTIONS [

R,={(1,2),(2,1),(1,3),(3,1)(2,3),(3,2),(1,1),(2,2).(3,3).
. Number of equivalence relations is 2.

Concept Applied (©]

2 A relation R in a set A is called an equivalence
relation, if R is reflexive, symmetric and transitive.

5. (d):Given,aRb,a,be Z

Reflexive : For ae Z, we have
a?-7aa+6a%=a’-7a%+6a>=0=(a,a) € R
<. Relation s reflexive.

Symmetric: Since, (6, 1) eR
As,67-7x6x1+6x12=36-42+6=0
But (1,6) ¢ R. . Relation is not symmetric.

aScalar

(1mark)

5. Find the area of the triangle whose two sides are
represented by the vectors 2] and _3;’_

1. Find aunit vector in the direction opposite to _%]

(2020-21)

6. Find the angle between the unit vectors aandb,

(2020-21) giventhat [a+b1=1. (2020-21)
2. Vector of magnitude 5 units and in the direction
oppositeto 27 +3] ~6k is___.  (2020-21)(U] (2marks)
7. Find |X], if (—a)-(+d@)=12, where @ is a unit vector.
10.6 Product of Two Vectors (2022-23)(Rn)

MCQ

8. If Gandb are unit vectors, then prove that

3. The scalar projection of the vector 3?—}—2!? on the

vector i+2j-3k is
(b)

7

V14 14

[a+b| :Zcosg, where 6 is the angle between them.
(Term 11, 2021-22) (EV)

Find the area of the parallelogram whose one side
and a diagonal are represented by coinitial vectors

(2022-23)

191 3

N

\€) = 4

#84h4Typ =0

- &G

(drba?)Lda 547)

i

o+ Jop  + Y61 + 20ab 4 b4 LR) =0

Vet +171%)

BUIB.1A Toa e[

L
- . P O S Sk s
erne el s
> — | $BY) . -2%
T
[poiwer: b ¥ biT 2% 4 = .25 |
| - — 1}

[Topper’s Answer, 2022]

Detailed solutions are supplemented with

Exam Preparatory Tools like Key Points,

Answer Tips, Concept Applied, Commonly

Made Mistakes, Alternative Methods,

Shortcuts, Topper’s Answers, etc. to improve

aspirants score!

Self Assessment

@ase Based Objective Questions

(4 marks) (L mark)

1. Arelation R on a set A is said to be an equivalence | 4.

relationon Aiffitis

®  Reflexivei.
®  Symmetric
®  Transitive

(a,a)cRVaeA. I's
(a,b)eR = (b,a)eRV a,beA. .
.(a,b)eRand (b,c)eR = (a,c)eRV |

i (\7$A Type Questions

IfR={(x,y):x + 2y = 8}is arelation on N, then range of
Ris{a, 2, b}, wherea+b=
LetA={x<R:-4<x<4}andx=O0.Iff:A— Risdefined

by 1=, thenrangeoffis__.

a,b,ceA. 26,x>3
Based on the above information, attempt any 4 out .
of 5 subparts. | Let f:R— Rbe defined by f(x)={x*1<x<3.
(i) If the relation R = {(1, 1), (1, 2), (1, 3), (2, 2), 3x,x<1

(2,3), (3, 1), (3, 2), (3, 3)} is defined on the set |
A={1,2,3} thenRis

(a) reflexive

Then, f(-1) + f(2) + f(4) is
State the reason for the relation R in the set {1, 2, 3}
given by R={(1,2), (2, 1)} not to be transitive.

(b) symmetric

Completely solved chapterwise self
assessments and practice papers (based
on the latest CBSE Sample Paper), covering
all typology of questions which help to
decode the CBSE exam pattern!

CBSE SAMPLE PAPER

(Based on CBSE Circular released on 31" March 2023)

General Instructions :

This question paper contains - five sections A, B, C, D and E. Each section is compulsory. However, there are internal
choices in some questions.

Section A has 18 MCQs and 2 Assertion-Reason based questions of 1 mark each.

PRACTICE PAPER 0

General Instructions :

1. This question

paper contains - five sections A, B, C, D and E. Each section is compulsory. However, there are internal

choices in some questions.

Section A has 18 MCQs and 2 Assertion-Reason based questions of 1 mark each.

S

ection £

5 Very Short Answer (
Section C has 6 Short Answer (SA)-type questions of 3 marks each.
Section D has 4 Long Answer (LA)-type questions of 5 marks each.

2marks each.

Time Allowed : 3 hours

:
(Multiple Choice Questions) P
Each question carries 1 mark

1. If Ais a square matrix such that A% = A, then find |

Maximum Marks : 80

©

Evaluate: [ xIOsin’x dx

@ o (b) 2 (© 1 @ 4

(1-A+A. | 9. Thevalueof d%(cor‘a-mr‘x) atx
2 9
@A B @ @A g1y g e 2
2. Find the value of P(A U B), if 2P(A) = P(B) = = and | 2 2 2
2 13 77 | 10. Compute the shaded area shown in the given figure.
PA|B)= 5 | T
(@ 11/26 (b) 11/23
(c) 11/25 (d) 11/24

3 i [2x+v 3y

0 4

6 oY
]_[6 4] . then find the value of x.

Section B has 5 Very Short Answer (VSA)-type questions of 2 marks each.
Section C has 6 Short Answer (SA)-type questions of 3 marks each.
Section D has 4 Long Answer (LA)-type questions of 5 marks each.
SectionE h i i i P

LU

Time Allowed : 3 Hours Maximum Marks : 80

(Multiple Choice Questions)

The corner points of the bounded feasible region
determined by a system of linear constraints are
(0.3),(1,1) and (3, 0). Let Z = px + qy, where p, g > O..
The condition on p and q so that the minimum of Z
occursat (3,0 and (1, 1)is

Each question carries 1 mark |
1. If A=[g;] is a square matrix of order 2 such that |

Latest CBSE Sample Paper has been
included.




y 4
’ /Syllabus*

CLASS - XI11(2023-24)

S. No. Units Marks

1 Relations and Functions 08

2 Algebra 10

3 Calculus 35

4 Vectors and Three - Dimensional Geometry 14

5 Linear Programming 05

6 Probability 08

Total 80
Unit | : Relations and Functions Derivatives of logarithmic and exponential functions.
1.  Relations and Functions (15) Periods Logarithmic differentiation, derivative of functions

Unitl

Unit |
1.

Types of relations: reflexive, symmetric, transitive and
equivalence relations. One to one and onto functions.

Inverse Trigonometric Functions (15) Periods

Definition, range, domain, principal value branch.
Graphs of inverse trigonometric functions.

I: Algebra

Matrices (25) Periods

Concept,notation,order,equality,typesofmatrices,zero
and identity matrix, transpose of a matrix, symmetric
and skew symmetric matrices. Operations on matrices:
Addition and multiplication and multiplication with
a scalar. Simple properties of addition, multiplication
and scalar multiplication. Non-commutativity of
multiplication of matrices and existence of non-zero
matrices whose product is the zero matrix (restrict to
square matrices of order 2). Invertible matrices and
proof of the uniqueness of inverse, if it exists; (Here all
matrices will have real entries).

Determinants (25) Periods
Determinant of a square matrix (up to 3 x 3 matrices),
minors, co-factors and applications of determinants in
finding the area of a triangle. Adjoint and inverse of a
square matrix. Consistency, inconsistency and number
of solutions of system of linear equations by examples,
solving system of linear equationsintwo or three variables
(having unique solution) using inverse of a matrix.

Il: Calculus

Continuity and Differentiability (20) Periods
Continuity and differentiability, chain rule, derivative
of inverse trigonometric functions, like sin~! x, cos™x
and tan~x, derivative of implicit functions. Concept of
exponential and logarithmic functions.

expressed in parametric forms. Second order derivatives.
Applications of Derivatives (10) Periods
Applications of derivatives: rate of change of quantities,
increasing/decreasing functions, maxima and minima
(first derivative test motivated geometrically and second
derivative test given as a provable tool). Simple problems
(that illustrate basic principles and understanding of the
subject as well as real-life situations).

Integrals (20) Periods
Integration as inverse process of differentiation.
Integration of a variety of functions by substitution, by
partial fractions and by parts, Evaluation of simple
integrals of the following types and problems based on
them

dx dx
2 I\/ 24 q? I\/a ‘[ax2+bx+c’
x px+q pX+a 4
JaP+bx+c T ax®+bx+c  Jaoibxrc

j\/azixzdx, j\/xz—azdx, 'f\/ax2+bx+c dx
Fundamental Theorem of Calculus (without proof).
Basic properties of definite integrals and evaluation of
definite integrals.

Applications of the Integrals (15) Periods
Applications in finding the area under simple curves,
especially lines, circles/ parabolas/ellipses (in standard
form only)

Differential Equations (15) Periods
Definition, order and degree, general and particular
solutions of a differential equation. Solution of
differential equations by method of separation of

*For latest details refer www.cbse.gov.in



variables, solutions of homogeneous differential
equations of first order and first degree. Solutions of
linear differential equation of the type:

dy

d—+py=q, where p and g are functions of x or

X

constants.

dx .

d—+px=q, where p and g are functions of y or
y

constants.

Unit IV : Vectors and Three-Dimensional Geometry

1.  Vectors (15) Periods
Vectors and scalars, magnitude and direction of a
vector. Direction cosines and direction ratios of a vector.
Types of vectors (equal, unit, zero, parallel and collinear
vectors), position vector of a point, negative of a vector,
components of a vector, addition of vectors, multiplication
of a vector by a scalar, position vector of a point dividing
a line segment in a given ratio. Definition, Geometrical
Interpretation, properties and application of scalar (dot)
product of vectors, vector (cross) product of vectors.

2.  Three - dimensional Geometry (15) Periods
Direction cosines and direction ratios of a line joining
two points. Cartesian equation and vector equation of
a line, skew lines, shortest distance between two lines.
Angle between two lines.

Unit V : Linear Programming

1.  Linear Programming (20) Periods
Introduction, related terminology such as constraints,
objective function, optimization, graphical method of
solution for problems in two variables, feasible and
infeasible regions (bounded or unbounded), feasible
and infeasible solutions, optimal feasible solutions (up
to three non-trivial constraints).

Unit VI : Probability
1.  Probability (30) Periods

Conditional probability, multiplication theorem on
probability, independent events, total probability,
Bayes’ theorem, Random variable and its probability
distribution, mean of random variable.

QUESTION PAPER DESIGN
Class - XIlI
Mathematics

Time : 3 Hours

Max. Marks : 80

%
. Total .
S. No. Typology of Questions ota Weightage
Marks
(approx.)
1. Remembering : Exhibit memory of previously learned material by recalling facts, terms,
basic concepts, and answers. a4 55
Understanding : Demonstrate understanding of facts and ideas by organizing, comparing,
translating, interpreting, giving descriptions, and stating main ideas.
2. Applying : Solve problems to new situations by applying acquired knowledge, facts,
. . . 20 25
techniques and rules in a different way.
3. Analysing : Examine and break information into parts by identifying motives or causes.
Make inferences and find evidence to support generalizations
Evaluating : Present and defend opinions by making judgments about information,
. . . o 16 20
validity of ideas, or quality of work based on a set of criteria.
Creating : Compile information together in a different way by combining elements in a
new pattern or proposing alternative solutions.
Total 80 100

1.  Nochapter wise weightage. Care to be taken to cover all the chapters.

2. Suitable internal variations may be made for generating various templates keeping the overall weightage to different
form of questions and typology of questions same.

Choice(s):
There will be no overall choice in the question paper.
However, 33% internal choices will be given in all the sections.

Internal Assessment 20 Marks
° Periodic Tests (Best 2 out of 3 tests conducted) 10 Marks
° Mathematics Activities 10 Marks

Note: For activities NCERT Lab Manual may be referred.
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CHAPTER

Relations and
Functions

1.1 Introduction 1.2 Types of Relations 1.3 Types of Functions
Analysis of Last 10 Years’ CBSE Board Questions (2023-2014)
18- B MCQ
VSA
167 SAI
[ NI
14+ LA
T LAl
. 121
g
£ 10
z
s 8
2
E 61
-4
4_
2_
0 .
11 1.2 1.3
Topics —
Weightage Xract

» Topic 1.2 is highly scoring topic.
» Maximum weightage is of Topic 1.2 Types of Relations.
»  Maximum MCQ, VSA, LA | & LA Il type questions were asked from Topic 1.2 Types of Relations.

QUICK RECAP

Relation

' Arelation R from asetAtoaset Bis asubset of A x B. So, we say R C A x B. A relation from a set A to itself is called a

relationin A.
Empty Relation
& Ifnoelement of Ais related to any element of A, then relation R in A is called an empty relation i.e., R = OCAXA.
Universal Relation

& Ifeachelement of Ais related to every element of A, then relation Rin Ais called universal relationi.e, R =A x A.



2

& ArelationRinasetAis called
(i) reflexive,if (a,a) e R, forallae A

(ii) symmetric,if (a,b) € R= (b,a) € R,foralla,be A |

(iii) transitive, if (a,b)e Rand (b,c)e R = (a, ¢) € R,

foralla,b,ce A

> A relation R in a set A is called an equivalence
relation, if Ris reflexive, symmetric and transitive.

» In arelation R in a set A, the set of all elements
related to any element a € A is denoted by [a] i.e.,
[al={xe A:(x,a) e R}

Here, [a] is called an equivalence classof a € A.

Function

@ Arelation ffrom aset Ato asetBis called afunction if
(i) foreachae A, thereexists some b e Bsuch that
(a,b)e fie,fla)=b
(ii) (a,b)e fand(a,c)e f =b=c
» Afunctionf:A— Biscalled
(i) one-one or injective function, if distinct elements

of A have distinct images in B i.e, for a, b € A,
fla)=flb) = a=b

A/I’\B

¥

]

» Many-one function: If two or more elements of A
have same image in B.
i.e.;fora, be Asuchthata#b, f(a) =f(b).

CBSE Champion Mathematics Class 12

/.
A-—~B

(ii) Onto or surjective function, if for every element
b € B, there exists some a e Asuch that
fla) =b.

» Intofunction: If there exists an elementin B

having no pre image in A.

» Afunctionf:A— Bis called bijective function, if it

is both one-one and onto function.




RELATIONS AND

FUNCTIONS

Relations

T
ey

BRAIN MAP

Functions

/—

™= A relation f: A — B, where every element of set A has only one
image in set B.

= Risa relation from A to B (where A, B# ¢) if
RcAxBie Rc{(a,b):acA,be B}

= Inverse Relation : R is the inverse relation of R if (4, b) € R
< (b,a)€e R.
™= Note : Domain (R) = Range (R™)
Range (R) = Domain (R)

Y

Types of Relations
= Empty (Void) Relation : R = ¢ = R is void.
= Universal Relation : R = A x B= R is universal.

= Reflexive Relation : Every element is related to itself. i.e., R is
reflexive in A <> (a,a) € RV a€ A.

g Symmetric Relation : R is symmetric in A if (a, b) € R
= (b,a)e RV a,be A.

= Transitive Relation : R is transitive in A if (g, b) € R,
(b,c)e R=(a,c)e RV a,b,ce A.

™ Equivalence Relation : If R is reflexive, symmetric and
transitive, then R is equivalence.

= Antisymmetric Relation : R is antisymmetric if (a, b) € R,
(b,a)e R=>a=b.

g Identity Relation : R = {(a, a) V a € A} is an identity relation
in A.

Types of Functions

One-one (Injective) Function f

= A function f: A — B is one

) one, if no two elements of A
have same image in B.

(i) n(A)<n(B) <3

(ii) If for every x;, x, € A

fx) =) = x=x,

Onto (Surjective) Function

= A function f:A— Bis onto,

) if every element of B has
atleast one pre-image in A.

(i) n(A)=n(B)

(ii) Range = Codomain

Many-one Function

= A function f: A — B is many-one, if two or
more than two elements of A have the same
image in B.

> s

Into Function

= A function f: A — Bis into, if there exists
atleast single element in B having no pre-
image in A.

> g
—

Bijective Function

) = A function which is both one-one & onto.
(i) n(A)=n(B)

(ii) Range = Codomain
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= Previous Years’ CBSE Board Questions =

1.2 Types of Relations

MCQ
1. LetA={3,5}). Then number of reflexive relations on A
is
(@) 2 (b) 4
() O d 8 (2023)
2. LetRbearelationinthe set N given by
R={(a,b):a=b-2,b>6}.Then
(@) (8,7)eR (b) (6,8)eR
() (3,8 eR (d) (2,4)eR (2023)
3. Arelation R is defined on N. Which of the following is
the reflexive relation?
(@) R={(x,y):x>y,x,yeN}
(b) R={(x,y):x+y=10,x,yeN}
(c) R={(x,y): xyisthe square number, x, y € N}
(d) R={(x,y):x+4y=10,x,yeN}
(Term 1,2021-22) |
4.  The number of equivalence relations in the set
{1, 2, 3} containing the elements (1, 2) and (2, 1) is
(@ O (b) 1
() 2 (d 3 (Terml, 2021-22)
5. A relation R is defined on Z as aRb if and only if
a?-7ab+ 6b%2=0.Then,Ris
(a) reflexive and symmetric
(b) symmetric but not reflexive
(c) transitive but not reflexive
(d) reflexive but not symmetric
(Term I, 2021-22) (Ap)
6. Let A = {1, 3, 5}. Then the number of equivalence |
relations in A containing (1, 3) is
(@ 1 (b) 2
() 3 (d) 4 (2020)
7. The relation R in the set {1, 2, 3} given by R = {(1, 2),
(2,1),(1, 1)}is
(a) symmetric and transitive, but not reflexive
(b) reflexive and symmetric, but not transitive
(c) symmetric, but neither reflexive nor transitive
(d) anequivalence relation (2020)
(1 mark)
8.  Write the smallest reflexive relation on set A ={a, b, c}.
(2021 C)
9. ArelationRinasetAis called ,if (@, a,) € R
implies (a,,a,) € R, for all a;,a, € A. (2020) @
10. ArelationinasetAis called relation, if each
element of A is related to itself. (2020)
11. If R={(x, y) : x + 2y = 8} is a relation on N, write the |

range of R.

(A12014) |

12.

13.

Let R ={(a, a®) : a is a prime number less than 5} be a
relation. Find the range of R. (Foreign 2014)

Let R be the equivalence relation in the set
A={0,1,2,3,4,5}given by R={(a,b) : 2 divides (a - b)}.

Write the equivalence class [0]. (Delhi 2014 C)

(2 marks)
14. Check if the relation R in the set R of real numbers
defined as R = {(a, b) : a < b} is (i) symmetric,
(ii) transitive. (2020)
i 15. Let W denote the set of words in the English

dictionary. Define the relation R by

R ={(x,y) € W x W such that x and y have at least one
letter in common}.

Show that this relation R is reflexive and symmetric,

but not transitive. (2020)
(4 marks)
16. Show that the relation R in the set A = {1, 2, 3, 4, 5, 6}

17.

18.

19.

20.

21.

22.

given by R = {(a, b) : |a - b| is divisible by 2} is an
equivalence relation. (2020)

Check whether the relation R defined on the set
A={1,2,3,4,5, 6}as

R ={(a, b) : b = a + 1} is reflexive, symmetric or
transitive. (2019)

Show that the relation R on the set Z of all integers,

given by

R ={(a,b): 2divides (a - b)} is an equivalence relation.
(2019)

Show that the relation R on R defined as

R = {(a,b):a<b}, is reflexive and transitive but not
symmetric. (NCERT, Delhi 2019)

Show that the relation Sin the set A={xeZ:0<x<12}
givenby S={(a,b):a,b € Z, |a - b| is divisible by 3} i§
an equivalence relation. (A12019)(Ap|

Let A = {1, 2, 3, ..., 9} and R be the relation in
A x A defined by (a, b) R (c, d) ifa+d=b + ¢
for (a, b), (c, d) in A x A. Prove that R is an equivalence
relation. Also obtain the equivalence class [(2, 5)].
(Delhi 2014)

Let R be a relation defined on the set of natural
numbers N as follow :

R={(x,y)| xe N,ye Nand 2x +y =24}

Find the domain and range of the relation R.

Also, find if R is an equivalence relation or not.

(Delhi 2014 C)

WNIEN (5/6 marks)

23.

If N denotes the set of all natural numbers and R
is the relation on N x N defined by (a, b) R (c, d), if
ad(b + c) = bc(a + d). Show that R is an equivalence
relation. (2023, Delhi 2015)
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24, letA={xe Z:0<x<12}ShowthatR={(a,b):a,be A,
|a - b|isdivisible by 4}, is an equivalence relation. Find
the set of all elements related to 1. Also write the
equivalence class [2]. (2018)

Show that therelationRinthesetA={1, 2, 3,4, 5} given
by R ={(a, b) : |a - b| is divisible by 2} is an equivalence
relation. Write all the equivalence classes of R.

(Al 2015 C)

25.

1.3 Types of Functions
MCQ

26. Thefunctionf:R— Rdefined by f(x) =4 + 3 cosx is
(a) bijective (b) one-one but not onto
(c) onto but not one-one

27. The number of functions defined from

{1, 2, 3,4, 5}— {a, b} which are one-one is
(@ 5 (b) 3

() 2 (d 0 (Terml,2021-22)

28.
fis
(a)
(c)

(b)
(d)

onto
not defined
(Term 1,2021-22)

The function f: N— Nis defined by

il, ifnisodd
2

one-one
bijective

29.

fln) =

n . .
, ifniseven
2

The functionfis

(a) bijective

(b) one-one but not onto

(c) onto but not one-one

(d) neither one-one nor onto .
(Term 1, 2021-22) (Ev)

(1 mark)

30. Iff={(1, 2), (2, 4), (3, 1), (4, k)} is a one-one function
from set A to A, where A = {1, 2, 3, 4}, then find the
value of k. (2021 C)

(d) neither one-one noronto (Term|, 2021-22) |

Letf: R — R be defined by f(x) = 1/x, for all x e R, Then, :

(4 marks)

. 31. Case Study : An organization conducted bike race
under two different categories - Boys and girls.
There were 28 participants in all. Among all of them,
finally three from category 1 and two from category
2 were selected for the final race. Ravi forms two
sets B and G with these participants for his college
project.

Let B = {b4, by, b3} and G = {33, 8.}, where B represents
the set of Boys selected and G the set of Girls
selected for the final race.

Based on the above information, answer the
following questions.

(i) How many relations are possible from B to G?
(i) Among all the possible relations from B to G,
how many functions can be formed from B to G?
(iii) Let R: B — B be defined by R = {(x, y) : x and
y are students of the same sex}. Check if R is an
equivalence relation.

OR
A function f: B— G be defined by f = {(b4, g1), (b2, 85),
(bs, 84)}. Check if f is bijective, justify your answer.

(2023) (Ap)
32. Let f:R—{—%}—ﬂR be a function defined as

4x
3x+4

. Show that f is a one-one function. Also,

f(x)=
(2023)
Show that the function f: (-e, 0) — (-1, 0) defined by
fix) = (2020)

check whether fis an onto function or not.
33.

X .
———, X€ (-, 0) is one-one and onto.
1+[x|

= CBSE Sample Questions -

1.2 Types of Relations

MCQ

1. A relation R in set A = {1, 2, 3} is defined as
R=1{(1, 1), (1, 2), (2, 2), (3, 3)}. Which of the follow-
ing ordered pair in R shall be removed to make it an
equivalence relation in A?
@@ (1,1 (b (1,2

© (2,20 d 33)

2. Lettherelation Rintheset A={xecZ:0<x< 12},
given by R ={(a, b) : |a - b| is a multiple of 4.} Then [1],
the equivalence class containing 1, is
(@) {1,5,9} (b) {0,1,2,5}
© ¢ d A

(Term 1, 2021-22) (V)
(1 mark)

i 3. How many reflexive relations are possible in a set A

(Term I, 2021-22) (An)

whose n(A) = 37 (2020-21) @



4. Arelation Rin § = {1, 2, 3} is defined as R = {(1, 1), |
(1, 2), (2, 2), (3, 3)}. Which element(s) of relation R be

removed to make R an equivalence relation?
(2020-21)
5. An equivalence relation R in A divides it into
equivalence classes A4, A,, A;. What is the value of
AlUA,UAzand AN A, N A, (2020-21)

(2 marks)

6. Let R be the relation in the set Z of integers given by
R ={(a, b) : 2 divides a - b}. Show that the relation R is
transitive? Write the equivalence class of 0.

(2020-21) @

AW IB (3 marks)

7. Check whether the relation R in the set Z of integers ‘

defined as R = {(a, b) : a + b is “divisible by 2"}
is reflexive, symmetric or transitive. Write the
equivalence class containing 0, i.e., [0]. (2020-21)

WV IR (5/6 marks)

8. Given a non-empty set X, define the relation R on

P(X) as:
For A, B € P(X), (A, B) € R iff A c B. Prove that R is
reflexive, transitive, and not symmetric.  (2022-23)

Detailed B<{o]R88aj[0] )}

- Previous Years’ CBSE Board Questions s

1. (b): Total number of reflexive relations on a set having
n number of elements = 2n* - n
Here,n=2
Required number of reflexive relations = 22%-2
=24-2=22=4
2. (b):Given,R={(a,b):a=b-2,b> 6}
Since,b > 6,50(2,4)¢ R
Also, (3,8) Ras3#8-2
and(8,7)¢ Ras8=7-2
Now, for (6, 8), we have
8>6and 6 =8 -2, whichis true
(6,8)e R
3. (c):Consider, R ={(x,y): xyis the square number, x,y € N}
As, xx = x2, which is the square of natural number x.
= (x,x) € R.So, Ris reflexive.

LConcept Appicd (@]

2 Arvrelation Rin asetAis called reflexive, if (a, a) € R,
foralla e A.

4. (c):Equivalencerelationsintheset{1,2, 3} containing
the elements (1, 2) and (2, 1) are
R1 = {(1v 2)) (21 1): (1r 1)! (2’ 2)v (3v 3)}

CBSE Champion Mathematics Class 12

9. Define therelation Rin the set N x N as follows:
For (a, b), (c,d) € Nx N, (a, b) R (c, d) iff ad = bc. Prove

that Ris an equivalence relationin N x N. (2022-23)

1.3 Types of Functions

MCQ

10. LetA={1,2,3},B=1{4,5,6,7}and letf={(1, 4), (2, 5),
(3, 6)} be a function from A to B. Based on the given
information, f is best defined as
(a) Surjective function (b)
(c) Bijective function  (d)

Injective function
Function
(Term |, 2021-22) (Ev|
11. The function f: R— Rdefined as f(x) = x3is
(a) One-one but not onto
(b) Notone-one but onto
(c) Neither one-one nor onto
(d) One-one and onto

(1 mark)

12. Check whether the function f : R — R defined as
f(x) = x3is one-one or not. (2020-21)
13. Arrelation R in the set of real numbers R defined as

R={(a,b): Ja =b} is afunction or not. Justify
(2020-21)

(Term 1,2021-22)

R,=1{(1,2),(2,1),(1,3),(3,1)(2,3),(3,2),(1,1),(2,2),(3,3)}
Number of equivalence relations is 2.

[Concept Apiied (€]

2 A relation R in a set A is called an equivalence
relation, if R is reflexive, symmetric and transitive.

5. (d):Given,aRb,a,be Z

Reflexive : For a e Z, we have

a?2-7a-a+6a?=a?-7a2+6a°=0=(a,a) € R
Relation is reflexive.

Symmetric : Since, (6, 1) eR

LA, 62-7x6x1+6%x12=36-42+6=0

But (1, 6) ¢ R. ... Relation is not symmetric.

6. (b):Equivalence relations in the set containing the
element (1, 3) are
R, ={(1,1),(3,3),(1,3),(3,1),(5,5)}
R, ={(1,1),(3, 3),(5,5),(1, 5),(5, 1),(3, 5).(5, 3), (1, 3), (3, 1)}
There are 2 possible equivalence relations.
7. (c):Given R ={(1, 2), (2, 1), (1, 1)} is a relation on set
{1,2,3}
Reflexive : Clearly (2, 2),(3,3) ¢ R
R is not a reflexive relation.
Symmetric: Now, (1,2) e Rand (2,1) € R ... Ris symmetric.
Transitive : Now, (2, 1) e Rand (1,2) € Rbut(2,2) ¢ R
R is not transitive relation.

Ris symmetric, but neither reflexive nor transitive.
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8. Wehave, A={a,b,c}
A relation R on the set A is said to be reflexive if (a, a) € R,
YaeA

R={(a,a),(b,b), (c,c)}is the required smallest reflexive
relation on A.
9. ArelationRinasetAis called symmetric, if (a;,a,) € R
implies (a,, a,) € R, foralla;,a, € A.

10. Arelationin aset Ais called reflexive relation, if each
element of A is related to itself.

11. Here,R={(x,y):x+2y=8x,ye N}.
Forx=1,3,5,..
X+ 2y =8 has no solutionin N.
Forx=2,wehave2+2y=8=y=3
Forx=4,wehave4+2y=8=y=2
Forx=6,wehave6+2y=8=y=1
Forx=8, 10, ...
x + 2y =8has no solutionin N.

Rangeof R={y:(x,y)e R}={1,2,3}
12. Givenrelationis

R ={(a,a® :ais aprime number less than 5}.
R={(2,8),(3,27)}. So, the range of Ris {8, 27}.

13. Here,R={(a, b): 2 divides (a - b)}

Equivalence class of [0] ={ae A: (a,0) € R}.
= (a-0)isdivisibleby2andac A = a=0,2,4
Thus [0] ={0, 2, 4}.

14. Wehave,R={(a,b):a < b},wherea,be R
(i) Symmetric:Let(x,y)e R,i.e, xRy =x<y
Buty < x,so(x,y)e R =(y,x) ¢ R

Thus, R is not symmetric.

(i) Transitive:Let(x,y),(y,z) e R

= Xx<yandy<z = x<z

= (x,2) € R. Thus, Ris transitive.

15. We have, R ={(x,y) € Wx W :xandy have at least one
letter in common}

Reflexive : Clearly (x, x) € R, because same words will |

contains all common letters.

= Risreflexive.

Symmetric: Let (x,y) € Ri.e.,xand y have at least one letter
in common.

= yandxwill also have at least one letter in common.
= (y,x)eR

= Rissymmetric.

Transitive : Let, x = LAND, y = NOT and z= HOT

Clearly (x,y) € R as x and y have a common letter and (y, z)
€ Rasyand zhave 2 common letters.

but (x, z) ¢ R as x and z have no letter in common.

Hence, R is not transitive.

L Concept Avpicd (@]

2 Arelation Rin aset A is not transitive if for (a, b) e R
and (b,c) e Rbut(a,c)¢ R

16. Wehave,A={1,2,38,4,5,6}andR ={(a,b): |a - b| is
divisible by 2}
(i) Reflexive:Foranyac A

|a -a| =0, whichis divisible by 2.

Thus, (a,a) € R. So, R is reflexive.

:> b:

- (ii) Symmetric:Foranya,be A
Let(a,b)e R

= |a- b|isdivisible by 2= |b - a| is divisible by 2

= (b,a)e R..(a,b)e R = (b,a)e R .. Rissymmetric.
(iii) Transitive:Foranya,b,ce A

Let (a,b) e Rand (b,c) € R

= |a- b|isdivisible by 2 and |b - c| is divisible by 2.

= a-b=x2kjandb-c=+2k,V k,kye N

= a-b+b-c=%2(k;+k)= a-c=1t2k;Vkze N

= |a-cl|isdivisibleby 2 = (a,c) € R ... Ris transitive.
Hence, R is an equivalence relation.

17. We have, A ={1, 2, 3, 4, 5, 6} and a relation R on A

definedasR={(a,b):b=a+ 1}
Reflexive: Let (a,a) € R

i = a=a+1=a-a=1= 0=1,whichisnot possible.

(a,a) ¢ R = Ris not reflexive.

Symmetric:Let(a,b) e R =b=a+1 (i)
Now, if (b,a) € R
= a=b+1=b=b+1+1 (using (i))

= b=b+2 = b-b=2 = 0=2,whichis not possible
= (b,a) ¢ R = Ris not symmetric.

Transitive : Let (a,b) € Rand (b,c) € R
a+landc=b+1=c=a+1+1

= c=a+2#a+1 =(a,c) ¢ R= Risnottransitive.

18. We have, R ={(a, b) : 2 divides (a - b)}
Reflexive : Foranyae Z,a-a=0and 2 divides 0.
= (a,a)€ Rforeveryae Z .. Risareflexive.
Symmetric: Let (a, b) € R

2 divides (a - b)

a-b=2m,forsomeme Z

b-a=2m

2dividesb-a

(b,a)e R

R is symmetric.

Tran5|t|ve Let (a,b) € Rand (b,c)e R

2 divides (a - b) and 2 divides (b - ¢)
a-b=2mandb-c=2nforsomem,ne Z
a-b+b-c=2m+2n

a-c=2(m+n)

2 dividesa-c

(a,c)e R

Ris transitive.

i VA A

N (N (A A

| Hence Ris an equivalence relation.

19. We have, R={(a,b):a<b, a,beR}

(i) Reflexive:Sincea<a ..aRaVaeR

Hence, R is reflexive.

(i) Symmetric: (a,b)eR suchthat aRb = a<b % b<a
So, (b,a) ¢ R.

Hence, R is not symmetric.

(iii) Transitive: Leta, b,c € R suchthataRb and bRc

Now, aRb = a<b  ..(i) and bRc = b<c (1))
From (i) and (ii), we have ga<b<c=a<c .. aRc

Hence, relation R is transitive.

20. Wehave,A={xeZ:0<x<12}
A={0,1,23,....,12}

Also,S={(a,b):a,be Z,|a—-b|isdivisible by 3}
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(i) Reflexive:Forany a € A,
|a - a| =0, which is divisible by 3
Thus, (a,a)eS ... Sisreflexive.
(i) Symmetric:Let(a,b)e S
= |a—blisdivisibleby 3.

= |b-alisdivisibleby3 = (b,a)eS je. (a,b)eS = (b,a) €5
Sis symmetric.

(iii) Transitive:

Let (a,b) € Sand (b,c) € S

= |a-b|isdivisible by 3 and |b - ¢| is divisible by 3.

(a-b)=+3k,and (b-c)=+3k,; Vky, ke N

(a-b)+(b-c)==3(k; +ky)

(a-c)=+3(k;+ky);V ki, ky e N

|a - cl|isdivisibleby 3 = (a,c) € S .. Sis Transitive.

Hence, Sis an equivalence relation.

[Concept Appiied (€]

2 ArelationRinasetAis called
(i) reflexive,if (a,a) € R,forallae A
(ii) symmetric, if (a,b) e R= (b,a) € R,foralla,be A
(iii) transitive,if (a,b)e R and (b,c)e R = (a,c) € R,
foralla, b,ce A

21. GivenA={1,2,3,4,.,9}
To show : R is an equivalence relation.
(i) Reflexive: Let (a, b) be an arbitrary element of A x A.
Then,we have (a,b)e AxA=a,bec A
= a+b=b+a (bycommutativity of additionon A cN)
= (a,b)R(a,b)
Thus, (a, b) R (a, b) for all (a, b) € A x A. So, R is reflexive.
(i) Symmetric:Let(a,b),(c,d)e AxAsuchthat (a,b)R(c,d)
= a+d=b+c=b+c=a+d
= c+b=d+a (bycommutativity of additionon A cN)
= (¢, d)R(a,b).
Thus, (a, b) R (¢, d) = (¢, d) R (a, b) for all (a, b), (c, d) € Ax A.
So, R is symmetric.
(iii) Transitive : Let (a, b), (c, d), (e, f) € A x A such that
(a,b)R (c,d)and (c,d) R (e, f)
Now, (a,b) R (c,d) =a+d=b+c i)
and(c,d)R(e,f)=c+f=d+e (i)
Adding (i) and (ii), we get (a+d) + (c+f) = (b+c) + (d +e)
= a+f=b+e = (a,b)R(ef)
Thus, (a,b) R (c,d) and (c,d) R (e, f) = (a, b) R (e, f).
So, Ris transitive. .. Ris an equivalence relation.
Equivalence class of [(2, 5)] = {(x,y) € NxN: (x,y) R(2, 5)}
={(x,y)e NxN:x+5=y+2}
={(x,y)e NxN:y=x+3}={(x,x+3): xe A}
={(1,4),(2,5),(3,6),(4,7),(5,8),(6,9)}.

S
CAnswier Tips ()

2 First, prove the given relation is an equivalence
relation and then find the equivalence class by using
the given relation.

=
=
=
=

22. Here,R={(x,y)|xe N,ye Nand 2x+y =24}
R=1{(1,22),(2,20),(3,18),..., (11, 2)}
Domainof R={1, 2, 3,4, ..., 11}

LUl
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Rangeof R={2,4,6,8,10,12,.., 22}
i Risnotreflexiveasif(2,2)e R=2x2+2=6+24
i In fact Ris neither symmetric nor transitive.

= Risnot an equivalence relation.

23. (i) Reflexive: Let (a, b) be an arbitrary element of N
x N.Then, (a,b)e NxN

= ab(b+a)=bala+b)

[by commutativity of addition and multiplication on N]

= (a,b)R(a,b)

So, Ris reflexive on N x N.

(i) Symmetric:Let (a, b), (c,d) € N x N such that

(a,b) R (c, d).

= ad(b+c)=bc(a+d) = cb(d+a)=da(c+Db)

[by commutativity of addition and multiplication on N]
Thus, (a,b) R (c,d) = (c,d) R (a, b) for all (a, b), (c,d) € NxN.

i So, Ris symmetricon N x N.

(iii) Transitive: Let (a, b), (c, d), (e,f) € N x N such that
(a,b)R(c,d)and (c,d) R (e, f). Then,
(a,b)R (c,d)= ad(b+c)=bc(a+d)

b+c a+d 1 1 1 1 .
—_— = —4—=—+4— ...(l)
bc ad b ¢ a d
and (c,d) R (e, f) = cf(d +e) = de(c +f)
dre_c+f 1,1 11 (i)
de cf d e cf
Adding (i) and (ii), we get

(1 1) (1 1) (1 1) (1 1)

B [ ey S e R [

b c d e a d c f
1 1_1 b+e:a+f

b e a be af
= dflb+e)=be(a+f) = (a,b)R(ef)
So, Ris transitive on N x N.
Hence, R is an equivalence relation.
24. Wehave,A={xec Z:0<x<12}
A={0,1,2,3,..,12}

1
+= =
f

- andS= {(a, b) : |a - b| is divisible by 4}
i (i) Reflexive : For any a € A, |a - a| = O, which is divisible

by 4.Thus, (a,a) € R ... Ris reflexive.

(i) Symmetric:Let (a,b) e R

= |a- b|isdivisible by 4

= |b-alisdivisibleby4 = (b,a) e R

ie, (a,b)e R = (b,a)e R .. Rissymmetric.

(iii) Transitive: Let (a, b) e Rand (b,c) € R

la - b| is divisible by 4 and |b - c| is divisible by 4
a-b=x4k;andb-c=+4k,;V ki, ke N
(a-b)+(b-c)=x4(k;+ky);Vky,kyeN
a-c=+4(k,+ky);Vky,k,eN
|a - c|is divisible by 4= (a,c) e R
Hence, R is an equivalence relation.
The set of elements related to 1is {1, 5, 9}.
Equivalence class for [2] is {2, 6, 10}.

[Concept Avplied (]

2 In a relation R in a set A, the set of all elements
related to any element a € A is denoted by [a]
ie,[al={xe A:(x,a) e R}

Here, [a] is called an equivalence class of a € A.

.. Ristransitive.
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25. Wehave, A={1,2,3,4,5}
andR={(a, b): |a - b|is divisible by 2}
(i) Reflexive:Foranya €A,
|a - a| =0, which is divisible by 2
Thus, (a,a) e R .. Risreflexive.
(i) Symmetric:Let (a,b)e R
= |a- b|isdivisible by 2
= |b-alisdivisibleby2 = (b,a)e R
ie,(ab)e R= (b,a)e R ..Rissymmetric.
(iii) Transitive:Let(a,b)e Rand(b,c)e R
= |a-b|isdivisible by 2 and |b - c| is divisible by 2
= a-b=*x2kjandb-c=+2k,;Vky,k,e N
= (a-b)+(b-c)=x2(k,+k));V k,k,e N
= (a-c)=%2(k;+ky);Vkykye N
= |a-c|isdivisibleby2 = (a,c)e R ..
Hence, R is an equivalence relation.
Further Rhas only two equivalence classes,namely[1] =[3]
=[5]={1,3,5}and [2] =[4]={2, 4}.

26. (d):Wehave, f(x) =4+ 3cosx,V xe R

At x=E,f(E)=4+3cosE=4 = f(—E)=4+3cos(—E)=4
2°\2 2 2 2

Since, f(E) - f(_E), But ®_"
2 2 2 2

Therefore, fis not one-one.
As-1<cosx<1,VxeR=1<4+3cosx<7,VxeR
= f(x)e [1,7],where[1,7]issubset of R. .. fis not onto.

[ Concept Appiied (©/]

2 Rangeofcosxis[-1,1].

Ris transitive.

27. (d): - f: X = Y is one-one, if different element of

X have different image in Y under f. But here, no such

situation is possible.

28. (d): Given f(x) =1, forallxe R
X

At x =0 eR, f(x) is not defined.

n+1

——, ifnisodd
29. (c):Given, f(x) = 2
2, if niseven
2
1+1 2
Now, f(1) = T_1,f(2)_§_1
= f(1)=f(2)but 12 ... fisnotone-one.

But fis onto (.-range of fis N.)
30. Wehave, A={1, 2, 3,4} functionf: A — Ais one-one

and f(1) =2,f(2) =4,f(3) = 1, f(4) =
A f A

<

As fis one-one, so no two element of A has sameimage in A. |

fl4)=3 = k=3

Concept Applied C;j

For a function to be one-one, no two elements
should have the same image in A.
31. (i) Heren(B)=3and n(G) =2
~. Number of relation from Bto G = 23%2 = 2¢
(i)  Number of functions formed fromBto G=2%3=8
(iii) Wehave,R = {(x,y)=x andy are students of the same
sex}
R is reflexive as (x, x) € R.
Ris symmetricas (x,y)e R=(y,x) € R.
Since, (x,y)e Rand (y,z2) e R=(x,2) e R
Hence, R is an equivalence relations.

OR

 Wehave f: B—s G be defined by f = {(bs,81), (bs, 82), (b3, g1)}

Since, elements b, and b; have the same image, therefore,
the functions is not one-one but it is many one functions.
Since, every element in G has its pre-image in B, so the
functions is onto.

For bijection, function should be one-one and onto both.

i Hence, the function is surjective but not injective.

4x
3x+4°

32. Thefunction f:R _{_%} R isgivenby f(x)=

One-one: Let x,yeR—{—%} such that f(x) = f(y)

Ax Yy
3x+4 3y+4
= 4x(3y+4)=4y(3x+4) = 12xy + 16x = 12xy + 16y
= 1bx=16y = x=y
fis one-one.
Onto: Let y be an arbitrary element of R. Then f(x) =
4x 4y
=y = 4x=3xy+4y =4x-3xy=4 =
‘ 3ad y = 4x=3xy+4y =4x-3xy=4y=x a3y
AsyeR—{i},ie
3] 4-3y
Also, 4y ;tjasif
4-3y 3
i:—i = 12y=12y-16, which is not possible.
i 4-3y 3
Thus, x= il eR—{—i} such that
4 -3y 3
4 4y
f(x)_f( 4x )_ 4-3y) 16y 16y
3x+4 3 4y 4 12y +16-12y 16
4-3y

So, every element in R—{g} has pre-image in R—{—%}
fis not onto.

33. Given,f(x) = X €(=o0,0)

X
1+|x]

= (. xe (-o0,0),|x] = -x)
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For one-one : Let f(x;) = f(x,), X1, X, € (~o,0)
X X2y (1-xy) =x(1-xy)
1-x4 1-x,

= X1 =X X=Xy = X1 Xo = X1 =Xy
Thus, f(x1) = f(x), = x1 =X,

. fisone-one
Foronto:Letf(x) =y

X
= y=1 =Sy(1-X)=x=y-xy=x
= x+xy=y=>x(l+y)=y = x= L

1+y

Here,y e (-1,0)
So, x is defined for all values of y in codomain. ... fisonto.

[ Concept Applied (@]
< Afunctionf: A — Bis called
(i) one-one or injective function, if distinct
elements of A have distinct images in B.
ie,fora,be A fla)=flb) = a=b
(i) onto or surjective function, if for every element
b € B, there exists some a € Asuch thatf(a) =b.

_A N
CBSE Sample Questions

1. (b):Wehave, (1,2)e R but(2,1)¢ R
So, (1, 2) should be removed from R to make it an
equivalence relation. (1)
2. (a):Wehave,R={(a,b):|a-b|isamultiple of 4}

The set of elements related to 1is {1, 5, 9}.
So, equivalence class for [1] is {1, 5, 9} (1)

3. Number of reflexive relations on a set having n
elements = 2nn-1)

So, required number of reflexive relations = 23 -1 = 2¢ (1)
4. Wehave,R={(1,1),(2,2),(3,3),(1,2)}

which is reflexive and transitive.

For R to be symmetric (1, 2) should be removed fromR. (1) :

5. As we know that, union of all equivalence classes of a

set is the set itself.

R A1 ) A2 ) A3 =A

Also, A1 r\A2 r\A3 =¢

['.- Equivalence classes are either equal or disjoint] (1)

6. Let(a,b) e Rand(b,c) € R. Then, 2 divides (a - b) and

2 divides (b - ¢) : wherea,b,ce Z

So, 2 divides[(a-b) + (b - ¢)]

= 2divides (a-c)=(a,c) € R.So, relation R is transitive.
(1)

Equivalenceclassof 0={0,+2,+4,+6,..} (1)

7. (i) Reflexive : Since, a + a = 2a which is even.

(a,a)e Rvae Z
Hence, R is reflexive. (1/2)
(ii) Symmetric:If(a,b) € R, thena+b=2\ = b+a=2A\
= (b,a) e R. Hence, R is symmetric. (1)
(iii) Transitive:If(a,b)e Rand (b,c)e R
thena+b=21 ... () and b+c=2u .. (i)
Adding (i) and (ii), we get

a+2b+c=2A+p) = a+c=2A+u->b)
= a+c=2k,wherek=A+pu-b = (a,c)eR

CBSE Champion Mathematics Class 12

- Hence, Ris transitive. (1)
i Equivalence class containing O i.e,

{ [0]1={.,-4,-2,0,2,4,..} (1/2)
8.  We have, arelation Ron Xsuch that, (A, B) € Riff AcB
for A, Be P(X). (1/2)
Reflexive : Clearly every set is a subset of itself.
= (AAeR

R is reflexive. (1)
Symmetric: Let (A, B) e R
= AcB
= BisasupersetofA. (1/2)

= BgA = (BA)¢R
R is not symmetric. (1)
Transitive : Let (A, B) e Rand (B, C) € R, for all A, B, Ce P(X)

= AcBandBcC = AcBcC (1/2)

i = AcC=(ACeR
Ris transitive. (1)
Hence, R is reflexive and transitive but not symmetric.
(1/2)

9. Reflexive: Let (a,b) € NxN.Thenab = ba
(By commutativity of multiplication of natural number)

= (a,b)R(b,a)

{ Thus, (a,b) R (b, a) for all (a,b) e Nx N

So, Ris reflexive. (1)
Symmetric : Let (a, b), (c, d) € N x N such that (a, b) R (c, d)
=ad=bc=bc=ad=cb=da

(By commutativity of multiplication of natural numbers)
= (¢, d)R(a,b)
Thus, (a, b) R (c,d) = (c,d) R (a, b) for (a, b), (c,d) e NxN
So, R is symmetric. (1)
Transitive : Let (a, b), (c, d), (e, ) € N x N such that
(a,b) R (c,d)and (c,d) R (e, f)

Now, (a, b) R (c,d) = ad =bc (i)

and(c,d)R(e,f) = cf=de (i)

Multiplying (i) and (ii), we get ad - cf = bc- de (1)
i = af=be = (a,b)R(ef)

Thus, (a,b) R (c,d) and (c,d) R (e,f) = (a,b) R (e, 1) (1)

So, R is transitive.

. Risanequivalence relation. (1)

10. (b):Asevery pre-imagex € A, has auniqueimagey e B.
= fisinjective function. (1)

11 (d): Let x4, x, € R be such that f(x;) = f(x,)

= Xx2=x,° = X, =X, = fisone-one.
Let f(x) = x3 = y for some arbitrary elementye R = x=y3

= fly"?)=y
Everyimage y € R has aunique pre-imageinR.
= fisonto
f is one-one and onto. (1)
12. Let f(xl) = f(x2) for somex,, x, € R.

= (x)%=(x,)?

= X, =X, hence f(x) is one-one. (1)
13. Since va is not defined for a e (-, 0)
R={(a,b):~Ja =b} is not a function. (1)




Self Assessment

(éase Based Objective Questions

(4 marks)

(\-/SA Type Questions

(1 mark)

1.

(I\—/Iultiple Choice Questions

A relation R on a set A is said to be an equivalence

relationon A iffitis

e Reflexiveie,(a,a)eRY acA.

e Symmetricie., (a,b)eR = (b,a)eRV a,beA.

e Transitivei.e., (a,b)eRand(b,c)eR = (a,c)eRY
a,b,ceA.

Based on the above information, attempt any 4 out

of 5 subparts.

(i) If the relation R = {(1, 1), (1, 2), (1, 3), (2, 2),
(2,3),(3,1), (3

A={1,2, 3}, thenRis
(a) reflexive (b) symmetric
(c) transitive (d) equivalence

(if) If the relation R = {(1, 2), (2, 1), (1, 3), (3, 1)} is
defined ontheset A={1, 2, 3}, thenRis

(a) reflexive (b) symmetric

(c) transitive (d) equivalence

numbers defined as R = {(x, y) : y = x + 5 and

x <4}, thenRis
(a) reflexive (b) symmetric
(c) transitive (d) equivalence

If therelation RonthesetA={1,2,3,...., 13, 14}

defined asR={(x,y): 3x -y =0}, then R is

(a) reflexive (b) symmetric

(c) transitive (d) None of these

(v) Iftherelation RonthesetA={1, 2, 3}defined as
R={(1,1),(1,2),(1,3),(2,1),(2,2),(2,3),(3, 1),
(3,2),(3,3)}, thenRis

(a) reflexive only (b)

(c) transitive only (d)

symmetric only
equivalence

(1 mark)

2.

2

If f: R — R be a function defined by f(x):XT_S, then
fis X +2
(a) one-one but not onto
(b) one-one and onto

(c) onto but not one-one
(

d) neither one-one nor onto

OR
LetA={2,3,4,5,...,17,18}.Let '='be the equivalence
relation on A x A, cartesian product of A with itself
defined by (a, b) = (c, d) iff ad = bc. Then number of

ordered pairs of the equivalence class (3, 2) is
(a) 4 (b) 5 (c) 6 (d) 7

Let A = {1, 2, 3} and consider the relation R = {(1, 1),
(2,2),(3,3),(1,2),(2,3),(1,3)}. ThenRis

(a) reflexive but not symmetric

(b) reflexive but not transitive

(c) symmetric and transitive

(d) neither symmetric nor transitive

, 2), (3, 3)} is defined on the set |

If the relation R on the set N of all natural :

4.

(S—A | Type Questions

IfR ={(x,y):x+ 2y =8}is arelation on N, then range of
Ris{a, 2, b}, wherea+b = .

LetA={xeR:-4<x<4}andx=0.Iff:A— Risdefined

by f(x):m ,thenrange of fis .
X

2x,x>3

Let f: R — R be defined by f(x)={x%,1<x<3.
3x,x<1
Then, f(-1) +f(2) +f(4)is____ .
State the reason for the relation R in the set {1, 2, 3}
given by R={(1, 2), (2, 1)} not to be transitive.

OR
Let A =1{1, 2, 3,4} and B = {5, 6, 7, 8, 9} and set
f=1{(1,5), (2, 6), (3, 7), (4, 8)} be a function from
A to B. State whether f is one-one or not.

(2 marks)

8.

10.

11.

(S-A Il Type Questions

Letf: R — R be defined by (i) f(x) = x + |x| (ii) f(x) = x + 1.
Determine whether fis onto or not.

Let A be a finite set. If f: A > A is an onto function,
then show that f is one-one also.

Write the domain of the relation R defined on the set
Z of integers as follows :
(a,b) e R @ a?2+b%2=25

Let the function f: R — R be defined by f(x) = cosx,
Vv x € R. Show that f is neither one-one nor onto.

OR
Let f : R — R be defined by f(x) = x2 + 1. Find the
pre-image of 17 and (-3).

(3 marks)

12.

13.

14,

Show that f: R* — R* defined by f(x)=2i is bijective,
X

where R* is the set of all non zero positive real
number.

OR
Let N be the set of natural numbers and relation
Ronset Nbedefinedby R={(x,y):x,y €N, x+ 4y =10}.
Check whether R is reflexive, symmetric and
transitive.

Let A={x:xeR,—%£x£g} and B ={y:y e R,

-1<y<1}. Show that the functionf:A — B such that
f(x) = sinx is bijective.

Show that the functionf: R — R defined by x® + xis a
bijection.
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15. Let N be the set of all natural numbers and R be a
relation in N defined by R = {(a, b) : a is a factor of b}, |
then show that R is reflexive and transitive but not |

symmetric.
(éase Based Questions
16. Consider the mapping f :

(4 marks)

A — B is defined by
flx) = —; such that fis a bijection.
X

Based onthe above information, answer the following

questions.

(i)  Findrange of f.

(i) Ifg:R-{2}— R -{1}is defined by g(x) = 2f(x) - 1,
then find the range of g(x).

(I:A Type Questions

17. missaid to be related to n if m and n are integers and
m - nisdivisible by 13.Does this define an equivalence
relation?

18. Classify thefollowingfunctions asinjective,surjective
or bijective.

Detailed B<{o]R8x ) [0] i

1. (i) (a): Clearly, (1, 1), (2,
So, Ris reflexive on A.

Since, (1,2) € Rbut(2, 1) ¢ R.So, R is not symmetric on A.
Since, (2,3) e Rand (3, 1) € Rbut (2, 1) ¢ R. So, R is not
transitive on A.

(ii)  (b):Since, (1, 1),(2,2) and (3, 3) are notinR.

So, Ris not reflexive on A.

Now, (1,2)e R = (2,1)e Rand(1,3)e R=(3,1) e R.
So, Ris symmetric.

Clearly,(1,2)eRand (2,1) € Rbut(1,1) & R.

So, Ris not transitive on A.

(ifi) (c):We have, R ={(x,y) : y = x + 5 and x < 4}, where

x,ye N. .. R={(1,6),(2,7),(3,8)}

Clearly, (1, 1), (2, 2) etc. are not in R. So, R is not reflexive.

Since, (1,6) € Rbut (6, 1) ¢ R.So, R is not symmetric.

Since, (1, 6) € R and there is no ordered pair in R which has

6 as the first element. Same is the case for (2, 7) and (3, 8).

So, Ris transitive.

(iv) (d):Wehave,A={1,2,....,14},R

where x,y €A
R={(1,3),(2,6),(3,9),(4,12)}

Clearly, (1, 1) ¢ R. So, R is not reflexive on A.

Since, (1, 3) € Rbut (3, 1) ¢ R.So, R is not symmetric on A.

Since, (1,3) e Rand (3,9) € Rbut (1, 9) ¢ R. So, R is not

transitive on A.

(v) (d):Clearly, (1, 1), (2, 2), (3, 3) € R. So, R is reflexive

onA.

We find that the ordered pairs obtained by interchanging

the components of ordered pairsin R are also in R. So, R is

symmetric on A.

2),(3,3)e R.

={(x,y):3x-y=0},

For 1,2,3€ Asuchthat(1,2)and (2, 3)arein Rimplies that

(1,3)isalsoinR.

(4/6 marks) |
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(i) f:R— Rdefined by f(x) = sinx
(ii) f:R— Rdefined by f(x) = sin®x + cos2x

19. If A ={1, 2, 3, 4}, define relations on A which have
properties of being :
(i) reflexive, transitive but not symmetric.
(i) symmetric but neither reflexive nor transitive.
(iii) reflexive, symmetric and transitive.

20. Show that the functionf: R — R such that
1,if xisrational,
f(x)= e
—1,if xisirrational

is many one and not onto.
Find (i) f(%) (i) F42) (i) F () (iv) F(2+43)

OR
Show that :
(i) the exponential function f : R — R defined by
f(x) = eis one-one but not onto.
(ii) the logarithmic function f : R* — R defined by
f(x) = log,x,a > 0,a = 1is a bijective function.

So, Ris transitive on A.
Thus, R is an equivalence relation.

2
2. (d):Given functionf: R — R defined by f(x)=X27_8
forl,-1eR X +2
(-1?-8 -7
f(-1)= ==
(-1)2+2 3
1-8 -7
1N=""°_"7
f1) 1+2 3
| -1#1butf(-1) =f(1)
i Hence, f(x) is not one-one.
2
Also, y:f(X):>y=X2_8 2,0p-x2_8 = x= |2Y*8
X“+2 1-y

x is not defined for y = 1, so f(1) has no pre image in R,
hence fis not onto.
OR

| (c) : To find the equivalence class of (3, 2), we will take

ordered pairs (a, b) with element a as multiple of 3 and
element b as multiple of 2.

Then, the ordered pairs are
{(3,2),(6,4),(9,6),(12,8),(15,10), (18, 12)}

Hence, required number of ordered pairs are 6.

3. (a):GivenA={1,2,3landR={(1, 1),(2,2),(3,3),(1, 2),
(2,3),(1,3)}

(1,1),(2,2),(3,3) € R . Risreflexive.
Now, (1,2) € Rbut (2, 1) ¢ R. So, R is not symmetric.
Also,forallx,y,z<€ A, (x,y) e Rand (y,z) e R
= (x,2) e R .. Ristransitive.

4. Given,R={(x,y):x+2y=8} =R={(2,3),(4,2),(6,1)}
Rangeof R={1,2,3}={a,2,b}.Thus,a+b=1+3=4
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5. Wehave,A={x e R:-4<x<4}andx=0
Now, f: A — R defined by f(x)= |X|

Clearly, f(x)= 1,|fx>0 -. Rangeoff={-1,1}
-1,ifx<0
2x,x>3
6. We have given, f(x)={x?1<x<3
3x,x<1
Now, f(-1) +f(2) +f(4) = 3(-1) + 22+ (2x4) =-3+4+8=9

7.  Wehave,R={(1,2),(2,1)}defined onset{1, 2, 3}.
As,(1,2) eR,(2,1) eRbut(1,1) ¢ R. .. Risnot transitive.

Since, every element of A has its distinct image in B.

fis one-one.
8. (i) fix)=x+|x]|
| x+x,ifx20 |2x,ifx20
_{x xifx<0_{0ifx<0
Thus, f(x) =2x>0V x>0andf(x) =0V x<0

f(x) can’t be negative for any x € R
= negative values do not have preimage in R.
Thus, fis not onto.
(i) Wehavef(x) =x+1VvxeR
Foranyye Riy=f(xX) =>y=x+1=x=y-1
fly-1)=y-1+1=y.Hence,fis onto.
9. LetA={ay,a,,....,a,}beafinite set.
In order to prove that f is one-one function, we have to
show that f(a,), f(a,), ......., f(a,) are distinct elements of A.
Clearly, range of f = {f(a,), f(a,), ......, f(a,)}
Since, f: A— Alis an onto function, then range of f= A
= {flay, flay), ..., flay)} = A
But A is finite set containing n elements.
Thus, f(a,), f(ay), f(as), ..., f(a,) are distinct elements of A.
Hence,f: A — Aisone-one.

10. R={(a,b):a%+b?=25}be arelationon Z.

The domain of R is the value of a € Z that satisfy the

relation

a2+b2=25 = a2=25-b2 = a=+y25-b>
Domainof R={0,+ 3,+ 4, + 5}

11. Wehave,f(x) =cosxV x € R

Now, f(g)zcos(g):o

Also, f(—ngcos(—g)zo

Since, f(5)=f(—5).8ut r, r
2 2 2 2

Since, -1<cosx< 1,V x € R. So there is no pre-image for
real numbers, which belongs to the interval [-1, 1]
fis not onto.

.. fis not one-one.

13

OR

Iff:A— Bissuchthaty e B, then

fHy)={xeA:flx) =y}
In other words, f “1(y) is the set of pre-images of y.
Letf-3(17)=x
= fX)=17 = x2+1=17 = x2=17-1=16=>x=+4
o fY17) ={-4, 4}
Again, let f "1(-3) = x, then

fxX)=-3=>x2+1=-3 > x2=-4 = x=+/-4
Clearly, there is no solution.
So, f~}(-3) has no pre image.

12. Here,f:R*— R*defined by f(x)=—
One-One: Let x4, x, € R* (domain)

Now, f(x,) = f(x,) = i 1 = 2X1 = 2X9 = X1 =Xy
: 2X 1 2X2
fis one-one.

Onto : Let y € R* (co-domain) be any arbitrary element
theny =0
Lety = f(x)

1 1 . .
= y=_— = x=— eR" .. fisonto.

2x 2y

i Hence, f is bijective where o is non zero real number.
; y

Hence, each element of co-domain (R*) is the image of
some element of domain (R*).

OR
We have,R={(x,y):x,y € N,x+ 4y =10}
R={(2,2),(6,1)}
Reflexive : Let x € N be any element.
Since (x,x) ¢ R .. Ris not reflexive.
Symmetric: Since (6, 1) € Rbut (1, 6) ¢ R
R is not symmetric.
Transitive: Letx,y,z € N, then (x,y) e Rand (y,z) e R
(x,y)eR = x+4y=10 (i)
and (y,z)eR = y+4z=10 . (i)
From (i) and (ii), x + 4(10 - 4z) = 10

| => x+40-16z=10 = x-16z=-30 .. (x,2) ¢R

Thus, R is none of reﬂexive symmetric and transitive.

13. Here, A= andB=[-1,1]
2 2

f:A — Bis given by f(x) = sinx
To show f is one-one.

Let x4, x5 A be such that f(x;) = f(x,) = sinx; = sinx,

S X Xo €l =5 o
2’2
Thus, fis one-one.

Also, range (f) =[-1, 1] = B. So, f is onto.
Thus, fis one-one and onto and hence bijective.

14. We havef: R — R defined by f(x)
Let x4, X5 € R such that f(x,) = f(x,)

= X17X3

=x3+x

= XPHx =x3+x, =>x3-x3+x,-X%,=0
= (X = X)XP+ XX+ X2+ 1)=0 = x,-%x,=0
2 2
X X X
[ X2+ XX + X2 2xf+2x1(72)+(72) —(72) +x2

2 o2
3
(Xl +X72) +%20 for all x4, x, € R.

X2+ XX, +x2+1>1forallx;, x, eR
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= Xq4=X, = fisone-one.

Let y be any arbitrary element of R, then there exists

x e Rsuchthatf(x)=y = x3+x=y=x3+x-y=0

Since, odd degree equation has atleast one real root.
Thus, for every value of y, the equation
x3+x-y=0hasarealroota,suchthata®+oa-y=0=f(a)=y
Thus, foreveryy e R,3 a. € Rsuch that f(a) =y

So, fis onto function. Hence, f: R — Ris a bijection.

15. Here,R={(a,b):aisafactorof bfora, b € N}
Reflexive : Let a be an arbitrary element of N then, clearly,
ais afactor of a.

(a,a) e RV ae N .. Risreflexive.
Symmetric : Clearly 2 and 6 are natural numbers and 2 is
afactor of 6.
o (2,6) e Rbut6isnotafactorof2 =(6,2) ¢ R
Thus, (2,6) € Rbut (6,2) ¢ R .. Ris not symmetric.
Transitive: Leta,b,ce N
Now, (a,b) € Rand (b,c) € R
= (aisafactor of b) and (b is afactor of c)
= b=adandc=beforsomed,ec N
= c=(ad)e=al(de)
= aisafactorofc = (a,c) e R
Thus, (a,b) e Rand (b,c) € R = (a,c) € R .. Ris transitive.

16. (i) Lety=f(x), theny = L_;

[By associative law]

= xy-2y=x-1=xy-x=2y-1= x= 2y—11
y_
Since, x € R - {2}, thereforey = 1
Hence, range of f= R - {1}
(i) We have, g(x) = 2f(x) - 1
:2(x—1)_1:2x—2—x+2 _x
x-2 x—-2 x—-2
Lety=g(x) = X2 = YX-2y=X = yX-X=2y
= x(y-1)=2y = x= 2
y-1

Since,xe R-{2} .. y=#1
Hence, range of g(x) =R - {1}

17. Zbethesetof all integers.
R ={(m,n):m-nisdivisible by 13}
Reflexive:Letme Z
m-m=0 = m-misdivisible by 13
= (m,m)eR. .. Risreflexive.
Symmetric:Letm,n e Zand (m,n) € R
= m-n=13p,forsomepe Z
= n-m=13(-p),where(-p)eZ
= n-misdivisibleby 13 = (n, m) e R
Ris symmetric.
Transitive: Let (m,n) e Rand (n,q) € R, forsomem,n,q e Z
= m-n=13pandn-q=13s,forsomep,se Z
= m-q=13(p+s) [-pseZ=p+se”]
= m-qisdivisible by 13=(m, q) € R .. Ris transitive.
Hence, R is an equivalence relation on Z.

18. (i) Here,f: R — R given by f(x) = sinx

Let x4, x, € R such that f(x,) = f(x,)

= sinx;=sinx, = Xy =N+ (-1)"X, = X1 =X,
fis not one-one.

CBSE Champion Mathematics Class 12

Lety € R be any arbitrary element, then there exists x € R
i suchthatf(x)=y

= sinx=y=>x=sin"ly [+ Fory>1,x ¢ R(domain)]
fis not onto.

Hence, fis not a bijective function.

(ii) f:R— Rdefined by f(x) = sin?x + cosx

Since, f(x) = sin?%x + cos2x = 1

Now, f(x) = 1 is a constant function and we know that

constant function is neither injective nor surjective.
fis neither one-one nor onto.

19. Wehavegiven, A={1,2,3,4}

(i) Consider,R,={(1,1),(1,2),(2,3),(2,2),(1,3),(3,3)}
As,(1,1),(2,2),(3,3) e R,

- Ryisreflexive.

Also,(1,2)e R,(2,3)e Ry = (1,3) e R,

i So, Ry is also transitive.

Since, (2, 3) € Ry but (3,2) ¢ R,.

So, it is not symmetric.

(i) Consider,R,=1{(1,2),(2,1)}

As, (1,2)e R,and (2,1)e R,

So, it is symmetric but it is neither reflexive nor transitive.
(iii) Consider, Ry = {(1, 2), (2, 1), (1, 1), (2, 2), (3, 3), (1, 3),

- (3,1),(2,3),(3,2)}, universal relation
i Hence, R; is reflexive, symmetric and transitive.

20. (i) Here,x:%,which is rational .. f(%):l

(ii) Here, x=+/2 ,whichisirrational .. f(v2)=-1
(iii) Here,x =m, whichisirrational .. f(r)=-1
(iv) Here, x=2++/3, whichisirrational . f(2++/3)=-1

Clearly, f(x) is many one as f(x) = -1 forx = V2 and 2+ /3.

And f(x) takes values only 1 and - 1.

Range of f(x) = co-domain.

Here, f(x) does not take all the values of the co-domain.
f(x) is not onto.

; OR
(i)  Wehave,f:R— Rgiven by f(x) = e
X1
Let x4, X, € Rsuch that f(x,) = f(x,) = 1 =2 = %:1
e

= M2 =1=e0=x,-%,=0 = X=X,
fis one-one.
Clearly, range of & = (0, ) = R* but co-domain = R.

i Thus, Range # codomain

. fis not onto.
(i) Wehave,f:R*— Rgivenbyf(x) =log,x:a>0anda=1
Let x4 X, € R* such that f(x,) = f(x,)
= log,x;=log,x, = i—lzlzml =X, .. fisone-one.
2

Let y € R be arbitrary element, then there exists x € R*
suchthatf(x) =y

= log,x=y = x=a"e R [-a>0]

= a>0
Thus, for ally € R, there exist x = a” € R*such that f(x) = y.
fis onto.

Hence, fis one-one and onto i.e., f is bijective.

%
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» Maximum weightage is of Topic 2.2 Basic Concepts.
»  Maximum LA | type questions were asked from Topic 2.2 Basic Concepts.

» NoSAIland LA Il type questions were asked till now.

QUICK RECAP

Inverse Trigonometric Functions

() Trigonometric functions are not one-one and onto over their natural domains and ranges i.e., R(real numbers). But
some restrictions on domains and ranges of trigonometric function ensures the existence of their inverses.

Lety = f(x) = cos x, then its inverse is x = cos~ly

& The domains and ranges (principal value branches) of inverse trigonometric functions are as follows :

Functions Domain Range
y=sin"1x (-1,1] [ n n]
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y=cos 1x [-1, 1] [0, ]
y=tan"1x R ( T n)
2’2
y =cot1x R (0,m)
=cosec™! R-(-1,1
’ ” 14 EE
22
=seclx R-(-1,1
V o st}

» The value of the inverse trigonometric functions which lies in its principal value branch is called the principal

value of inverse trigonometric function.

Properties of Inverse Trigonometric Functions

> sinY(sinx) =x ,

cos (cosx) =
tan-1(tanx) =

cot(cotx) = x ,

sec Y(secx) = x ,

cosec Y{cosecx) = x ,

.11 _
> sin 1(— =cosec 1x s
X

(1 _
cos 1(—)=sec Tx ’
X
-1
(1 cot " x,
tan 1(—): 1
X —T+cot™ x,

> sin(sin"ix) =x ,
cos(cos™1x) = x ,
tan(tan~1x) = x ,
cot(cot 1x) = x ,
sec(sec™1x) = x )
cosec(cosec 1x) = x ,

T

> sin‘1x+cos‘1x:§ ,

_ _ b4
tan 1 x+cot 1x=§ )

-1 -1,_T
sec ~ X+cosec X—E ’

> sin}(-x) = -sin"x ,
cos }(-x) =m - cos~1x ,
tan~1(-x) = -tan1x ,
cot}(-x) =m - cot™1x ,
sec }(-x) =1 - sec 1x ,

cosec }(-x)=-cosecx ,

v-Tex<X

2 2
VO<x<m
V—E<x<E
2 2

VO<x<m
T

Vv xe (0,m) - {5}

-T T
v —,=|—10
xe [2 2] {o}
Vx>lorx<-1

Vx>1lorx<-1

Vx>0

Vx<0

vV-1<x<1
vV-1<x<1
VXeER,(-oo<x<o0)
VX€E R, (-o0<X<o0)
Vx<-lorx>1
Vx<-lorx>1

V-1<x<1
VxeR

Vx<-lorx=>1

vV-1<x<1
V-1<x<1
V —co< X< oo
V —co< X< oo
v |x|>1
Vx| 21




INVERSE
TRIGONOMETRIC
FUNCTIONS

20} BRAIN MAP

/—

— Function

y=sin"!x
y=cos!x
y=tan!x
y=cot!x

\/

y=cosec”! x

y=sec!x

— Domain

/_

(-1, 1]

\/

— Range

\

[-n/2 /2

[0, 7]

(—m/2 w/}

(0, m)

[-n/2 /2 — {0}
[0, ] — {m/2
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%\ Previous Years’ CBSE Board Questions =

2.2 Basic Concepts

MCQ
1. sin [E+sin‘1(1)} is equal to
3 2
1 1 1
(@ 1 (b) > (c) 3 (d) 2
(2023)
2. Iff(x) = |cosx|, then f(%) is
@1 b1 @ @ L
V2 V2
(2023)

3. Two statements are given, one labelled Assertion (A)
and the other labelled Reason (R). Select the correct
answer from the codes (a), (b), (c) and (d) as given
below.

Assertion (A) : All trigonometric functions have their

inverses over their respective domains.

Reason (R): The inverse of tan-x exists for some xeR.

(a) Both Assertion (A) and Reason (R) are true
and Reason (R) is the correct explanation of
Assertion (A).

(b) Both Assertion (A) and Reason (R) are true and
Reason (R) is not the correct explanation of
Assertion (A).

(c) Assertion (A) is true but Reason (R) is false.

(d) Assertion (A) is false but Reason (R) is true.

(2023)

4. Thevalue of sin~! (cos%) is

@ 3 @ ™ © 3 @
5 10 5 10

(Term 1, 2021-22) (U]
5. The principal value of cot™}(—/3) is

T T 2n 5n
a) = b) = c) = d) =
(a) 5 (b) 2 (c) 3 (d) 2
(2020)
1 A g [ 3FAY . . ‘
6. tan!3 +tanl A =tan —— | is valid for what
valuesof A.? 1-3%
(a) xe(-l,l) b) sl
33 3
(c) 7»<1 (d) Allreal values of A
3 (2020)
7.  The principal value of tan™ (tan%) is
2n -2n 3n -3n
a) == b) == c) — d) ==
(a) 5 (b) 5 (c) s (d) 5
(2020) @

(1 mark)

8. The range of the principal value branch of the |
functiony = sec xis . (2020)

9. The principal value of cos™! (_71) is . N
(2020) (U |
10. Write the value of cos™! (—%)+ 2sint (%)
(Foreign 2014) @
11. Write the principal value of tan™! [sin(—g)].
(A1 2014C)
12. Find the value of the following :
cot (g—Zcot_lﬁ) (Al 2014C)
BT (2 marks)
13. Write the domain and range (principle value branch)
of the following functions:
f(x) = tan~1x. (2023)
. 14. Evaluate:cos™? [cos(—%t)] (2023)
. . 1 1
15. Simplif sec‘l(—),0<x<—. (2021C)
Py 2x2-1 V2
16. Provethat: Q—n—zsin_1 (l)zzsin_1 (&J
8 4 3) 4 3 .
(2020) (Ev)
17. Provethat: sin‘1(2xV1—x2)=2cos X, T£x<1
(2020)@
(4 marks)
18 Solveforx: sin!(1-x)-2sin"!x=7 (2020C)
| 41 41 431 31
19. Provethat: 2tan §+tan 7:tan . (2020C) @
20. Provethat: tan"1Vx :lcos‘1 (L),xe[o, 1]
2 1+x
(2020, 2019C)
21. Provethat:
cos™! (E )+sin‘1 (§)=sin‘1 (EJ (A12019) @
13 5 65
22. Provethat: sin‘1i+tan‘1i+cos‘1§=5 (2019)
5 12 65 2
23. If tan‘lx—cot‘lx:tan‘l(i} x > 0, find the value
J3
of x and hence find the value of sec™! (2) (2019) @
X
24. Find the value of sin(cos‘1%+tan‘1§} (2019)
25. Provethat:
(\/1+x+\/1 x) 41
tan™ cos X;———=<x<1
V1+x—+1-x 4 V2

(2019C) (Ap)
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= CBSE Sample Questions =

2.2 Basic Concepts
MCQ

1. Inthe given question, a statement of assertion (A) is
followed by a statement of reason (R). Choose the
correct answer out of the following choices.
Assertion (A) : The domain of the function sec 1 2x is

)

Reason (R) : sec‘l(—2)=—z

(a)

explanation of A.

Both A and R are true but R is not the correct
explanation of A.

Ais true but R is false.

(d) Aisfalse but Ristrue. (2022-23)
2. sin[E—sin_l(—l)] is equal to
3 2
@ 1 b) 1 © -1 (d 1
2 3

(Term I, 2021-22) (Ap)

3. sin(tan"1x), where |x| < 1, is equal to

1. (a): We have,
Nk ._1(1) . l:n ._1(. n)] . l:n n]
sinf =+sin""| = ||=sin| =+sin™"| sin= ||=sin| =+ =
[3 2 3 6 36
=sin(

2. (d): f(x) = |cosx|

=1

N a

At 1
§<x<n, cosx<0 .. |cosx|=-cosx = f(x) = -cosx
(G )eod ) eoox-7)
fl — |=—cos| — |=—cos| n——
4 4 4
n 1
=CoS—=—— [+ cos(m-0)=-cosO]
4 2

3. (d): All trigonometric functions are periodic and
hence not invertible over their respective domains but all
trigonometric functions have inverse over their restricted
domains.

Inverse of tan~1x is tanx which is defined for
xeR—(2n+1)g, nez

Assertion is false and reason is true.

Both A and R are true and R is the correct

Detailed g{e/8V)j(e] )}

1 X
(c) d) —

(Term [, 2021-22)

4.  Simplest form of

tan-t J1+cosx +,/1—cosx pex 3
J1+cosx—/1-cosx | 2
T X 3t x X X
X gy 3m_X X gX
@ -5 b —-2 @ -5 @ = >

(Term I, 2021-22) (€1
5. Iftan"lx=y,then

-7 T

“1<y<1 eyt

(a) <y< (b) 2 Y<2
—TT T —T T

c) — i d I
@ S<v<3 (d) ye{z’z}

(Term [, 2021-22)

m (2 marks)

6. Find the value of sin-l[sin(BTT‘)]. (2022-23)
7. Express tan! (;oi)% <x<Zin the simplest
| —sinx

(2020-21) (Ev)

form.

4. (b): We have, sin" (cosanjzsin_l[cos(ZnnL%J]

.1 3rn — T =
=SIn cos— | =sIn cos| —+—
5 2 10
- . T Y T
=sin” | =sin— | =—sin" “| sin— [=——
[ ) == (sngs )15
3 s
[ Answer Tips (#)

2 cos(2m + 0) = cosh, cos (§+9)=—sin9

5. (d): We know that cot™1(x)e(0, x)
cot_l(—\/§ )=cot™? (—cotg)

el

[+ cot(n—6)=—cot6]

[+ cot™[coto]=6]

Thus, the principal value of cot™*(-/3)

=cot™? [cot (5_1'5 )] = on
6 6

. 5w
is —.
6
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6. [c): Given, tan*13+tan*1x=tan—1( 3+1 )

1-31
tan‘13+tan‘1k:tan‘l(f”;b) for 3A<1 .. 3k<1zk<%

Concept Applied @
Xty ), if xy<1

=) tan_1x+tan_1y=tan_1 (1)(

7. (b): We have, tan™t (tan%)

We know that the range of tan~1x is (%EE)

2

tan™" (tan%): tan™t (tan(n—%))
=tan~ [ tan(25n):| [
=—tan" [tan(25n):| =_2?n [

tan(m - 0) = tan0]

tan~1(tan®) = 6]

8. Therangeof the principal value branch of the function

y =sec Ixis [0, n]—{g}.

_1(-1 -1 T
9. Lety= 1(—) = = = =— (—)
y =Cos > cosy > COSY =—C0S 3
Since, the range of cos 1 xis [0, ]

= cosy:—cos(n—g) [+ cos(m-0)=-cos0]

T 2n
> y=n-—=—"
3 3

1 1). 2n

Hence, the principal value of cos -3 is 3

10. Given cos™! (_1J+25in—1 (1)
2 2

—cos [ cosZE |+ 2sint[sin® |« ZE 4 2x "o
3 6 3 6

[ Range of cos 1xis[0,n] & of sin~ L xis[-n/2,7/2]]

Commonly Made Mistake @

> Remember the domain and
trigonometric functions.

range of inverse

11. Here, tan‘l[sin(—n)] = tan1(-1)=-Z%
2 4

This is the required principal value as it is lie in (— gg)

2 Therangeofy=tanlxis (_—R,E).
22

12. cot (g—Zcot*1 \/5)

1 / 2
= cosa——:sma— 1-cos“a

i =  sin”

CBSE Champion Mathematics Class 12

=cot E—2cot_1(cotE) =cot E—ZE
i 2 6 2 6

T T
=cot| Z-Z|=cot Z=1/3
=co (2 3) cot - NG
13. Domain of tan™1x = (-oo, o) and range of tan~x is
T
2’2

14. cost [cos(—%)] =cos ! [cos(é—n)] (- cos(—8)=cos8)

=g (- cos Hcosx)=xVO0<x<n)

- 15. Letx =cos0

( )
ec

1 1 1 1
sec > =seC | —%——| =
2x°-1 2cos“0-1

=sec 1 (sec20) =

Hence, sec? ( ): 2cos 1x

2x2-1

[Concept Apiied (€]

2 c0s20 =2cos20 -1, sece=L
cosO

16. Consider LH.S. :9—n—zsin’1(1):2[E—sin’1(1):|
s 47" 3742 3

:gcos*1 (1) (i) [ sinLx+ cos_1x=§]

[ sin29+c0526:1]

N

So, LHs_Z —1(2‘/—) R.H.S.

17, Consider LH.S. =sin"t (2x1-x2)

Put x = cos6, we get

=sin~? (2cose sinze) [ sin20+ coszezl]
=sin"1(2cos0 sind) = sin-
=20
Since, x = cosO
= 0=cos 1x

20 =2cos 1x=R.H.S.

1(sin20
(sin26) [+ sin~(sinB) = 6]

18. Given, sin‘l(l—x)—2sin‘1x=g
Put x = siny

= sin"(1-siny)-2sin"(siny)=—

L1-siny)-2y= [sin~1(sin6) = 0]

M\:-l
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= sinfl(l—siny)=g+2y = 1—siny=sin(g+2y)

[sin(mt/2 + 6) = cosB]
c0s20 = 1 - 2sin20]

= 1-siny=cos2y
— 1-siny=1-2sinzy [
= 2sin?y-siny=0

Replace siny = x

= 2x2_x=0=> x(2x—1):0:>x:0,%

19. Consider, LH.S. = 2tan’1%+tan’1%
1
2X =
=tan~! 2 5 +tan*11 =tan*11+tan*11
1 7 3 7
1‘(5) 4
4 1 31
4 3'7 21
=tan 1=+tan 1S =tan 122 LZ_an 12l
3 7 4 17
21 21
[ tan‘1x+tan_1y=tan_1( Xty )]
1—xy
=tan*1ﬂ=R.H.S.
17
Hence proved.
Concept Applied @

= 2tan‘16=tan‘1( 262 )
1-6

20. Consider,R.H.S. = Lost (1_7)()

2 1+x
Put x = tan20 (i)
2
RHS. = Scos™ (“a”szlcos‘l(cosze):l(ze)z 0
2 1+tan’0) 2 2
From equation (i), we get
tand=vx = 0=tan*+/x =L.H.S.
L.HS.=R.HS.
Hence proved.
21. Let x=cosfl(g)and y:sinfl(E)
13 5
12 . 3
or cosx=— and siny=—
13 5
Now, sinx=v1—-cos?x and cosy=\/1—sin2y
9
sinx= /1——andcosy 1——
= smx——and cosy——
13 5
We know that,
5 4 12 3 20 36 56 . _1(56
Sin(x+y) =—x—+x=—="—+"Z=""= x+y=sin""| —=
13 5 13 5 65 65 65 65

or, cos™! (E )+ sin”? (g)z sin”? (%)
13 5 65

21

2 sin(x +y) = sinx cosy + cosx siny

1i+cos’1§
12 65

%
(N
163 3

—=——=£— 14+Cc0S  —
4>< 5 65

|: tan_1x+tan_1y=tan_1( Xty J]
1-xy

22. Consider LH.S. = sin’1§+tan’

1i+cos’1§
12 65

:tan*1i+tan*
3

4 5

—tan"t| 1663 | —tan-1 () =E=RH.S.

Hence proved.

. 1
23. Given,tan-1x - cot-1x = tan! ()
J3
1 1
= tan"lx-tan! (—): tan™t ()
X V3

[ tan~! (1 ): cot™! X, X> O]
X

_1
= tan? Xi; :tan_l(l)
1+x-1 V3

X

|: tan‘lx—tan‘lyztan_1 [7)(_)/ ﬂ
1+xy
xX*-1_ 1 2 2
= =—==3x*-/3=2x = J3x*-2x-/3=0

2x 3
= 3x2-3x+x=/3=0 = 3x(x=/3)+1(x=/3)=0

= (\/§X+1)(X—\/§)=O = /3x+1=0 or x-+/3=0

= x=_—10r X=\/§

J3
Since, x>0
-1 . . _1(2 1 2 T
So, x=—= isrejected. .. sec 1(7):sec 1():
N B X 3) 6

24. We have, sin(cos‘lgﬂan‘i%)

Let cos‘lﬁzA :::cosAzﬁ
5 5

We know that sinA=+1-cos?
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Let tanflng :>tanB=g
3 3

We know that, 1 + tan20 = sec20

= secB=+1+tanB \/—
= cosB=i [ sece—i]
\/ﬁ cos0

= sinB=+v1-cos?’B=,[1-—=——
\/_

Now, sin(cos’lg+tan*1§):sin(A+B)

=sinA cosB + cosA sinB

[+ sin(x +y) = sinx cosy + cosx siny]
3.3 .4 2 _ 9 8 17
5°J13 513 513 5/13 513

25. Consider L.H.S. =tan1(

Put x = cos6, we get

JTI}+JTf§]
Viex—v1-x

LH.S. :tan_1|:\/1+cose+\/1 cose:|
J1+cos6—+/1-cos
‘\/Ecos x/Est
=tan" g
2cos—— 2sin—
_‘\/— 2 ‘\/—' 2
[+ 1+ cos20 =2cos20, 1 - cos20 = 2sin20]
- 2cosg+x/§sin9 —cosg+sin9
=tan~ 2 2| —tan! 2
0 . 0 . 0
—\J2cos——+/2sin— —CoS——sin—
L 2 2 | 2 2
6 .0
cos——sin—
2 2
0 .0 0 0
9 cos——sin— 5 cosE 5 1—tan§
=tan B E— =tan ﬁ:tan o
cos—+sin— cos—+sin— 1+tan—
2 2 2 2 2
0
cos—
L 2 ]
=tan~ [tan(ﬁ—g)] L [ tan_l(tan9)=9]
4 2 4 2

Since, x = cos® = 0 = cos~1x

T COS 1X

LHS.==- =RH.S.
4

y_\ N
CBSE Sample Questions

1. (c):sec xisdefinedifx<-1orx>1.

Hence, sec™! 2x will be defined if xg_% or le

N

The range of the function sec1x s [0, n]—{g} (1)
Hence, Ais true and R is false.

tan_1(\/1+cosx +/1-cosx

3 =tan~
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2. (d): We have,

ol 53 )
e (5 el )

3. (d): We have, sin(tan 1 x)

Lettan'lx=0 = x=tan0= sing=

x2+1

sin(tan_1 X)=sinf=
x“+1

4. (a): We have,

3n
| m<x<
J1+cosx —[1-cosx 2

25in5
2

X
—[V2sin—|
‘\/_ 2

‘ﬁcosg .
X
2cos—
‘\/_ 2

=tan~!

2

X
2sin—
2

- 2cos%+«/§sini (
X :

—J/2cos=—
2

cosX sinX
2 2

X, . X
cos_—+sin_
2 2

=tan? (tan(E — 5)) T
4 2 4

X
2
5. Range of t :( E)
(c) : Rang an™' x 57
T2 2

1

—tan™! =tan~

6. Given, sin_l[sin(lsn)] =sin~! [sin(Zn—nJ]
7 7

sl 55

7. We have,

1-sinx

(T
: SIN| ——X
| tan_l(ﬂ)ztan_1 (2 )

1—cos(£—x)

2
2sin r_x cos r_X

1 4 2 4 2

-t 5 ol (25

(1)

(1)

(1)

(1)

(1)

(1)

(1/2)

(1)

(1/2)




Self Assessment

(Ease Based Objective Questions

(4 marks)

1.

In the math class, the teacher asked a student to
construct a triangle on a black board and name it
as PQR. Two angles P and Q were given to be equal

to tan‘l(%)and tan‘l(%) respectively. Based on

APQR, the teacher give some questions to the
students.

Y e

Based on above information, attempt any 4 out of
5 subparts.
(i)  Thevalue of third angle is

-1 1 -1 1
(a) tan (5) (b) tan (E)

(c) 90°—tan! (%)

(d) 180"—(tan1 (1 )+ tan~1 (1 D
3 2

(if) The value of cosP + sinPis

2
@ = % (©) % (d) %
(iii) Thevalueofcos(P+Q+R) = .
@1 b -1 ©@o (@1
(iv) If P=cos 1x,then the value of 10x2 = i )
(@ 7 (b) 6 (c) 8 (d) 9

(v) 1fQ=sin"xand P =cos !y, then value of x2 + y2

13 17 11 19

(a) 0 (b) 0 () o (d) 0
(I\—/Iultiple Choice Questions (1 mark)
2. Iftan1(cot6) = 20, then B is equal to

(a) (b) g

(c) (d) None of these

oA wla

i 11. If cosec™! x + cosec™ly + cosec’lz = -

3. Find the principal value of cot™}(-/3).

@ 2 ® T © F (@ =
6 3 2 4
OR
Find the principal value of sin™? (\/15)
(@ T b) T 0 T d T
4 3 6 2
4. If 6sin"1(x2 - 6x + 8.5) =7, then x is equal to
(@) 1 (b) 2 () 3 (d) 8
| (\7$A Type Questions (1 mark)

5. Find the set of values of sec™! (%) .

OR
What is the domain of the function defined by
f(x)=sin"tJx-1?

6. Find the value of tan™? (tan%}

OR
Find the domain of the function cos 1(2x - 1).

7. Find the value of cos™ (cosMTn).

(§A | Type Questions

8. Evaluate: cos|:c051 (_\2/5 J+ Z}

(2 marks)

9. Find the value of sec?(tan~12) + cosec?(cot13).

OR
If sin"1(x2 - 7x + 12) = nm, V n |, then find the value
of x.

GA Il Type Questions

10. Find the range of f(x) = sin"1x + tan~1x + sec™x.
3n

(3 marks)

, find the

X z
valueof XY, 2
y zZ X

12. Find the value of tan (cos ! x) and hence evaluate

e E)

OR
Find the value of tan~! (tan 5?“ )+COS-1 (COS 13% )
@ase Based Questions (4 marks)

13. Amath teacher explained to the students about topic
“Principal Value of Inverse Trigonometric Functions”.
He told that the value of an inverse trigonometric
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functions which lies in the range of principal branch
is called the principal value of that inverse.

Principal Value of
Inverse Trigonometric Functions

Based on given information, answer the following

questions. 1
(i)  Find the principal value of sin1(1) +sin~? ()

V2

(i)  What will be the principal value of sin™! [\/EJ ?

Detailed B<{o]R88aj[0] i

1. (i) (d): Given, 4P=tan‘1(%J and AQ:tan‘l(%J

InAPQR, £ZP+ £Q+ £ZR = 180°
ZR=180°-(£P+ £Q)

A

Since, «P=tan™! 1) o anpl
3 3

[By angle sum property]

(i) (c):

sin P:i and cos P=

J10

Value of cosP+sinP =

w ﬁ‘w
)
v

1
+—=
10 <10
(b) : Since, PQR is a triangle
ZP+.2Q+ ZR=180°
cos(P+Q+R)=cos180°=-1

(d) : Given, P=cos 1 x

ﬁ

(iii)
-
(iv)

Also, /P=tan! 1) 2 tanp2l
3 3

cos P=

J10

3
= P=cos!|—
(010)

From (1) and (2), we get
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(I:A Type Questions (4 / 6 marks)

14. Evaluate: 1{216 sin‘l(sin%] +
T

27 cos1 (cos%) +28tan! (tan%) +

200 cot L (Cot—“)}
4

OR

Ifx,y,ze [-1,1]suchthatcos 1 x+costy+cos 1z=3m,
then find the value of xy + yz + zx.

15. Show that sin_li+cos_1§=tan_1§.
; 13 5 16
OR
Show that tan| Lsin"1> =4_ﬁ and justify why the
2 4 3
other value 4+3ﬁ isignored?
: 3 2 9 2
P X=—— = X‘=— = 10x°=9
J10 10

(v) (c):Given,Q=sin"1xand P=cos 1y
= x=sinQandy=cosP

1 1
Also, Q=tan™| = | and P=tan™![= o
s0, Q=tan (2)an an (3) § .
1 1 P
=  tanQ== and tanP==
| an Q 5 and tan 3 3
1 3
= sinQ=—— and cos P=—— -(2) §’>
RN V10 s |
From (1) and (2), we get 2
J5 J10
a2 (LYl 8 Y. 1,9 11
YA\ 5) Vo) T5710" 10

2. (c):tan 1(cotd) = 20 = cotd =tan20
= cotf=cot (E—ze) —0="_29
2 2

T

= 30= = 0=
2

r

6
3. (a):Letcot‘l(—x/§)=6:>cot6=—\/_=—cotE
6

=cot{n-Z =cot5—1t = e:s—"e(o,n)
6 6 6

5w

Principal value of cot~? (—\/5) is



Inverse Trigonometric Functions

OR
1 1 b
(a): Letsin™! N =6zsin6=—2=sinz
— @=T¢| X
4 2 2

1)\. =
Principal value of sin~1 (\/5)54-

4. (b): Wehave, 6sin"1(x2 - 6x+8.5)=n

=3 sin‘l(x2—6x+8.5)=g
2 . T 1 2 _
= X —6x+8.5=5|ng=E = x*-6x+8=0

= (x-4)(x-2)=0=x=4or x=2

As we know, domain of sec 1xis R - (-1, 1)
xXe (_ooi _1) U (1$ oo)

_Y

. . 41
Therefore, there is no set of values exist for sec’t=

Hence, ¢ is the answer.
OR
Given, f(x)=sin"1Jx-1
Since, x-1>0 and-1<+/x-1<1
0<x-1<1 = 1<x<L2

6. Since, tan1(tan23n)=tan1(tan(n—g))

—tan! (—tangj [- tan(rt—6)=—tanO]

=—tan? E):—E - tan"Y(tanx)=x,x | — =
an (tan3 3 (tanx)=x,x e >

OR
We have given, f(x) = cos1(2x - 1)
Since,-1<2x-1<1
= 0<2x<2
= 0<x<1

7. Since, cos ™t (cosm?n):cos*1 [cos(4n+23n)J

,1( 21‘5) 2n
=C0s COS— |=——
3 3

8. Given, cos[cosl(_\@}n}
2 6
af  5m)m 5n ( n) 3
=cos| cos | cos=— |+— 1C0s——=cos| - |=——
6/ 6 6 6) 2

50 &
=cos| —+—
(%+%)

=cos(m) =-1

{ cosfi(cosx) =X,X€ [O,n]}

{+ cos Ycos8)=0;0e[0,r]}

9. Given, sec?(tan12) + cosec?(cot™13)
= [sec(tan~12)]? + [cosec(cot13)]?

= [sec(sec 1/5)12 +[cosec (cosec 1\/10)]?
= (/5)2+(/10)2=5+10=15

Given, sin"1(x2 - 7x+ 12) =nm
| = x2-7x+12=sinnn

- and f(1) = sin"}(1) + tan~1(1) + sec™1(1) = 5+Z +0===

25

OR

= x2-7x+12=0

= (x-4)x-3)=0 = x=4,3
10. Given, f(x) = sin"1x + tan1x + sec 1x

Domain of sin"1x =[-1, 1]

Domain of tan~1x = (-0, o)

Domain of sec™1x = (-0, o) - (-1, 1)

Domain of f(x) = [-1, 1] N (=00, ) N [(-e0, ) = (-1, 1)]

(- sinnt=0V nel)

= {_1r 1}
Now, f(-1) = sin"}(-1) + tan"1(-1) + sec™1(-1)
T T T
= - — + n = —
2 4 4

T T 3n
4
Range of f(x) = {E?’l}
4’4
11. We know that the minimum value of cosec™1x is —g

which is attained at x = -1.

-1 -1 -1 3n
cosec X tcosec 'y t+cosec z=-—

= cosecx + cosec’ly + cosec’lz = (—E)+(—E)+(—E)
2 2 2

Ay =_T “1y=_T 1= _ 1
= cosec 'x=-=,cosec’ly=-— cosec'z=-—
2 2 2

= x=-1y=-1z=-1

(-1) (1) (1)

y z x (1) (-1) (-1)
12. Letcos 1x=0,then cosd =x,where e [0, n]

sin® V1-cos26 _ V1-x2

tan (cos™1x) =tan0 = =
cos0 cos0 X

17

| Hence, tan (cos1 (8))_“1_(8/17)2:15

8/17 8
OR

As we know, tan~! (tanx)=x; x e —g,gj

and cos™1 (cos x) = x; x [0, 7]

o tant tan5—1t)+cos_1 coslg—rE
6 6

=tan~!| tan n—E +cos™!| cos n+7—n
6 6
5t (-nw 13n
o —e¢| —,= |[and——¢][0,
{ 6@(2,2)an 5 [ n]}
=tan~! —tanE +cos ! —cosE
6 6
[~ tan (- 06) = - tan 6 and cos (m + 0) = - cos 0]

= —tan™? (tanE)+TC—COS_1 (cos(h))
6 6

{ - tan1(-x) = -tan~1x;xe Rand cos~ (-x)
=m-cos lx:;xe[-1,1]}
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=—tan_1(tan

ol a

poeo o)
b o]

=—tan | tanZ |+n-m+cos [ cosZ | =-Z+0+Z=0
6 6 6 6

=—tan’1(tan

o la

13. (i) Letx=sin"1(1)andy =sin! (\/15)

Then,sinx=1andsiny= —_

V2

We know that the range of principal value branch of

e[ 3 mn(3) L3

Principal value of sin"1 (1) + sin~1 (

(i) Letp=sint (\/25} then sinp:?

We know that range of principal value branch of sin"1is

- T (n) V3 T [—n n}
and sin — = p=—c|—, =
22 3 2 312 2

Principal value of sin™? [f} is ©.

\/EJ_z 4 4

3

14. Since, sin"! (sin%)

e ( 717) . _1( . TEJ I N PN 1 -T
=sin | sin| t+— | [=sin"" | =sin— [ =sin™*| sin| — | |=—
( 6 6 6 6
cos™t cosz—Tc E tan™ tan5—1t =tan"!| tan 1t+E
3 3’ 4 4
—tan| tan| T ||=Z and cot 1] cot|-Z =1t—E=3—Tc
4 4 4 4 4

Hence, required value is

1 216><——+27><2—+28>< +200><%
6 3 4 4

=-36+18+7+150=139

OR
Wehave, x,y,ze [-1,1] = -1<x<1,-1<y<1,-1<z<1
= 0<cos1x<m0<cosly<mO0<coslz<m
Given, cos 1x + cos 1y + cos™1z=3n
= cosx+cosly+coslz=n+n+m
= cosx=mcosly=mcoslz=m

= x=-1ly=-1z=-1
xy+yz+zx=(-1)x (-1) +(-1) x (-1) + (-1) x (-1)
=1+1+1=3
15. We have to prove, sin‘li+cos‘1§=tan‘1§

5 16

As we know,
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13 5

12

Consider, sin™ i=0L
13

tanoc:i

. 5 12
= sino=-— andcoso=— ..
13 13 12

Again, consider cos‘lgzﬁ = cos]?)zg

. 4 4
sinB=—, tanf=—
P 5 B 3

tana+tanf
1-tano-tanf B
5 4
123 63
= tan(a+B):ﬁ = tan(oc+B)=R
153

tan(a+B)=

*1i+cos’1§:tan*1§

= o+P=tan” R z 16

163 .
— = SIn
16

OR

4-\7

We have to prove, tan lsin—lﬁ -
2 4 3

Consider LH.S.= tan[lsin1 (3):'
2 4

Let Esin_lﬁzoc = sin‘1§=20c
2 4 4

2tanoc 3

= sin2a=§ = —a=—

1+tan’a 4
= 3tan?o-8tana+3=0
8+64—4x3x3 8+28
2x3 6
417 |47
3 = o=tan 3

= tanoa=

= tano=

LHS.= tan[tan_1 (4_\/7 D:
3

13 T —TCS1._1

4-\7

——=R.H.S.
3

. T _
Since, —§£sm

.. tan _r Stan1 sin‘1§ StanE
4 2 4 4

= —1£tan(%sin‘1%)gl -1

Hence, isignored.



CHAPTER

Matrices

3.1 Introduction 3.4 Operations on Matrices 3.6 Symmetric and S_kew
3.2 Matrix 3.5 Transpose of a Matrix Symm.etrlc Mat.rlces
3.3 Types of Matrices 3.7 Invertible Matrices

Analysis of Last 10 Years’ CBSE Board Questions (2023-2014)

16- B MCQ
11 VSA
141 SA|
HsAll
T 121 WLAl
£ 10 LAl
2
z 8
s
8 67
€
3
Z 4
2_ I L
0 . [
3.1 3.2 3.3 34 35 3.6 37
Topics —>
Wei N,
eightage A tract

» Topic 3.4 is highly scoring topic.
»  Maximum weightage is of Topic 3.4 Operations on Matrices.
»  Maximum MCQ, VSA and LA | type questions were asked from Topic 3.4 Operations on Matrices.

QUICK RECAP

Matrix

& A matrix is any rectangular array of numbers or functions in m rows and n columns within brackets.
A matrix of m rows and n columns is usually written as

aqq (20 B, aq,
a (¢ S a
A= 21 %2 2'n
a1 (21 S Amn mxn
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The above matrix is also represented by
A =[aglnnor A= a;]

Order of a Matrix

& Amatrix having mrows and n columns has order m x n.

« Types of Matrices

» Row Matrix : A matrix having only one row.
» Column Matrix: A matrix having only one column.
» Square Matrix : A matrix in which number of rows

is equal to the number of columns.

» Diagonal Matrix : A square matrix whose all the

non-diagonal elements are zero.
1 0 O

Forexample: o={0 2

0 |is adiagonal matrix

CBSE Champion Mathematics Class 12

- and it can also be written as A = diag (12 3)
1 » Scalar Matrix : A diagonal matrix in which all the
diagonal elements are equal.

» Identity or Unit Matrix : A square matrix is said
to be identity matrix if all its diagonal entries are
equal to 1 and rest are zero.

» Zero or Null Matrix : A matrix whose all the
elements are zero.

Equality of Matrices

« Twomatrices are said to be equal, if their order is same
and their corresponding elements are also equal.

Comparable Matrices
Two matrices A and B are said to be comparable if they
have same order i.e., number of rows and columns of A are

0O 0 3 i equal to number of rows and columns of B respectively.
OPERATIONS ON MATRICES
Operations Definition Properties
Addition of two Let A and B be twol(i) Commutative Law : For any two matricesA&B,A+B=B+A
Matrices matrices each of order m|(ii) Associative Law : For any three matrices A, Band C,A + (B + C)

X n.
Then,A+B =[a; + b;] (iii)
fori=1,2,..,mand
j=1,2,.,n

=(A+B)+C

Existence of Additive Identity : For any matrix A, if there exists
a zero matrix O such that A+ O=A =0 + A. Then O is called
additive identity.

Existence of Additive Inverse : For any matrix A, if there exists
amatrix (-A) such that A+ (-A) = O = (-A) + A. Then (-A) is called
additive inverse of A.

Let A be a matrix of order
m x n. Then, for any scalar
k, kA =Tk - a;lynxn

Multiplication of a
Matrix by a Scalar

Let A and B be two matrices each of order m x n. Then, for any
scalars k and I, we have

k(A + B) = kA + kB

(k+NA=kA+IA

Multiplication of
two Matrices

Let A and B be any two

matrices of orders m x n

and n x p respectively.

Then AB = C = [Cil iy (iii)
n

Where C,'k = zairbrk

Multiplication of two matrices is not commutative i.e., AB # BA.
Associative Law : For any three matrices A, B,and C, (AB)C = A(BC)
Distributive Law : For any three matrices A, Band C,

e AB+C)=AB+AC

e (A+B)C=AC+BC

Existence of Multiplicative Identity : For any square matrix,

r=1 (iv)  |[there exists a matrix | such that Al = A = IA, where | is called the
identity matrix.
Transpose of a Matrix Note:
- . . . . (i) For any square matrix A with real entries,
« The matrix obtained by interchanging the A+ A’ is a symmetric matrix and A - A’ is a skew

rows and columns of matrix A
transpose of matrix A. It is
A’ or AT. In other words, if A =
A/ = [aﬁ]nxm.

< Properties of Transpose of a Matrix
» For any comparable matrices A and B,

(i) (A+BY=A"+B iy (AY=A
(iii) (kA) = kA’, where k is any constant.
(iv) (AB) =BA’

» Symmetric Matrix : A square matrix A =
agforalli,jor : o

is called a symmetric matrix, if a; =
we say, if A=A’
> Skew-Symmetric Matrix

a; = - azfor alli,jor we say, if A" = -A.

is called the
represented by |
[ajlm « »» then

: A square matrix
A = [g;] is called a skew symmetric matrix, if

symmetric matrix.
(ii) A matrix which is both symmetric and skew
symmetric, is zero matrix.
(iii) If A'is a square matrix such their A = P + Q, where P
is symmetric matrix and Q is skew symmetric matrix,

then P= %(A+A’)

1
and Q= E(A—A'), where A is the transpose of A.

[a;] Invertible Matrices

If A is a square matrix of order m and if there exists
another square matrix B of the same order m, such
that AB =BA =1, then Bis called the inverse matrix of A
and is denoted by A L,

i Note: Inverse of a square matrix, if it exists, is unique.




Operations Properties

BRAIN MAP

e _—
/ MATRIX N\

Properties

« A+B=B+A L /A matrix is an ordered\\
+B= / \
Additionand 7 2=€ A+(B+C)=(A+B)+C [ e
. ie., [a,-j],,, = [b,-j]m “n L . numbers or functions.
Subtraction g+ b, = o] « Additive identity = O [ TS s @
ST T Additive inverse = — A ' functions are called the /
elements or the ently'
o AB exists # BA exists ?f s matrlx./
- —
Ak X By g = Cuxg « ABmay or may not be equal to BA
Multiplication a © (AB)C=A(BO) Y
ol Dby | = hixa o Lyx A= A= An X I Trace of a Matrix
=1
' « A(B+C)=AB+AC, The sum of the main diagonal entries of a
(B+C)A=BA+CA square matrix A is known as trace of matrix A.
a 1 2
Scalar kA=Bi.e, klag,, e k(A+B)=kA +kB Let square matrix A=|1 b 2 | then trace
Multiplication = [k aglpin=[Bglxn + (k+m)A=KkA+mA 2 1
~ 7 of matrix A is givenbya + b + c.
A4 Y
Equal Matrices Comparable Matrices
If matr ices A and B are of same order, then Two matrices A and B are said to be comparable if they have same order i.e., number
‘; = [BL }ﬂr a; = b; Vi, j, where A = [4;] and of rows and columns of A are equal to number of rows and columns of B respectively.
= [b,).

—

TRANSPOSE

/" ORDER OF

s / OF A MATRIX A MATRIX
(k)= ( | Transpose is obtained by i havin
« (AB)'=BA' [ interchanging rows and 8

rows and 7 columns

. (AtB)=A'+B
. (ABC)=CBA'

| columns. If A = [a],,x,» /

then A' or /
AT = [aji]nxm

is called a matrix of
order m X n.

Inverse of a Matrix

If A and B are two square matrices such
that AB = BA = I, then B is the inverse
matrix of A and is denoted by A™! and A
s the inverse of B and is denoted by B™!. )

o Inverse of a square matrix, if it exists,

. (ABj1=B14A"
L= @yr

\_

Types of Matrices

Column Matrix : A = [a;],,x1
Row Matrix : A = [a;]1x,

Square Matrix : A = @],

for some constant k

Identity Matrix: A = [a;],,,,, where a; =

{1,ifi:j .

o Upper triangular matrix : A square
matrix in which all the elements
below the diagonal are zero.

« Lower triangular matrix : A square

o Diagonal Matrix: A = [a;],, ,,» Where a; =0V i matrix in which all the elements
roperties + Scalar Matrix: A = [a;], ., where a; = { k: dae g Involutary Matrix : A> = I

« Orthogonal Matrix: AAT=ATA=1

is unique. i
o Idempotent Matrix: A>= A
e (AH'=A o Zero Matrix : A = [a;], where a; = {0 V i & j} P
o (kA= AVk o Unitary Matrix : AA® = A%A =T

0ific Symmetric Matrix : AT = A
EET L Skew Symmetric Matrix : AT = -A )
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= Previous Years’ CBSE Board Questions =

3.2 Matrix
(1 mark)

1. Construct a2 x 2 matrix A = [g;], whose elements are
given by a; = |(i)? - jl. (2020) @

2. Write the number of all possible matrices of order
2 x 2witheachentry 1,2 or 3. (Al 2016)

3. Write the element a,; of a 3 x 3 matrix A = [a;] whose

elements a; are given by g, _%.

4. The elements a; of a 3 x 3 matrix are given by

:_| -3i+j| . Write the value of element as,.
(Al 2014C)

3.3 Types of Matrices
(1 mark)

5. |f[X—V Z]_[—l 4]
2x-y w] [0 5

find the value of x + vy.

(A1 2014)(Ap)

6. If av4  3b) (2a+2 b2 , write the value of
8 -6 8 a-8b

a-2b. (Foreign 2014)

If [ZX:; xj }:[g vg] write the value of (x +y + 2).
’ (Delhi 2014C)

3.4 Operations on Matrices
MCQ

8. If Az[l o],Bz X O] and A = B2 then x equals
2 17|11
(a) #1 (b) -1 () 1 (d) 2 (2023) |
1 1 1]x] [é6
9. If{0 1 y |=| 3], thenthe value of (2x+y -2z)is
0 0 1flz] |2
(@) 1 (b) 2 (c) 3 (d) 5 (2023)
10. If x|:1:|+y|:2 |:4 , then
21"15]7 |9
(@) x=1,y=2 (b) x=2,y=1
() x=1,y=-1 (d) x=3,y=2 (2023)
11. If Ais asquare matrix and A2= A, then (I + A)2- 3Ais
equal to
(@) 1 (b) A (c) 2A (d) 3l ‘
(2023)

(Delhi 2015)(1 ]

19, IfB

12. IfA=|:41 ﬂ,then(A—2I)(A—3I)isequa|to

(@ A (b) I () 51 (d) O
(Term [, 2021-22)

13. If order of matrix A is 2 x 3, of matrix B is 3 x 2, and
of matrix Cis 3 x 3, then which one of the following is

not defined?
(@) CA+B) (b) CA+BY
(c) BAC (d) CB+A
(Term1,2021-22)
1 -1 1
14. IfA=]|1 -1 1|,thenA>-A%-A3+A2isequalto
1 -1 1

(@) 2A (b) 3A (c) 4A (d) O
(Term1,2021-22)

i 15. IfAisasquare matrixsuchthatAZ=A then(l -A)*+A

is equal to
(@ | (b) O
() I-A (d)y 1+A (2020)
3 2
16. IfA=[2 -3 4],B=|2(,X=[1 2 3]landY=|3],then
AB + XY equals 4
(@) [28] (b) [24] (c) 28 (d) 24
(2020)
M (1 mark)
2
17. IfA=[1 O 4]andB=|5|findAB.  (2021)(Ey]
6
18. Find the order of the matrix A such that
2 -1 -1 -8
1 0 |A=|1 =21

3 4] |9 22 (2021)(R )

find the matrix

=[é _g]andA+28=[o7 ﬂ
A. - B (2021)

10 -1 1

20. IfA+B=|:1 1]andA—28=[ ],then
0 -1

= (2020)

21. If Ais a square matrix such that A2 = |, then find
the simplified value of (A - )3 + (A + )3 - 7A.
(NCERT Exemplar, Delhi 2016)
-1 0 -1|[1
22. If[2 1 3]|-1 1 O || O |=A, then write the
0 1 1][-1
order of matrix A.

(Foreign 2016)
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23. Solve the following matrix equation for x :

1 0
[x 1][_2 O]:o

24, If 2[3 4H1 y}=[7 O],find (x-y).
5 x/'lo 1/7[10 s
(Delhi 2014)

25. If Ais asquare matrix such that A2 = A, then write the
value of 7A - (I + A)3, where | is an identity matrix.

(A12014) (V]
26. If (2x 4)( Xg): O, find the positive value of x.
(Al 2014C)
BETYM (2 mark)
- 2 1
27. IfA= [ 3 :l and | = [ 0] ,find scalar k so that
1 -1 0o 1
A2+ =KA. (2020)
1 2 O0}[0
28. Forwhatvalueofxis[1 2 1]j2 o0 1{[2]|=07?
1 0 2]|x 3
(2020) (Ev]

29. Find a matrix A such that 2A - 3B + 5C = O, where

B:[—2 2 O]andC:[z 0 ‘j].(oelhizow)

3 1 4 7 1
NI (3 mark)
1 2 3
30. If A=|3 -2 1|,thenshowthatA3-23A-40I=0.
4 21 (2023)
(4 marks)
31. Let Az(2 _1),B=(5 2),C=(2 5), find a
3 4 7 4 3 8
matrix Dsuchthat CD-AB=0.  (Delhi 2017)
32. Find matrix A such that
2 -1 -1 -8
-3 4 9 22
2 0 1
33. If A=[2 1 3|, find A2 - 5A + 4l and hence find a
1 -1 0

matrix X such that A2 - 5A+41+X=0 (Delhi 2015)

34. Three schools A, B and C organized a mela for
collecting funds for helping the rehabilitation of flood
victims. They sold hand made fans, mats and plates
from recycled material at a cost of ¥ 25, ¥ 100 and

X 50 each. The number of articles sold are given !

below.

(Delhi 2014) |

35.

36.

37.

38.

39.

31

Article/School A B C

Hand-fans 40 25 35
Mats 50 40 50
Plates 20 30 40

Find the funds collected by each school separately

by selling the above articles. Also, find the total funds

collected for the purpose.

Write one value generated by the above situation.
(Delhi 2015)

To promote the making of toilets for women, an
organisation tried to generate awareness through
(i) house calls (ii) letters and (iii) announcements.
The cost for each mode per attempt is given
below :
(i) 50 (ii) €20 (iii) 40
The number of attempts made in three villages X, Y
and Z are given below :

@ (i) (i)
X 400 300 100
Y 300 250 75
Z 500 400 150
Find the total cost incurred by the organisation for
the three villages separately, using matrices. Write
one value generated by the organisation in the
society. (A1 2015) (Ev)

If Az[l -1
2 1

then find the values of a and b.

]and B=[Z 11] and (A + B)2 = A2 + B2,

(Foreign 2015)

In a parliament election, a political party hired a
public relations firm to promote its candidates in
three ways-telephone, house calls and letters. The
cost per contact (in paise) is given in matrix A as

140 | Telephone
A=|200 [Housecall

150 |Letters

The number of contacts of each type made in two
cities X and Yis given in matrix B as

Telephone Housecall Letters
B 1000 500 5000 |City X
13000 1000 10000 | City Y

Find the total amount spent by the party in the two
cities. What should one consider before casting
his/her vote-party’s promotional activity or their
social activities? (Foreign 2015)

If [2x 3][_13 5][;]=O,ﬁndx.

A trust fund, ¥ 35,000 is to be invested in two
different types of bonds. The first bond pays
8% interest per annum which will be given to

(Delhi 2015C)
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orphanage and second bond pays 10% interest per

annum which will be given to an N.G.O. (Cancer Aid
Society). Using matrix multiplication, determine
how to divide ¥ 35,000 among two types of bonds
if the trust fund obtains an annual total interest
of ¥ 3,200. What are the values reflected in this

question? (Al 2015C) @

3.5 Transpose of a Matrix

MCQ

5
40. If A =[ ?)] and A = AT, where AT is the transpose of
y

the matrix A, then

(@) x=0,y=5 (b) x=y

(c) x+y=5 (d) x=5,y=0 (2023)
41. IfamatrixA=[1 2 3], thenthe matrix AA’ (where A’ is

the transpose of A) is

1 0 O
(a) 14 (b) JO 2 0
0O 0 3
1 2 3
(¢ |2 3 1 (d) [14] (2023)
3 1 2

42. If Pis a 3 x 3 matrix such that P’ = 2P + |, where P’ is
the transpose of P, then

(@ P=I (b)) P=-1 () P=2I (d) P=-2I
(Term 1, 2021-22)
43. IfA= [c?sa _Sina] and A+ A’ =, then the value of o is
Sinou Cosux
T b4 3n
(@ = (b) = () = d =
6 3 2
(Term 1, 2021-22)
M (1 mark)

44, If Ais a matrix of order 3 x 2, then the order of the
matrix A" is

3.6 Symmetric and Skew Symmetric

Matrices
(1 mark)
45. A square matrix A is said to be symmetric, if .
(2020) @

0 a

46. Given a skew-symmetric matrixA=|-1 p 1], the
-1

value of (a+b+c)2is (2020) |

(2020)(U]

CBSE Champion Mathematics Class 12

0 a -3
- 47. Ifthe matrix A=[2 0 -1/ isskew symmetric, find
b 1 0
the values of ‘a’ and ‘b’. (2018)
0 2b -2
48. Matrix A= 3 1 3| is given to be symmetric,

3a 3 -1

find values of a and b.

(Delhi 2016)

3 5
49. If Az[7 9] is written as A = P + Q, where P is a

symmetric matrix and Q is a skew symmetric matrix,

then write the matrix P. (Foreign 2016)
2 4 -6

50. Express the matrix A=|7 3 5 | asthe sumof a
1 -2 4

symmetric and a skew symmetric matrix.
(A1 2015C)(Ev]

51. Write a 2 x 2 matrix which is both symmetric and

skew symmetric. (Delhi 2014C)

(2 marks)

. |0 6-5x]| . .
52. If the matrix ) is symmetric, find the value

3
o (2021) (EV)

of x.

1
53. For the matrix A:[6 i] , verify that

(i) (A + A’) is a symmetric matrix.
(i) (A = A”) is a skew-symmetric matrix. (2020C)

54. If A and B are symmetric matrices, such that AB and
BA are both defined, then prove that AB - BA is a skew

symmetric matrix. (A1 2019)
55. Show that all the diagonal elements of a skew
symmetric matrix are zero. (Delhi 2017)
3.7 Invertible Matrices
MCQ
56. Ifforasquare matrixA,A2- A+ [=0,thenA! equals
(@) A (b) A+1 () 1-A (d) A-1
(2023)
BTN (3 marks)
1 3 2
57. IfA=12 0 -1|,thenshow that
1 2 3

(2020) U]

A3-4A%2-3A+111=0.Hencefind AL
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= CBSE Sample Questions =

3.3 Types of Matrices

MCQ
1. IfA=[a;]is a skew-symmetric matrix of order n, then
(@) ay=—vij (b) a;#0Vi]
aj; .
(©) a;=0,wherei=j (d) a;#0wherei=j (R]
(2022-23)
2. If [20+b a-2b :l |:4 3] then value of
5¢—-d 4c+3d 11 24
a+b-c+2dis
(a) 8 (b) 10 (c) 4 (d) -8

(Term I, 2021-22)

3. Given that matrices A and B are of order 3 x n and
m x 5 respectively, then the order of matrix C=5A+ 3Bis
(@) 3x5andm=n (b) 3x5
() 3x3 (d)

3.4 Operations on Matrices

MCQ
4. If A = [a;] is a square matrix of order 2 such that
a; = 1,wheniz#j then Ais
7" 10,wheni=j’

1 0 1 1 1 1 1 0
(a) [1 0] (b) [0 O] © [1 O] (d) [O J
(Term 1, 2021-22)( U]

5. IfA=O 2 and kA= 0
3 4 2b 24

a and b respectively are
(a) -6,-12,-18 (b)
(C) _6) 4) 9 (d)

-6,-4,-9
-6,12,18
(Term |, 2021-22)

6. If Aissquare matrix such that A2=A, then (1 +A)3 - 7A :

Detailed g{o]88ap(e],\ |

0 ap = |12 -2 =1,

isequal to

1. Here, a4y = |(1)2 - 1] =
ay=1(2)?-1|=3and ay =1(2)2- | 2

Required matrix = [(3)

2 Amatrixis written as A = [a;]
where a; is an element lying in the i*" row and j®"
column.

N -
[E—

5x5(Term|,2021-22) |

30], then the values of k, -

i 4. Here, a,~j=%

(@ A (b) 1+A
() I-A d) 1 (Term1,2021-22)
7. Giventhat A:[a B ] and A2 = 3/, then
Y -
(@) 1+o02+By=0 (b) 1-02-By=0
(© 3-0%-By=0 (d 3+a2+Py=0

(Term I, 2021-22)

(1 mark)

i 8. If A and B are matrices of order 3 x n.and m x 5

respectively, then find the order of matrix 5A - 3B,

given that it is defined. (2020-21)

9. Given that A is a square matrix of order 3 x 3 and
|A| = -4. Find |adj A|. (2020-21) (An|

3.7 Invertible Matrices
MCQ

10. If A, B are non-singular square matrices of the same
order, then (AB-1)-1=

(@) AB (b) AB! () BA' (d) AB
(2022-23)
1 -1 0 2 2 -4
11. If A=|2 3 4|andB=|-4 2 -4/ then
01 2 2 -1 5
(@) Al=B (b) Al=6B
() B1=B (d) B‘lz%A
(Term I, 2021-22)
(2 marks)
12. If A=[ 31 ;] show that A2 - 5A + 7] = O. Hence
find A, (2020-21)

2. As, matrix is of order 2 x 2, so there are 4 entries
possible.

Each entry has 3 choices i.e,, 1, 2 or 3. So, the number of
ways to make such matricesis 3 x 3x 3x 3 =81.

li-j| . |2- 3| 1

3. Here, g; = R 3=

[For:-2j 3]

[=3i+]|
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1 , .
032=§|—3~3+2| [Fori=3,j=2]
2 2 2

5. Here, =y Z=_1 4
2X-y W 0 5

By equality of two matrices, we get
x-y=-1,z=4,2x-y=0,w=5

Solving these equations for x and y, we get
x=1y=2 .. x+ty=1+2=3.

$»
[Answer Tips (7]

2 Two matrices A = [a;] and B = [b;] are said to equal if

they are of a same order and a;; = b; Vi, j.

. a+4 3b 2a+2 b+2
6. Given, =
8 -6 8 a-8b

By equality of two matrices, we get
a+4=2a+2,3b=b+2,-6=a-8b

On solving these equations,we geta=2,b=1.

So,a-2b=0.

7. Here,[x'y 4]:[8 W]
z+6 x+y| |0 6

By equality of two matrices, we get
x-y=8w=4,z+6=0,x+y=6
= z=-6,xty=6=x+y+z=6-6=0.

1
8. (c): Wehave, A= 0 andB=|~ 0
2 1 11
g2 | X Offx 0]_ x2 0
1 1)1 1 x+1 1
Now, it is given that A = B2
[1 O] x2 0
—3 =
21 x+1 1
On comparing, we get

x2=1landx+1=2 = x=+landx=1
x=1

1 1 6
9. (d):]o0o 1 =3
0O o 2
X+y+z=6 (i)
y+z=3 (1))
z=2 (i)
= y+2=3 [Using (ii) and (iii)]
= y=1 (iv)
= x+1+2=6 [Using (i), (iii) and (iv)]
= x=3
So,2x+y-z=(2x3)+1-2=6+1-2=5

10. (b):We have, XB]”H:H

57 |9
x+2y | [4
2x+5y| |9

= x+2y=4 ..() and 2x+5y=9 ..(ii)
Solving (i) and (ii), we getx =2,y =1

CBSE Champion Mathematics Class 12

- 11. (a):Giventhat A2=A
- Consider (I +A)2-3A

=2+ A2+ 2Al - 3A

=|+A+2A-3A [+ I2=1,A?=A(given)]
=
12. (d)
13. (a): Consider C(A+B’) i.e., Csus (Aguz + B 9x3)
=Cauz (A+ B3

Here, number of columns in the matrix C is 3 and number
of rows in the matrix (A + B") is 2. So, it is not defined .

14. (d)

15. (a):Wehave,A2=A
Now, (I -A)B+A=(I-A)I-A)(I-A)+A

=T A-ACTHAC AN -A)+A
=(U-A-A+A(I-A)+A [+ |-A=A-I=AandA%=A]

=(I-A)I-A)+A
=(l-1-1-A-A-1+A-A)+A
=(I-A-A+A)+A=(-A)+A=I

3
16. (a):Consider, AB=[2 -3 4]|2|=[6-6+8]=[8]
‘ 2
2
and XY=[1 2 3]{3|=[2+6+12]=[20]
4
AB + XY =[8] +[20] =[28]
[2
17. Consider, AB=[1 0 4]|5|=[2+0+24]=[26]
16
(2 -1 -8
18. Wehave, | 1 0 A=|1 =2
-3 4l L9 22]5,

" The order of matrix A should be 2 x 2.

19. Given,B= _S]andA+2B=[o 4]
0 -3 7 5
:>A+2[1 —5]:[0 4]
0 -3 -7 5
| :>A+|:2 —10:|:|:O 4:|:> A:|:_2 14:|
0 -6 -7 5 -7 11
20. GivenA+B=[1 O] (i)
1 1
and A—ZB:[_l 1} ...(ii)
0 -1
(i) - (ii), we get

S

- wft 3]

1 2
B_[z/s —1/3]
“l1/3  2/3
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From (i),

A:[1 0}_3 :[1 on/s
11 1 1] [1/8

21. Given,A2=|

—1/3]

[1/3
2/3

1/3]
2/3

1/3

The simplified value of (A-1)3+ (A +1)3 - 7A
=A3-3-3A2+3AI2+ A3+ I3+ 3A2] + 3AI2-7A

=2A3+ 6AI2-7A =2AA2+ 6Al - 7A
=2AI+6A-7A=2A-A=A
[ Concept Applied (@)
2 |-A=A-I=AandA%2=|
-1 0 -1Jl1
22. Given, A=[2 1 3]|-1 1 01l 0O
0 1 1 (-1
1 1
=[-2-1 1+3 -2+3]{0|=[-3 4 1]|0
-1 -1
=[-3+0-1]=[-4]

The order of matrixA=1x1

1

23. Given, [x 1][
-2 0

= x-2=0= x=2

Commonly Made Mistake @

O]=0:>[x—2 0l=[0 O]

2 Check the order of matrices before multiplying two

matrices.

24. We have, 2[2
P e

= + =
10 2x] |0 1] [10

7 8+y][7 O
10 2x+1]| [10 5

471 11
N y
x] [O 1

H170 (5)]
:

On comparing the corresponding elements, we get
8+y=0and2x+1=5 = y=-8and x=2

x-y=2+8=10

2 If A = [a;]nxn is @ matrix and k is a scalar, then kA is
another matrix which is obtained by multiplying each

element of A by the scalar k.

25. Here,A2=A

Now, 7A - (I +A@2=7A-(I+A) (I +A) (1 + A)

=7A-([+A) (1+ A+ A1+ A-A)
=7A-(I+A)(I+A+A+A)
=7A-(I+A)(I+3A)

=7A - (11 + [-(3A) + Al + A-(3A))

(- IA=Al=Aand A%2=A)

=7A-(I+3A+A+3A)=7A-1-7A=-1.

= [6 2

35

-8

= 2x-x+4-(-8)=0=2x2-32=0
= x2=16=42 = x=4
which is the required positive value of x.

27. Wehave, A2+ [ =kA
-3 2 |[-3 271 O -3 2
= + =k
[ 1 —I:H: 1 —1:| 10 1:| |: 1 —1]
[11 —8] [1 O] -3 2 :|
= + =k
-4 3]0 1] |1 -1

12 -8 -3 2]
= =k
[—4 4 :l [ 1 1]

| 26. Here, (2x 4)("):0

3=>_4[_13 —21}:'([_13 —21]

On comparing, we getk =-4
1 2

ol[o
28. Given,[1 2 1]|2 0 1|[2]=0
1 0 2]x

0

4]{2]|=0 = 0+4+4x=0 = x=-1
X

29. Let A:[; Z j][','BandCarematricesoforder2><3]

Given,2A-3B+5C=0
— 2A=3B-5C = A:%[SB—SC] (i)

Now, 3B-5C=3 2 2 0] 42 0 -2
3 1 4| 707 1 6

-6 6 O 10 0 -10 16 6 10
19 3 12| |3 5 30 :[_26 2 _18]
i -8 3 5
From (i), we get A= .
-13 -1 -9
1 2 3
30. Wehave,A=|3 -2 1
4 2 1
| 1 2 3|1 2 3
 Now, A2=3 -2 1]|3 -2 1
4 2 114 2 1
1+6+12 2-4+6 3+2+3 19 4 8
= 3-6+4 6+4+2 9-2+1 | =1 12 8
4+6+4 8-4+2 12+2+1 14 6 15
19 4 8 1 2 3
Now, A=l 1 12 8|3 -2 1
14 6 15(|4 2 1
19+12+32 38-8+16 57+4+8 63 46 69
=| 1+36+32 2-24+16 3+12+8 |=(69 -6 23
14+18+60 28-12+30 42+6+15 92 46 63
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63 46 69| (23 46 69
Now, A3-23A-40I=|69 -6 23|-|69 -46 23

92 46 63| |92 46 23
40 0 0
|0 40 0
0 0 40

[63-23-40 46-46-0 69-69-0

=| 69-69-0 —6+46-40 23-23-0

| 92-92-0  46-46-0 63-23-40

0 0 0

=lo 0 o|=0

000

Hence proved.

31. We have, Az[g
LetDz[a b]
c d

Now, CD-AB=0

2 5][«: b]_[z —1][5 2]_[0 O]
13 8]lc d| |3 4]|7 4] |o o
- [2a+5¢  2b+5d) [10-7 4-4] [0 O
|3a+8c  3b+8d| |15+28 6+16] |0 O
_, [2a+5c-3 2b+5d ]_[o o]
|3a0+8c-43 3b+8d-22] [0 O

On comparing the corresponding elements, we get

2a+5¢c-3=0 i
and3a+8c-43=0 i
Also,2b+5d=0 (i
and3b+8d-22=0 (v
Solving (i) and (ii), we get
a=-191, c=77
Solving (iii) and (iv), we get b=-110,d = 44
D:[_191 —110]
77 44
[2 -1 -1 -8
32. Giventhat, | 1 0|A=|1 =2
-3 4 9 22
2 -1] -1 -8
LetX=| 1 0 andY=| 1 -2
-3 4 13x2 9 22 3x2

As order of X is 3 x 2, then A should be of order
2 x 2,so that we get Y matrix of order 3 x 2.

LetAz[a b]
c d
2 1 1 -8
Now,| 1 O [a b]: 1 -2
3 glc d 22
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| 2a-c 2b—-d -1 -8
| =>| a+0 b+0 |=[1 -2
—3a+4c -3b+4d| |9 22

On comparing the corresponding elements, we get
2a-c=-1 (i)
2b-d=-8 (i)

a=1 (i)
and b=-2 L(iv)

Substitutinga = 1in (i), we getc=3
and substituting b = -2 in (i), we getd = 4

So,A=|:1 _2]
3 4
2 0 1

 33. Given, oA=|2 1 3
‘ 1 -1 0

Now, A2 - 5A + 4]

2 0 1][2 0 1] [2 0 1] [1 0 O
=2 1 3|l2 1 3|52 1 3|+40 1 0

1 -1 of[1 -1 o] [1 -1 o] |0 0 1
5 -1 2110 0o 5][4 0 O
=9 2 s5|-l10 5 15+jo0 4 o

o -1 2] |5 -5 of|o o 4

9 -1 2][10 O 5][1 -1 -3
=9 2 5|-|10 5 15|=|-1 -3 -10

o -1 2||5 -5 o0o]|5 4 2

Since,A2-5A+41+X=0= X=-(A2-5A+4l)

1 1 3

X={1 3 10

5 4 -2
N
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2 Oisthe additive identity.

34. The number of articles sold by each school can be
written in the matrix form as

40 25 35
X=[50 40 50
20 30 40

i The cost of each article can be written in the matrix form

asY=[25 100 50]
The fund collected by each school is given by

40 25 35
YX=[25 100 50]|50 40 50| =[7000 6125 7875]
20 30 40

Therefore, the funds collected by schools A, B and C are
% 7000,% 6125 and ¥ 7875 respectively.

Thus, the total funds collected

=% (7000 + 6125 + 7875) =¥ 21000

The situation highlights the helping nature of the students.

35. Let %A, ¥B and ZC be the cost incurred by the

i organisation for villages X, Y and Z respectively. Then, we
i get the matrix equation as
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400 300 100][50] [A
300 250 75 ||20|=|B

500 400 150]|40] [C

Al [400x50+300x20+100x40
= (B 300x50+250x20+75x40

C| |500x50+400x20+150%x40
[20,000+6,000+4,000] [30,000
15,000+5,000+3,000 |=| 23,000
| 25,000+8,000+6,000 | (39,000
A =% 30,000,B=% 23,000 and C =% 39,000

These are the costs incurred by the organisation for
villages X, Y and Z respectively.

The value generated by the organisation in the society is ‘

cleanliness.

2 The product of two matrices A and B is defined if the
number of columns of A is equal to the number of rows

of B.

-1 andB:a 1

-1 b -1
-1}{0 1]_1+a 0
-1 b -1 7240 2
0l+a O
2l2+b -2

=[ (1+a) o] :[ (1+a)? 0}
(2+b)(1+a-2) 4 (2+b)(a-1) 4

Now, consider A? :[1 _1][1 _1]

2 -1]2 -1
[1-2 -1+1] [-1 O
_[2—2 —2+1]_[o —1]
and Bzz[a 1][" 1]2[02”3 0—1]
b -1]lb -1] [ab-b b+1

A2+BZ=|:_1 0]+ a+b a-1| _[a®+b-1 a-1
0 -1 |ab-b b+1 ab-b b

Itis given that, (A + B)2=A2+ B2

[ (1+a)? O]_[a2+b—1 a—l]

(2+b)(a-1) 4 ab-b b

On comparing the corresponding elements, we get
a-1=0=a=1andb=4
And(1+a)2=a?2+b-1and(2+Db) (a- 1)=ab - b are also
satisfiedbya=1andb=4

Therefore,a=1andb=4.

37. Thetotalamountspent by the partyintwo cities Xand
YisrepresentedinthematrixequationbymatrixCas,C=BA

36. We have, Az[;

Consider, (A + B) :B

1+a

Now, (A + B)? =[
2+b

140
[X]_[lOOO 500 5000] 200
Y] [3000 1000 10000 150

= P=202P+1)+1
i => P=4P+3l=P=-|

37

| 3000x140+1000%200+10000x150

_[ 990000
_[2120000}
= X=990000 paise, Y = 2120000 paise
X=%39900and Y=% 21200
i.e., Amount spent by the party in city X and Y are ¥ 9900
and ¥ 21200 respectively. One should consider about the
social activities of a political party before casting his/her

vote.
:||:X:| [2x ]|:X :|
0] 3 3x

0=2x2+12x-9x=0

0= x=0,_—3.
2

Y

- [X]_[ 1000x140+500x200+5000x150 }

38. Here, [2x 3][ 13
= 2x(x+6)+3(-3x)=

= 2x2+3x=0=x(2x+3)=

39. Trustfund =% 35,000

Let % x be invested in the first bond and then ¥ (35,000 - x)
will be invested in the second bond.

Interest paid on the first bond = 8% = 0.08

-~ Interest paid on the second bond = 10% = 0.10
Total annual interest =% 3,200

In matrices,[x 35,000—x] [0’08]=[3,2OO]
0.10

x 0,08 + (35,000 - x) x 0,10 = 3,200
XX 1(35,000~ X)X - =3,200
100 100

8x + 3,50,000 - 10x = 3,20,000

2x=30,000 = x=15,000

% 15,000 should be invested in the first bond and
? 35,000 - % 15,000 =% 20,000 should be invested in the
second bond.

L

i The values reflected in this question are :

(i)  Spirit of investment.

(i) Giving charity to cancer patients.

(iii) Helping the orphans living in the society.
40. (b):We have, A=AT

-1 o7 4]

- On comparing, we get x = y.

41. (d):A=[12 3]
1
A'=|2
3
1
So, AA’=[1 2 3]|2| =[1+4+9]=[14]
3
42. (b): We have, P’ =2P + | (i)
Now, (P) = (2P+ 1) =2P" +|

[Using (i)]
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43. (b): We have, A = [C?S‘X —sma}

sino coso
andA+A =]
coso.  —sina . coso sina |1 0
sina cosa —sina cosa| |0 1

[2cosoc 0 ]_[1 O]
0 2cosa| |0 1
i

= 2coso=1= cosoc=1 = o=—
2 3

44. If A'is a matrix of order 3 x 2, then the order of the
matrix A”is 2 x 3.

45. Asquare matrix A is said to be symmetric, if A’ = A.

0 a 1
46. Given, A=|-1 b 1
-1 ¢ O
A'is a skew-symmetric matrix.
A =-A
0O -1 -1][0 -a -1
= |a b cl=|1 -b -1
1 1 0 1 -¢c O

By comparing on both sides, we geta =1,
=-b = 2b=0 = b=0;c=-1
Now, (@+b+c)2=(1+0-1)2=0

47. Asquare matrix Ais said to be skew symmetric matrix
ifA"=-A (i)

0 a -3 0 2 b
Now, A=|2 O -1 . A'=|a 0 1
b 1 O -3 -1 0
From(i),A+A’=0
[0 a -3 0 2 b
=2 0 -1|+|a 0 1|=0
b 1 0] |3 -1 0
[0 2+a b-3] [0 O O
= |a+2 0 0 |=f0 0 O
b-3 0 o]lo o o
= a+2=0&b-3=0 .. a=-2&b=3

N
Answier Tips (7

2 If A = [a;] be a mxn matrix, then the matrix obtained
by interchanging the rows and columns of A is called

the transpose of A.

0 2b -2

48. Given, A=| 3 1 3

3a¢ 3 -1

Alis symmetric. .. A=A
0O 3 3a 0O 2b -2
= (2b 1 3|=3 1 3
-2 3 -1 13a¢ 3 -1
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On comparing the corresponding elements, we get
: -2 3

=— and p=
a 3 b

49. Given, A= 3 > = A= 3 7
7 9 5 9
. . . 1
+ Pis symmetric matrix. So, P:E(A.;-A')
le 3 5 N 3 7
27 9] [5 9
1 3+3 5+7 1 6
S 20745 949 212
i Hence, the matrix P = 3 6
: 6 9
[Concept Applied (€]

2
2 A square matrix A = [g;] is said to be symmetric if
A’ = A, that is [a;] = [a;] for all possible values of i and j.

MR

50. We know that a square matrix A can be written as

CA=XasAT)+E(a-AT)
2 2

Out of which %(A+AT) is symmetric and %(A_AT) is

skew symmetric matrix,
For the given matrix

2 4 -6 2 7 1
A=[7 3 5landA"=|{4 3 -2
1 -2 4 -6 5 4
4 11 -5 0 -3 -7
A+AT=|11 6 3 |and A-AT=[3 0 7
-5 3 8 7 -7 0
Y 1 o1 -
ence, A=§(A+A )+§(A—A )
2 11/2 -5/2]1 [0 -3/2 -7/2
={11/2 3 3/2 [+[3/2 0 7/2
-5/2  3/2 4 7/2 -7/2 0

i In above case, first is symmetric and the second is skew

symmetric matrix.

51. [O O] is a2 x 2 symmetric as well as skew symmetric

0 O
matrix.
0 6-5x
52. Let, A= )
X x+3

Ais symmetric,then A" = A
[ 0 X2 [O 6-5x
6-5x x+3] [x? x+3

On comparing both sides, we get

P =

= x2=6-5x=x2+5x-6=0
(x+6)(x-1)=0=x=-6,1
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53. Given, Az[l 5]

6 7
(i) A’:[l 6
5 7
A+A,:[1 5}{1 6]:[2 11]
6 7 5 7 11 14

2 11
(A+A") =
11 14

= (A+A")=A+A’

(A+A’) is asymmetric matrix.

(i) A—A'=[2 in ?Hcl) _01]

(A—A’)’:[O 1]:_[0 -1}:_(A_A,)

-1 0 1 0
= (A-A’)is askew symmetric matrix.
Concept Applied @

S Asquare matrix A =[a;]is said to be skew symmetric
if A”=-Ai.e.[a;] = -[a;] for all possible values of iand j

54. Given, A and B are symmetric matrices.

. A’=AandB’=B

Now, (AB—BA)’ =(AB)' —(BA) =(B’A’)-(A’B’)
=(BA-AB) [-A’=AandB’=B]
=—(AB - BA)

Thus,(AB—BA)' =—(AB—BA)

Hence,(AB - BA) is a skew symmetric matrix.

55. LetA=[a;] be a skew symmetric matrix.

Then,g;=-a;Vi,j

= 0;=-a;Vi=2a0;=0=a;=0Vi

= 011=02=033= .. =0p, =0

56. (c):Wehave,A2-A+1=0

Pre-multiplying with A= on both sides, we get

(ATA)-A-A1-A+AL. |=A1.0

= [-A-1+A1=0

= Al=-(A-=]-A

1 3 271 3 27[9 7
57. A%=|2 0 -1||2 0 -1}51 4 1
1 2 3]l 2 3]s 9
1 3 279 7 5][28 37 26
Al=[2 0 -1||1 4 1|50 5 1
1 2 3|8 9 9] |35 42 34
28 37 26 9 7 5
Now, A—4A2_3A+11/=[10 5 1 |-4|1 4 1
35 42 34 8 9 9
1 3 2 1 0 0
32 0 -1/+11/0 1 ©
1 2 3 0 0 1

10 s

39

28 37 26| [36 28 20][3 9 6

1(-14 16 4|-[6 0O -3

35 42 34] [32 36 36] |3 6 9
11 O 0]

+#0 11 O
0 0 1

0O 0 O
=0 0 O
0O 0 O

Hence, A3-4A2-3A+111=0
Now, A1[A% - 4A2-3A+ 111]=A10
= A?2-4A-3A1A+11AU=0=A2-4A-31+11A1=0

. A,1:—A2+4A+3I
‘ 11
-9 -7 -5][4 12 8] [3 0 O
at-tll1 24 —aldde o -al4lo 3 0
11_—8—9—94812 0 0 3
2 5 3 -2/11  5/11  3/11
::A’lzi 7 -1 -5||=|7/11 -1/11 -5/11
‘ 1 -4 -1 6 -4/11 -1/11  6/11

A -
CBSE Sample Questions

1. (c): In a skew-symmetric matrix, the (i, j)" element is
negative of the (j, /)" element. Hence, the (i, i)" element =0. (1)

2. (a): From the definition of equality of two matrices,
we have

2a+b=4 (i) a-2b=-3 ...(ii)
5¢-d=11 (i) 4c+3d=24 ..(iv)
Solving (i) and (ii), we get
5a=5 = a=1,b=2
i Solving (iii) and (iv), we get
19c=57= c=3,d=4
a+b-c+2d=1+2-3+8=8 (1)

3. (b): We know that the sum of two matrices is defined
only if both matrices have same order.
Here 5A + 3B is defined if A and B have same order.

i => 3xn=mx5=n=5m=3

So, order of matrix Cis 3x5and m#n. (1)

1
4. (d): We have, A= 0
10

A2=01 01=O+1 O+0=10 (1)
1 0J|1 0] |0+0 1+0] |O 1
k
2 L KA 0 2
-4 3k -4k

= N 3a_ 0 2k (Given)
2b 24| |3k -4k

5. (b): We have, Az[g

= -4k=24, 3a=2k, 2b=3k
| > k=-6,a=-4,b=-9 (1)
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6. (d): We have, (1 +A)® - 7A
=P+A3+3PA+3IA2-7A=1+AA+3A+3A-7A

(- A2=A)

=[+A+3A+3A-7A=1| (1)

p

-0

:>A2=[oc B}[a B]:[azﬂiy 0 :I
Yoo—olly  —o 0] YR+ o

ButA2=3|
2
0 3 0
- [oc +By }:[ :|
0 o?+py] LO 3

= o’+Py=3

7. (c): We have, A:[a
Y

= 3-02-By=0 (1)

8. For addition or subtraction of two matrices to be

defined, the two matrices should be of same order.
3xn=mx5=m=3andn=5

So, order of matrix (5A - 3B)is3x 5and m#n. (1)

9. We know, |adjA| = |A|"~ 1, where n x n is the order of ‘

non-singular matrix A.
ladj Al = (-4)3-1=16 (1)

10. (c) : We know that if A and B are non-singular matries

of same order, then
(AB)1=B"1A"1; (AB1)-1=(B-1)1A-1=BA? (1)

CBSE Champion Mathematics Class 12

11. (d): We have,

1 -1 0ff2 2 -4
AB=|2 3 4||-4 2 -4
o 1 22 -1 5
[2+4+0 2-2+0 -4+4+0
=|4-12+8 4+6-4 -8-12+20
L10-4+4 0+2-2 0-4+10
(6 0 O
“lo 6 ol=6l = B‘1=%A (1)
0 0 6
12. We have, Az[?’ 1]
-1 2

,-.A2:[3 1][3 1]:[8 5:|
-1 2|]|-1 2|]-5 3
Also, —5A:[_15 _s]and7I=[7 O]
5 -10 0o 7
Now, A2 - 5A+ 7|
=[8 5}{—15 —5}{7 o]:[o 0]:0 )
5 3|5 -10]]lo 7] o o
Now, A-1(A2 - 5A + 71) = A-10
= A-5/+7A1=0
= 7A1l=5/-A

B I R Ak
7\0 5 -1 2 71 3




Self Assessment

1.

(Ease Based Objective Questions (4 marks) (I\-/Iultiple Choice Questions (1 mark)
If A = [a;],,x » and B = [by],, « , are two matrices, then 2, IfAB; Aland B: =AB, trllen oA (@) B
A+ Bisof order mx nandis defined as (@) - (b) - © - (d) -
A+ B - ‘b h 21 2 q 3. Asquare matrix A = [a;], , is called a diagonal matrix
S + B); = a; £ by, where i = 1, 2, ..., m an if a, = O for
j=1,2, ... ,n (@ i=j (b) i<j () i>j (d) i#j
If A =[a;ly«nand B = [by, ., are two matrices, then OR
AB is of order m x p and is defined as A square matrix A = [a;], ., is called a lower triangular

n matrix if a; = O for
(AB)Ik = za,’r brk =a,1b1k +a’2b2k +ee +a nbnk . . . .
= (@) i=j (b) i<j
Consider (© i>j (d) None of these
4. IfA2-A+1=0,thentheinverseof Ais
a=|? Y=l ?|c=|? |andD=|? P (@ I-A (b)) A-1 (@ A (d) A+l
3 4 7 4 3 8 c d s
) ] {5 f A:[ X] and A = AT, then
Based on above information, attempt any 4 out of 5 y O
subparts. (@ x=0,y=5 (b) x+y=5
= d =0,y=9
(i)  Find the product AB. © x=y (@ x y
6. The order of the single matrix obtained from
@ | ® |y ol 1 -1
43 22 22 43 o 2 {[—1 0 2}_[0 1 23]}3
2 0 112 0 21
o [ 2 @ [2 # 2 3
0 3 3 0 (@ 2x3 (b) 2x2 () 3x2 (d) 3x3
(i) If A and B are any other two matrices such that | 7. The matrix Az[cl) (1)] isa
AB exists, then . .
) (@) unit matrix
(@) BAdoes not exist (b) diagonal matrix
(b) BAwill be equal to AB (c) symmetric matrix
() BAmay or may not exist (d) skew-symmetric matrix
(d) None of these (\—/SA Type Questions (1 mark)
(iii) IfCD - AB = 0, then, find the value of 3c + a. ‘ 8. If A and B be two matrices of order 3 x 2 and 2 x 4
(@) 30 (b) 40 | respectively, then write the order of matrix AB.
() 50 (d) 60 9. If A=[:13 §:| ,thenfind A + A".
(iv) IfCD - AB= 0, then find the value of d - b. OR
(a) 114 (b) 124 If matrix A=[1 2 3], thenwrite AA".
(c) 154 (d) 144 _
10. If [ o y]:[3 1], then find the value of y.
(v) FindB+D. 2x+y 7 8 7
(a) [ 80 200] (b) [ 84 48 ] 5 4 3
115 105 180 181 11. IfA1=|2 6 9],thenfind the value of (A")-1.
0O 0 5
o [186 108 @ |86 -108 . , o N
S | g4 _uas 84 48 12. Amatrix A = [ayl, ., is a null matrix iff a; = Vi, j.
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CS—A | Type Questions

13. Construct a 3 x 2 matrix A = [g;], whose elements are |

given by a; = e cos (gi+jx).

14. Find the matrices A and B if

12 B]andA—ZB:[
2 0 -1

OR
Find the set of all 2 x 2 matrices which is commutative

2A+SB:|: 30 1]

-1 6 2f

with the matrix [1 1] with respect to matrix
1 0

multiplication.

15. Show that A’A and AA’ are both symmetric matrices |

for any matrix A.

coso sin. 0O
16. Show that the matrix |-sina coso. 0] is the
0 0 1
cosa.  -sina O
inverse of the matrix | sin.  cosa.  O].
0 0 1
CS—A Il Type Questions (3 marks)

2 2
17, 1f | X A X =[ -3

18. Express [p q] as the sum of a symmetric and a
r s

ﬂ then find x.

skew-symmetric matrix.

19. If A=diag[2 -1 3]and B =diag[3 0 -1], then find

4A + 2B.
OR
4 4 8 4
Find A, if|1|A=|-1 2 1|
3 3 6 3

4 2 1 3
20. If A=[a;]is amatrix givenby | 5 7 9 6 |

21 15 18 -25
then write the order of A. Also, show that

Q3 = dp3 + Ay
@ase Based Questions (4 marks)

21. Consider 2 families A and B. Suppose there are
4 men, 4 women and 4 children in family A and
2 men, 2 women and 2 children in family B. The
recommend daily amount of calories is 2400 for
a man, 1900 for a woman, 1800 for a child and

45 grams of proteins for aman, 55 grams forawoman

and 33 grams for a child.

(2 marks)

CL—A Type Questions

CBSE Champion Mathematics Class 12

Based on the given information, answer the following

questions.

(i) Represent the requirement of calories and
proteins for each person in matrix form.

(i)  What s the requirement of calories for family A?

(4/6 marks)

22.

23.

24.

25.

0 2y z
Findx,yandz,if A=|x y —z|satisfiesA’=A"1
X -y z

1 0 2

If A={0 2 1| and A3 - 6A%2+ 7A + kl; = O, then
2 0 3

find k.

OR

Three shopkeepers A, B and C went to a store to
buy stationery. A purchased 12 dozen notebooks,
5 dozen pens and 6 dozen pencils. B purchased
10 dozen notebooks, 6 dozen pens and 7 dozens
pencils. C purchased 11 dozen notebooks, 13 dozen
pens and 8 dozen pencils. A notebook costs ¥ 40,
a pen costs ¥ 8.50 and a pencil costs ¥ 3.50. Use
matrix multiplication to calculate each individuals
bill.

IfA=[3 V3 2

andB:2 12 , then verify
4 2 0 1 2 4

that (i) (A") = A(ii) (A+B) =A"+ B’

(iii) (kB) = kB’, where k is any constant.

X+3 z+4  2y-7 0 6 3y-2
If |4x+6 a-1 0 = 2x -3 2c+2|,
b-3 3b z+2c 2b+4 -21 0

then find the values of a, b, ¢, x, y and z.
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Detailed B<{o]R8x ) [0] 5

1. (i)(a)IAB=[2 ‘1}[5 2}
3 4|7 4

_[10-7 4-4]_[3 o]
“|15+28 6+16| |43 22
(ii) (c)
(iii) (b):We have,CD-AB=0
E: S][a b][S o]_[o o]

13 8]lc d] |43 22/ |0 o©

. [2a+5c  2b+5d] [3 0] [0 O
|3a+8c  3b+8d] |43 22] [0 O

[ 2a+5c¢-3 2b+5d ] [0 O:|
=

130+48c-43 3b+8d-22| |0 0
By equality of matrices, we get 2a+5c-3=0 .l
3a+8c-43=0 (1
2b+5d=0 (1
3b+8d-22=0 IV

Solving () and (Il), we geta=-191,c =77
3c+a=3x77-191=231-191=40

(iv) (c):Solving () and (IV),we getb=-110,d = 44

d-b=44-(-110) =44+ 110 =154
(v) (d):We have, B+D:[5 2}{—191 —110]
7 4l L7744
_[—186 -108]
Lesa 48
2. (c):A=AB=A(BA) = (AB)A=AA=A?

[ Given,AB =A and BA = B]
| 13. We have, A = [a;]3.,, Where g; = e cos (giﬂx)

B=BA=B(AB) = (BA)B=B-B=B?
3. (d):A=[a;l,,is adiagonal matrix iff all non-diagonal
Ofori#j.

OR

(b) : A = [a;], « , is a lower triangular matrix iff all entries
above the diagonal non-singular vanish, i.e,a;=0for i<}

entriesareOi.e, a; =

4. (a):If Ais any non-singular square matrix, then
AAl=land Al =A"1

Since,A2-A+1=0

= ATAZ-ATA+AY=0=(A1AA-(ATA)+A1=0
= IA-1+A1=0 = A-I1+A1=0=A1=]-A

5. (c):Wehave,A:[5 X]:AT:[S y]

y O x 0

Now,A=AT= [5 X]:[S y] = x=y
y O x O

6. (d):When a 3 x 2 matrix is post multiplied by a 2 x 3
matrix, the product is a 3 x 3 matrix.

43

7. (c):A'=[O 1]=A
1 0

Hence, A is a symmetric matrix.

8. OrderofAis3x2andorderofBis2x4.
. Orderof ABis 3 x 4.

9. Wehave,A:[1 2] :A’:[l 3]
3 5

fe a5 )

OR

A+A’=|:1
3

Wehave, A=[1 2 3]

1
AA'=[1 2 31 2 3[=1 2 3]{2

]:[1+4+9]:[14]
3

i 10. By definition of equal matrices, we have x = 3

x-y=1=3-y=1=y=2
5 4 3
11. Wehave, A 1=|2 6 9
0 0 5

Now, (A")1=(A"Y)
5 4 3] [5 2 O

=2 6 9| =[4 6 O]
0O 0O 5 3 9 5
12. A matrix A = [ay], « » is @ null matrix iff each of its

elementis zeroie., a;=0Vi,j

=X g X o]
=eXcos |=+x | =-e*sinx,
2
T o
=eXcos | =+2x | =-e*sin 2x,
2
ayq =€2cos (m+x) = - e cos X,
Gy, = €72 cos (m+ 2x) = - e> cos 2x,

3n _3x .
s, = e cos (7+x =e % sinx,

as, = e cos (37“+2x):e 3Xsin2x
4y agy —eXsinx  —e*sin2x
A=|dy; ay, |=|—e?Xcosx —e X cos2x
Gz 43 e X sinx e X sin2x
. 1 -2 3 .
14. Given, 2A+3B= (i)
2 0 -1
3 0 1
. andA-2B= . (i)
| 1 6 2
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Multiplying (ii) by 2 and subtracting it from (i), we get

2A+SB—2(A—28)=[1 -2 3]-2[3 0 1]

2 0 -1 -1 6 2
- 7B=[1_6 -2-0 3-2 ] - Bzi -5 2 1
2+2 0-12 -1-4 714 -12 -5

Multiplying (i) by 2, (i) by 3 and adding, we get

2(2A+33)+3(A—2B)=2[1 2 3]+3[3 0 1]

2 0 1 -1 6 2
o 7A- 2+9 -4+0 6+3 . A:1 11 -4 9
4-3 0+18 -2+6 711 18 4
OR

Let Az[x );jl be a matrix, which is commutative with |
z

matrix B= 11
1 0

Then, AB =BA
x oyl 1] 1 1fx vy
z tll1 o] 1 oflz t
[x+y x]_[x+z y+t:|
z+t  z] | x y
Here, both matrices are equal. So, we equate the
corresponding elements.
X+ty=x+z=>y=z
ZHt=x=>t=x-z=x-y
. .. X y
Required matrix is [ ]
y X-=y
15. Consider, (A”A) = A’(A”) [+ (AB) =BA"
=A’A [+ (A)=A]
Hence, A’A is symmetric matrix for any matrix A.
Now, (AA") = (A’)'A’ = AA’ [~
Hence, AA’ is also symmetric matrix for any matrix A.

coso. —sina O
16. Let A=[sinac  cosaa 0| and
0 0] 1
cosa.  sino O
B=| —sina. cosa O
0 0 1
coso. —sinot O] cosaa sino O
Now,AB=| sinac. cosa O|f—sina cosa O

0 0 1 0 0 1

[ cos?a+sin?a cosasino—sinoccosoe O
=| sinoLcoso—cosasino sin? o+cos? o 0
i 0 0 1
1 0 O
=0 1 O
|0 0 1

- 17. We have,|:

(AB) = B’A’] :
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x2—4x X2 _ -3 1
X2 3l l—x+2 1

Equating the corresponding elements of two matrices,
we get
x2-4x=-3=x2-4x+3=0=(x-1)(x-3)=0
= x=1,3
xX2=1=>x=+1
X2=-x+2=x2+x-2=0=(x-1)(x+2)=0=x=1,-2
X=1=x3-1=0=>Kx-1)(2+x+1)=0=x=1, », ®?
14330 5 -1-3i

2 YT
Since, common value of x is 1.

x=1
:|:>A,_—|: r:|
s q s

where, ®=

18. We have, Az[p
r

S ML A S R
r s|l|lg s q+r 2s
[ p q+r
) _ art
= 1(A+A’)=1|: pooatr_ 2
2 2|lg+r  2s | q+r s
L 2
AlSOYA_A,:[p q]_[p r]_[ 0 q—r]
r s|lg s] lr-q 0
- a-r
o L
0 —
= Laoay=l a-r_ 2
2 2|lr—q 0| |r-gqg
— 0
L 2
1 1
A=—(A+A")+=-(A-A’
S(A+A)+(A-A)
arr] [ 4
atr r—a
2 2
2 0 O 3 0 O
19. Wehave, A=([0 -1 OfandB=[0 0 O
0O 0 3 O 0 -1
2 0 O 3 0 O
Now, 4A+2B=4{0 -1 O0|+2/0 0 O
0O 0 3 0O 0 -1
8 0 O 6 0 O 14 0 0]
=0 -4 0|+|0 O Of=|o0 -4 0

0O 0 121 |0 O -2 0 0 10
4A + 2B =diag[14 -4 10]
OR
LetA=[x y Z]
4 4 8 4
Given, |1 A=-1 2 1
3 -3 6 3

3x1 3x3



Matrices

4 4
1 [x v 2z]s=|-1 1
3 -3 3

L~ 13x1
[4x 4y 4z] [-4 8
= X y z [=[-1 2
|13x 3y 3z] |-83 6 3
On comparing the corresponding elements of two
matrices, we get

4x=-4 —=x=-1;4y=8 =y=2

4z=4 —=z=1
Hence,A=[-1 2 1]

20. We observe that there are 3 rows and 4 columns in
matrix A.

Itis of order 3 x 4.
Here, a3, =15,053=9,0,,=6

3x3

m N OO N

Oy3+ays=9+6=15=as, whichis true.

21. (i) Let F be the matrix representing the number of
family members. Let R be the matrix representing the
requirement of calories and proteins for each person.
Then

Men  Women  Children
F= FamilyA 4 4 4
Family B 2 2 2
Calories Proteins
Man 2400 45
R=Woman 1900 55
Child 1800 33

(i) The requirement of calories and proteins for each of
the two families is given by the product matrix FR.

4 4 4 2400 45
FR= 5 o 2] 1900 55
- 1800 33

_[4(2400+1900+1800)  4(45+55+ 33):|

a 12(2400+1900+1800) 2(45+55+33)
Calories  Proteins
FR= 24400 532] Family A
112200 266 |Family B

Hence, the calories required for family A is 24400.

22. We have given,

0 2 z 0 X X
A=|x y -—zlandA’=[2y y -y
X -y z z -z z
Since, A’ = A1
s AA =AAL [Multiplying by A on both sides]
= AA'=]
0 2y z | O X X 1 0 O
=[x y -zl 2y y -y[=[0 1 O
x -y z||z -z =z 0O 0 1

= 2y2_22
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2y2_22
x2+y2+22

4y2+ 72 —-2y2+72

x2_y2_z2| =

O O -
o -~ O
= O O

2y2472 x2_y2_ 72 x2.y24 ;2

By equality of two matrices, we get
= 2y2-72=0=2y?2=72 (i)
and 4y%2+72=1

= 2.722+72=1 [Using (i)]

= z== vyt =

1
V3
Also, x2+y2+22=1

= x2=1-y?-72=1--_Z=

1+0+4
=|0+0+2
2+0+6

0+0+0 2+0+6] [5
0+4+0 0+2+3|=(2
0+0+0 4+0+9] (8
1 0 25 0 8
A3=A.A2=l0 2 1|2 4 5
2 0 38 O 13

5+0+16 0+0+0 8+0+26 21 0 34
=l 0+4+8 0+8+0 0+10+13|=(12 8 23
10+0+24 0+0+0 16+0+39 34 0 55

- Since, A3-6A%2+7A+kl3=0

21 0 34] [50 8] [1 02
> |12 8 23|-6]2 4 5[+7/0 2 1
34 0 55| |8 0 13| [2 0 3
1 00][000
+klo 1 o|=|0 0 ©
001/ (000
21 0 34| [30 0 48] [7 O 14
= |12 8 23|-{12 24 30[+|0 14 7
34 0 55| |48 0 78| [14 0 21
k 0 0] [0 00O
+Ok0]=000
00 kj|[00O
2+k 0 0 ][0 0O
> | 0o -2+k 0 |slo 00O
0 0 -2+k[] [0 00O

On equating the corresponding elements, we get

-2+k=0=k=2
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OR

A purchased 144 notebooks, 60 pens and 72 pencils,
B purchased 120 notebooks, 72 pens and 84 pencils,

C purchased 132 notebooks, 156 pens and 96 pencils.

144 60 72
Let D=[{120 72 84| be the matrix of purchased
132 156 96
stationary.
Let E be the price matrix.
40
E=|8.50
3.50
144 60 72} 40
-~ DE=|120 72 84| 8.50
132 156 96| 3.50
5760+510+252 6522
=| 4800+612+294 [=| 5706
5280+1326+336| | 6942

Bill of A, B and C are ¥ 6522, 5706 and X 6942

respectively.

24. We have, A:[3
4

3 4 2 1
A'=[3 2|andB’=|-1 2
2 0 2 4
3 4
. 3 J3 2
i (ay=|J3 2 :{ }:A
4 2 0
2 0
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(i) A+B= 3 32 +[2 -1 2]
4 2 oJl1 2 4
_[3+2 V3-1 2+2]| [5 B3-1 4
4+1  2+2 0+4] |5 4 4
_ , 5 5
(A+BY=|° ¥3-1 4] =|V3-1 4
5 4 4
- 4 4
(3 4] 12 1 5 5
Also,A’+B’=[3  2|+|-1 2|=|V/3-1 4
|2 of L2 4 4 4
{ Thus,(A+B)' =A"+B’
2 -1 2 2k -k 2k
(iii) kB=k =
1 2 4 k 2k 4k
oK K okt 2k k 2 1
and (kB)’:[k ;k 4k] =|-k 2k|=k|-1 2|=kB'
2k 4k 2 4
i Thus (kB)" = kB’
25. We have,
x+3 z+4  2y-7 0 6 3y-2
4x+6 a-1 0 [=| 2x -3  2c+2
b-3 3b zZ+2c 2b+4 -21 0
Equating the corresponding elements of two matrices, we
get
X+3=0 =x=-3;z+4=6 =z=2
2y-7=8y-2 =y=-5a-1=-3 =a=-2
b-3=2b+4 =b=-7
2c+2=0 =c=-1

i Thus,a=-2,b=-7,c=-1,x=-3,y=-5,z=2.
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4.1 . 4.3 44 4.5 4.6
Topics—
Weightage%ract

» Topic 4.5 is highly scoring topic.

» Maximum weightage is of Topic 4.5 Adjoint and Inverse of a Matrix.

»  Maximum MCQ and VSA type questions were asked from Topic 4.2 Determinant.

»  Maximum LA Il type questions were asked from Topic 4.6 Applications of Determinants and Matrices.

QUICK RECAP

& IfA=[g;]is asquare matrix of order n, then a number (real or complex) associated to matrix A is called determinant
of A. Itis denoted by det A or |A| or A.

» If A=[a] be amatrix of order 1, then det (A) = a.

Determinant

a, a , a; @
> If A:|: 1 12:| be amatrix of order 2, then |Al=| 1! "2|=g,,a,, —ay10,,
dz1 A2

dz1 O

011 G2 O3
> If A=|ay; ay, ay3 | beamatrixof order 3,

d31 d3p 33
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di11 01 O3
then |A|= dyq dpo 023 =(_1)

d3p dzp d33

141 |G22 d23
a11

d3p 033

dy1 023 ay1 A
az1 dz3 dz1 033
= 011(2; A3 — A3 Ap3) = 12 (051 A33 — A3 A23)

+ 043 (0y1 A3; — A3, a35)
Note : |[KA| = K"|A|, where A is of order n.

+(_1)1+2012 +(_1)1+3013

Area of a Triangle
& The area of a triangle whose vertices are (xy, y1),
(X2, ¥2) and (x3, y3) is given by
1 X vy 1
AZE Xy Yo 1
X3 yz3 1

2%{)(1 (Y2 —V3)+X2 (V3 —Y1)+X3 (Y1 —Vz)}

Note:
(i) Since areais always a positive quantity, therefore

we always take the absolute value of the | 4

determinant for the area.
(ii) Areaof atriangle formed by three collinear points
is always zero.

Minor of an element

& Minor of an element a; of the determinant of matrix
A is the determinant obtained by deleting i row and
j™ column. Minor of a; is denoted by M;.

» Minor of an element of a determinant of order
n(n> 2) is adeterminant of order n - 1.

Cofactor of an element
)
Ais, A= (-1)*1M;.
» Thedeterminant of amatrixAcanalsobeobtained
by using cofactors i.e., sum of product of elements

of a row (or column) with their corresponding
cofactors.

|Al=a11A1q+a15A15+a13A13

» If the elements of one row (or column) are
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multiplied with the cofactors of elements of any
other row (or column), then their sum is zero i.e.,
a13A21 + A12A2 +a13A23 =0
Adjoint of a matrix
& The adjoint of a square matrix is the transpose of the
matrix of cofactors.
» Adjoint of Ais denoted by adjA.
Remark : For a matrix A of order n,
Al(adjA) = (adjA)A = |A|l,
Singular and Non-Singular matrix
& LetA be asquare matrix, then Ais called
»  Singular matrix, iff |[A] =0
» Non-singular matrix, iff |[A| #0
Note : If A and B are non-singular matrices of same

order, then AB and BA are also non-singular matrices
of same order.

Inverse of a matrix

& A square matrix A is invertible iff A is non-singular
matrix and

1

1Al

Solution of a System of Linear Equations

A™l=—(adjA)

« Forasquare matrix A, a system of equations AX = B is
said to be

(i) Consistent, if it has one or more solutions.
(i) Inconsistent, if its solution doesn’t exist.
Conditions for Consistency

)

i & Forasystem of equations, AX =B.
& Cofactor of an element a; of determinant of matrix

(i) If |A] # 0, then the given system of equations is
consistent and has a unique solution.

(i) If |JA| = 0 and (adjA)B # O, then the solution does
not exist and the given system is inconsistent.

(iii) If|A]=0and (adjA)B=0,thenthegivensystemmay
be either consistent or inconsistent, according as
the system have either infinitely many solutions
or no solution.




i) BRAIN MAP

Corresponding to every sga re matrix A, there exists a number called the determinant of A and denoted

by |Al.

Let A=|a, a,, ay | Then,
a3 43 ds

4] = ay(axas; — asnayrs) — aip(ayass — ayas) + ars(ayas, — axpds)

—— Solution of System of Linear Equations /—

Minors and Cofactors /—

Let AX = B be the given system of ega tions :
For any matrix 4 = [a;], «,, if we leave the row and the If |4] # 0, the system is consistent and has a unige solution.

column of the element a;, then the value of determinant thus ) If |4] = 0 and (adj 4)B # O, then the system is inconsistent
obtained is called the minor of a;; and it is denoted by M, (

The minor M; multiplied by (—1)' */ is called the cofactor of
the element a,;; and denoted by 4.

and hence it has no solution.
If |4] = 0 and (adj 4)B = O, then the system may be either
consistent or inconsistent according as the system has either

Ay= (~1)i+i My infinitely many solutions or no solution.
Ine rse of a Matrix /— Singular and Non-Singular Matrices /—
For any sga re matrix 4, inverse of 4 is defined as ( A square matrix A of order 7 is said to be
_ 1 Singular if [4| = 0
1 _ .
A= |A|(adJ Al A0 ) Non-singular if | 4 | # 0
Note : If A and B are non-singular matrices of the same order,
then AB and BA are also non-singular matrices of the same
v order.
Properties
(Aht=4 @yt= @ty
4By'=B14" (4BO)y'=C'B A — Area of a Triangle /—
Let ABC be a triangle with vertices 4(x,, y,), B(x,, ,) and
) } ! 1
Adjoint of a Matrix / C(x3, y3), then area of AABC'is A = 3 x, ¥y, 1.
x5y 1
Let B = [4;] be the matrix of cofactors of matrix

A= [a;]. Then the transpose of B is called the adjoint of matrix 4.

\ 4

V Points to be Remember on Area of Triangle

Area is a positive ga ntity, we always tak the absolute value

Pr operties of the determinant.
If 4 is non-singular matrix of order », then If area is given, use both positive and negative values of the
A(adj A) = (adj A) 4 = |A| I, |4 adj A| = |4]" ( determinant for calculation.
adj (4B) = (adj B) . (adj A) ladj 4| = |4|"

) The area of the triangle formed by three collinear points is
adj (adj 4) =42 4 ladj (adj 4)| = |4|"*D Zero.
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= Previous Years’ CBSE Board Questions =

4.2 Determinant
MCQ

2 7 1
1. Thevalue of the determinant | 1 1 1is
10 8 1

(a) 47 (b) -79 (c) 49 (d) -51
(2023)
o 3 4
2. If |1 2 1|=0,thenthevalueof ais
1 4
(@ 1 (b) 2 () 3 d 4
(2023)
3. IfA=[Z 2] and |A3| = 27, then the value of o is
o
(@) +1 (b) £2 (@ /5 (d +/7

(Term 1,2021-22) (U]

5 3 -1
4. If |-7 x =3|=0,thenthevalueofxis
9 6 -2
(a) 3 (b) 5 © 7 d 9
(Term 1, 2021-22)(R )
y+k y y
5. Thedeterminant| y y+k vy
y y y+k
(a) k(3y+k?) (b) 3y+k3
(€ 3y+k2 (d) k*3y+k)
(Term 1, 2021-22)

is equal to

n 2 3
6. Thevalueof [212 313 4[4]|is
B 14 15
(@) 12 (b) -12 (o) 24 (d) -24
(Term 1, 2021-22)

7. If Alis a non-singular square matrix of order 3 such
that A2 = 3A, then value of |A] is

(@) -3 (b) 3
(b) 9 (d)y 27 (2020)
x 0 8
8. Theroots of theequation |4 1 3|=0are
2 0 x
(@ -4,4 (b) 2,-4 (¢ 24 (d) 2,8
(2020C)

9. If Ais asquare matrix of order 3 and |A| = 5, then the
value of |2A| is
(@) -10 (b) 10

(©) -40 (d) 40 (2020) (U]

10. If Ais a skew-symmetric matrix of order 3, then the |

value of |Ais

i 18. Writethevalueof A=| z X y |

(@) 3 (b) O
() 9 (d) 27 (2020)
11. IfAisa 3 x 3 matrix such that |A| = 8, then |3A| equals
(@) 8 (b) 24 .
() 72 (d) 216 (2020)@
BT (1 mark)
12. IfA=[3 _5] andB=|1 17| then|AB| =
2 0 0 -10
(2020C)

 13. IfAand B are square matrices each of order 3 and

|A| = 5, |B| = 3, then the value of |3AB]| is . (2020)

14. If A and B are square matrices of the same order 3,
such that |A| = 2 and AB = 2I, write the value of |B|.

(Delhi 2019)

15. Find the maximum value of

1 1 1
1 1+sin® 1 (Delhi 2016)
1 1 1+coso
16. Ifxe Nand x+3 _2:8,then find the value of x.
-3x 2x

(Al 2016)

X sin® cos0O
17. If |-sin®@ —x 1
cos 1 X

=8, write the value of x.

(Foreign 2016)

X+y y+z Z+x
(Al 2015)
-3 -3 -3

19. If A= 12 andB= 13 , write the value of |AB|.
3 -1 -1 1
(Delhi 2015C)

20, If 28" > =‘§ _32‘,writethevalueofx.
X (Delhi 2014) (U]
21. If 3; ZHS 7‘, findthevalueofx. (Al 2014)
22. IfAisa3x3matrix,|A|#0and|3A|=k|A|,thenwrite
the value of k. (Foreign 2014)
. . p+1
23. Write the value of the determinant p-1 p |

(Delhi 2014C)

2 7 65

24. Writethevalueof |3 8 75|
5 9 86

(A1 2014C)
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MBS (3 marks)
X sin®@  coso
25. Show that the determinant |-sin@  —x 1 1is
cos0 1 X
independent of 0. (2023)
4.4 Minors and Cofactors
(1 mark)
26. Find the cofactors of all the elements of [‘11 _32]
(2020) (Ap)
27. Find the cofactor of the element a,; of the
5 3 8 ;
determinant [2 0 1. (2019C)
1 2 3
5 6 -3
28. If A=|-4 3 2 |, then write the cofactor of the
-4 -7 3

element a,, of its 2" row.

4.5 Adjoint and Inverse of a Matrix
MCQ

29. Theinverse of [_74

() [—5 3] (b) [5 3}
7 -4 7 4
© [—5 7] d [—5 —3]
3 -4 -7 -4
(Term |, 2021-22)
1.0 0 |
30. fA={0 1 0 |thenA™
59 69 -1
(a) isA (b) is(-A)
(c) isA2 (d) does not exist
(Term 1,2021-22)
1 -2 4
31. If A= (2 -1 3|is the adjoint of a square matrix
4 2 0
B,then B-lis equal to
1 1
(a) *A (b) +J2A (0 iﬁB (d) J_rﬁA

(Term |, 2021-22)

-1
32 If 1 -tan® 1 tan® _|a -b then
tan@ 1 —tan6 1 b a

(@) a=1=b (b) a=cos20,b=sin20
() a=sin20,b=cos® (d) a=cosO,b=sind

(Term |, 2021-22)

(Foreign 2015)
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-2 0 O
1 33. IfA=|{0 -2 0|, thenthevalueof|adjA|is
0 0 -2
(a) 64 (b) 16 (¢ O (d) -8

(2020)

34. If Ais asquare matrix of order 3, such that A (adj A) =
101, then |adj Al is equal to

(@ 1 (b) 10 (c) 100 (d) 101
(2020)
(1 mark)
35. If Ais a square matrix of order 3 such that A(adj A) =
-2 0 O
0 -2 0|, thenfind|A|. (2021C)
0O 0 -2
2 00 N
36. IfA=|-1 2 3|, thenfindA (adjA). (2020) (Ap|
3 35

37. If Ais a square matrix of order 3 with |A| = 9, then
write the value of |2 - adj A|. (Al 2019)

38. If Ais a 3 x 3 invertible matrix, then what will be the
value of kif det(A™) = (det A?  (Delhi 2017)(R )

39. Ifforany 2 x 2 square matrix A,

8

A(ade):|:0 g] , then write the value of |A|.

(Al2017)

40. In the interval n/2 < x < 7, find the value of x for
2sinx 3

which the matrix -
2sinx

] is singular.
(Al 2015C)

41. Find(adj A),ifAz[S 2] (Delhi 2014C) (E]

7 3]
(2 marks)

42. Forthe matrix A= |: 2 36] , verify the following :

A(adjA) = (adjA) A= |A|l (20200)

43, Find(aB)tifA=| T Olandast<|3 1|
-4 2 5 2
(2020) (Ap|

44. Given A:[ 2 _73},compute I-* and show that

2A1=9]-A. (2018) (Cr )
(4 marks)

45. Gautam buys 5 pens, 3 bags and 1 instrument box
and pays a sum of ¥160. From the same shop Vikram
buys 2 pens, 1 bag and 3 instrument boxes and pays
a sum of ¥190. Also Ankur buys 1 pen, 2 bags and 4
instrument boxes and pays a sum of ¥250.
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(i) Convert the given above situation into a matrix
equation of the form AX = B.
(ii) Find |A].
(iii) Find A-L.
OR
Determine P = A2 - 5A. (2023)
3 -1 1 1 2 -2
46. If A1=|-15 6 -5|andB=|-1 3 0,
5 -2 2 0o -2 1
find (A B)™1. (2021C)
1 -2 3
47. If A=zl 0 -1 4|,find(A)L (Delhi 2015)
-2 2 1
-1 -2 -2 |
48. Find the adjoint of the matrixA=| 2 1 -2| and
2 -2 1
hence show that A-(adj A) = |A|l. (Al 2015)
49. If Az[ i _;] and | is the identity matrix of order
2, then show that A2=4A - 3]. Hence find A-%. |
(Foreign 2015)
1 3 3
50. Findtheinverse ofthe matrixA=[1 4 3|
1 3 4
(Delhi 2015C) (Ap)
2 3 1 -2
. A= = , i
51. If [1 _4] andB [_1 3:| then verify that
(AB)"1=B1A1, (Al 2015C)
WV IR (5/6 marks)
coso, —sino O
52. If A=|sino0 coso. O], find adj A and verify that
0 0 1
Aladj A) = (adj A)A = |A| I, (Foreign 2016)
4.6 Applications of Determinants and
Matrices
(4 marks)
3 4 2
53. If|0 2 -3|findA™L.
1 -2 6
Hence, solve the following system of equations :
3x+4y+2z=8
2y -3z=3
X-2y+6z=-2 (2021C)
54. The monthly incomes of Aryan and Babban are in

the ratio 3 : 4 and their monthly expenditures are in
the ratio 5: 7. If each saves ¥ 15,000 per month, find
their monthly incomes using matrix method. This

problem reflects which value? (Delhi 201¢)

56.

57.

58.

59.

60.
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55. A trust invested some money in two type of bonds.

The first bond pays 10% interest and second bond
pays 12% interest. The trust received ¥ 2,800 as
interest. However, if trust had interchanged money
in bonds they would have got ¥ 100 less as interest.
Using matrix method, find the amount invested by
the trust. Interest received on this amount will be
given to Helpage India as donation. Which value is
reflected in this question? (Al 2016)

A coaching institute of English (Subject) conducts
classes in two batches | and Il and fees for rich and
poor children are different. In batch |, it has 20 poor
and 5 rich children and total monthly collection is
¥ 9,000, whereas in batch Il, it has 5 poor and
25 rich children and total monthly collection is
¥ 26,000. Using matrix method, find monthly fees
paid by each child of two types. What values the
coaching institute is inculcating in the society?

(Foreign 2016)

Two schools A and B decided to award prizes to their
students for three values, team spirit, truthfulness
and tolerance at the rate of ¥ x,¥ y and ¥ z per
student respectively. School A, decided to award
a total of ¥ 1,100 for the three values to 3, 1 and 2
students respectively while school B decided to
award ¥ 1,400 for the three values to 1, 2 and 3
students respectively. If one prize for all the three
values together amount to ¥ 600 then

(i) Represent the above situation by a matrix
equation after forming linear equations.

Is it possible to solve the system of equations so
obtained using matrices?

Which value you prefer to be rewarded most

(ii)
(iii)

and why? (Delhi 2015C) (Cr]
(5/6 marks)
1 -1 2
Find the inverse of the matrix A=|0 2 -3|.
3 -2 4

Using the inverse, A"L, solve the system of linear
equations

X-y+2z=1;2y-3z=1; 3x-2y+4z=3. (2023)
1 2 -3

IfA=|3 2 -2/, thenfind A! and use it to solve
2 -1 1

the following system of the equations:
x+2y-3z=6,3x+2y-2z=3,
2Xx-y+z=2 (2020)
Solve the following system of equations by matrix
method :

X-y+2z=7,

2x-y+3z=12,

3x+2y-z=5 (2020)
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61.

62.

63.

64.

65.

66.

67.

68.

2 -3 5
3 2 -4/ thenfind AL
1 1 -2

IfA=

Using A1, solve the following system of equations :
2x-3y+5z=11,3x+2y-4z=-5 R
X+y-2z=-3 (NCERT, 2020, 2018) (Ev|

01 2
If |1 2 3], findA Using AL, solve the system of

311
equations
y+2z=5
x+2y+3z=10
3x+y+z=9

11 1

IfA=|1 0 2| find AL Hence, solve the system of

311

equationsx+y+z=6,x+2z=7,3x+y+z=12.
(Delhi 2019)

Using matrices, solve the following system of linear |

equations:

X+2y-3z=-4,2x+3y+2z=2

3x-3y-4z=11 (Al 2019)
1 -1 2}|[-2 0 1

Useproduct |0 2 -3[| 9 2 -3|tosolvethe
3 -2 4|6 1 -2

system of equations x+ 3z =9, -x + 2y - 2z =4,
2x-3y+4z=-3 (Delhi 2017)
Determine the product

4 4 411 -1 1
-7 1 3 1 -2 —2|anduse it to solve the
5 -3 -1|11]2 1 3

system of equations x -y +z =4,
X-2y-2z=9,2x+y+3z=1.

(Al 2017)

A shopkeeper has 3 varieties of pens ‘A, ‘B’ and ‘C.
Meenu purchased 1 pen of each variety for a total

of ¥ 21. Jeevan purchased 4 pens of ‘A’ variety, 3 |

pens of ‘B’ variety and 2 pens of ‘C’ variety for ¥ 60.
While Shikha purchased 6 pens of ‘A’ variety, 2 pens
of ‘B’ variety and 3 pens of ‘C’ variety for ¥ 70. Using
matrix method, find cost of each variety of pen.

(A12016)(Cr)

Two schools P and Q want to award their selected
students on the values of discipline, politeness and
punctuality. The school P wants to award ¥ x each,
Ty each and T z each for the three respective values
toits 3, 2 and 1 students with a total award money of
¥ 1,000. School Q wants to spend ¥ 1,500 to award

its 4, 1 and 3 students on the respective values (by '
giving the same award money for the three values as

(2019C) 3

69.

70.

71.

72.
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before). If the total amount of awards for one prize
on each value is T 600, using matrices, find the award
money for each value.

Apart from the above three values, suggest one

more value for awards. (Delhi 2014) @

Two schools A and B want to award their selected
students on the values of sincerity, truthfulness and
helpfulness. The school A wants to award ¥ x each,
¥ y each and ¥ z each for the three respective values
to 3,2 and 1 students respectively with a total award
money of ¥ 1,600. School B wants to spend ¥ 2,300
to award its, 4, 1 and 3 students on the respective
values (by giving the same award money to the three
values as before). If the total amount of award for
one prize on each value is ¥ 900, using matrices, find
the award money for each value. Apart from these
three values, suggest one more value which should

be considered for award. (Al 2014) @

Two schools P and Q want to award their selected
students on the values of tolerance, kindness and
leadership. The school P wants to award ¥ x each,
T y each and ¥ z each for the three respective values
to its 3, 2 and 1 students respectively with a total
award money of ¥ 2200. School Q wants to spend
T 3100 to award its 4, 1 and 3 students on the
respective values (by giving the same award money
for the three values as school P). If the total amount
of award for one prize on each value is ¥ 1200, using
matrices, find the award money for each value.
Apart from the above these three values, suggest one
more value which should be considered for award.
(Foreign 2014)

A total amount of ¥ 7,000 is deposited in three
different savings bank accounts with annual interest

rates of 5%, 8% and 8%% respectively. The total

annual interest from these three accounts is ¥ 550.
Equal amounts have been deposited in the 5% and
8% savings accounts. Find the amount deposited in
each of the three accounts, with the help of matrices.

(Delhi 2014C)

Two schools, P and Q, want to award their selected
students for the values of sincerity, truthfulness
and hard work at the rate of ¥ x, ¥ y and ¥ z for each
respective value per student. School P awards its
2, 3 and 4 students on the above respective values
with a total prize money of ¥ 4,600. School Q wants
to award its 3, 2 and 3 students on the respective
values with a total award money of ¥ 4,100. If the
total amount of award money for one prize on
each value is ¥ 1,500, using matrices find the award
money for each value. Suggest one other value which

the school can consider for awarding the students.
(Al 2014C)
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= CBSE Sample Questions =

4.2 Determinant

MCQ
1 1f1% F|=1* % then the possible value(s) of X
. s 1|7l ¢ | thenthe possible value(s) of x
is/are
(a) 3 (b) 3
(€ —/3 (d) V3,-43 (2022-23)
2. IfAisasquare matrix of order 3, |A’| = - 3, then |AA’| =
(@) 9 (b) -9 () 3 (d) -3 (2022-23) |

3. Value of k, for which A=|:’;r
is
(a) 4 (b) -4 (c) =4 (d) o
(Term I, 2021-22) (Gr)

8
is a singular matrix
Zk] 8

4.  Given that A is a non-singular matrix of order 3 such :

that A2 = 2A, then value of |2A] is
(a) 4 (b) 8 () 64 (d 16
(Term I, 2021-22)

m (2 marks)

5. If Ais a square matrix of order 3 such that A2 = 2A,
then find the value of |A|. (2020-21)

4.4 Minors and Cofactors
MCQ

6. Given that A = [g;] is a square matrix of order

3

3x 3and |A| = -7, then the value of Y a;,A;,, where
i=1

A; denotes the cofactor of element a; is

(@ 7 (b) -7
(0 0 d) 49 (Terml,2021-22)

(1 mark)

7. Let A = [a;] be a square matrix of order 3 x 3 and
|A|= -7.Find the value of dqq A21+ 012A22+ 013A23
where A; is the cofactor of element a;.

(2020-21)
4.5 Adjoint and Inverse of a Matrix

MCQ
8. If Ais a square matrix of order 3 and |A| = 5, then
ladj A =
@5 (25 (0 125 (d) +

(2022-23)

9. Given that A is a square matrix of order 3 and
|A| = -4, then |adj A| is equal to
(a) -4 (b) 4
(c) -16 (d)y 16
(Term1,2021-22)

10. For matrix A:[ 2 5:|, (adj A) is equal to
-11 7
-2 -5 7 5
Sl P R M
7 11 7 -5
© [—5 2] d) [11 2]
(Term I, 2021-22)
3 1
11. For A=[_1 2], then 14A-1is given by
2 -1 4 -2
@ 1l ] CH b
2 -1 -3 -1
CIE b @ 47 5

(Term 1, 2021-22)
(1 mark)

12. Given that A is a square matrix of order 3 x 3 and
|A| = -4. Find |adj A|. (2020-21)

4.6 Applications of Determinants and
Matrices

i BENIY (5/6 marks)

2 -3 5
If A=[|3 2 -4]|,thenfind A1 Use A'tosolve the
1 1 -2
following system of equations. (2022-23)
2x-3y+5z=11,3x+2y-4z=-5x+y-2z=-3
1 2 O
14. If A=|-2 -1 -2|,find AL Hence solve the
0O -1 1
system of equations;
x-2y=10,2x-y-z=8,-2y+z=7 (2020-21)(EV]
15. Evaluate the product AB, where

13.

1 -1 0 2 2 -4
A=l2 3 4l|andB=[-4 2 -4
0o 1 2 2 -1 5

Hence solve the system of linear equations
X-y=3,2x+3y+4z=17,y+2z=7 (2020-21)(Cr|



Determinants

Detailed g{e/8V)j(e] )}

- Previous Years’ CBSE Board Questions s

2 7 1
1. (a):Let]Al=|1 1 1
10 8 1

Expanding along R,, we get
|Al=2(1-8)-7(1-10)+ 1(8 - 10)
=2(-7)-7(-9) + 1(-2)

=-14+63-2=47

o 3 4
2. (d):|1 2 1/]=0 = a(2-4)-3(1-1)+4(4-2)=0

1 4 1
= -200+8=0= 200=8 =a=4

. o 2 .
3. (d):leen,A=[2 oc} (i)
|A3| =27
= |AR=27 [~ |A" = |A]"] = |A| =3 i)

From (i) and (ii), we get
= 02-4=3=02=7 = a=+/7

5 3 -1
4. (d):Wehave, -7 x -3|=0
9 6 -2

= 5(-2x+18)-3(14+27)-1(-42-9x)=0
= -x+9=0
= x=9

LConcept Appicd (@]

d11 G2 013
= dyq Gy dp3|= a14(5p G35 = A3 A53) = A1 (A1 Az
G31 dzp ds3
= 031 053) + 43 (091 A3y — A3 A5p)

y+k y y
5. (d):LetD=|y y+k y
y y y+k

=(y + k)((y + k)? = y?) = yly? + ky = y?) + y(y? - y? - yk)
= k3 + 3k2y = k2(k + 3y)

B2 B 1 2 ¢
6. (d):Given, |22 33 4/4/=|4 18 96
13 14 5] [6 24 120

=1(2160 - 2304) - 2(480 - 576) + 6(96 - 108)
=-144-2(-96)+6(-12)=-144+192-72=-24
7. (d): Given A% =3A
= |A%=|3A| = |A|2=3%|A| = |A|2-27|A|=0
= |A|[|A]-27]=0
As, Ais a non-singular matrix

[A]#0 = |A|-27=0 = |A|=27

““U

55

x 0 8
8. (a):Given, |4 1 3|=0
2 0 x
Expanding along R, ,we get
x(x-0)-0+8(0-2)=0
= x2-16=0 = x*=16 = x=t4
9. (d):Given,Aisa3x 3 matrixand |A|=5
Now, |2A"] = 23|14’ = 23)A| =8 x 5=40

N
[Answer Tips (7]

2 Inasquare matrix, |A’| = |A|

10. (b) : We have, AT = -A [+ A is skew-symmetric matrix]
s AT = 1A = A= (-1)3A [+ Aisoforder 3]
= |Al=-]Al = 2/A|=0 = |A|=0

11. (d): We have, |3A] = 3%A| = 38 [Given |A] = 8]
=27.8=216
12 If A=[3 _5] andB=|1 17 | then
2 0 0 -10
s |3 101
2 34
Now, |AB= 2 1041‘ - 102 - 202 = -100

13. Wehave, |A|=5,|B| =3
Now, |3AB| = 33|AB]
=33|A||B| =3%x 5x3=405
14. Wehave,AB=2] = |AB| =21 = |A||B| =23l
[-.- Aand B are order 3]

(* Order of ABis 3)

= 2|B|-8 [ 1Al =2]
= |B|=4

1 1 1
15. Let A=|1 1+sin0 1

1 1 1+cos6

= A=1[(1+5sin0)(1+cos06)-1]
-1(1+cosH-1)+1(1-1-sin0)

- =1+cos0+sinO+sin0cos®-1-cosO-sind=sinBcosd

Maximum value of Ais %

x+3 -2
-3x  2x
= (x+3)(2x)-(-2)(-3x)=8
= 2x°+6x-6x=8 = 2x*=8
= x2=4 = x=2

16. Given,

[x#-2, '+ xe N]
X sin® cos0
17. Given, |-sin@ —x 1 |=8
cos6 1 X

x(-x2 - 1) -sinB(-xsin - cos ) + cos O
(-sin® + xcos0) =8
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= -x3-x+xsin?0 +sinBcosO - sinB cosO + xcos20 = 8
= -x3-x+x(sin%0+ cos?0) =8
= -xX3-x+x=8=x3+8=0
= (xX+2)(x2-2x+4)=0=x+2=0
[+ x2-2x+4>0Vx]

= x=-2

X+y y+z Z+X
18. A=| z X oy

-3 -3 -3

= (x +y)(-3x+3y) - (y + 2)(-3z + 3y) + (z + x)(-3z + 3x)
=3y +x)(y-x) - (y+2)(y - 2) + (x + 2)(x - 2)]
=3[y2-x2-y2+22+x2-72=0

2

1]andB:[-11 ﬂ
oy A SHE

8=} 2 =(-1)8-45--28,
4 8

19. Giventhat A:[:l3

20. Given,

2x 5[ |6 -2
x| |7 3‘
2x2-40=18+14
2x2=72 = x2=36 = x=%6
3x 7/ 8 7
4 ‘6 4‘
12x+14=32-42
= 12x=-10-14=-24 = x=-2.
22. We have, |3A| =k |A|
Ais 3 x 3 matrix, so we have
331A| = k|A| [Using [mA| = m" |A|, where niis order of A]
= k=27.

=
=

21. Given,

=

- ‘pp1 P 2 (p- 1) (p+ 1) =p2- (- 1)=1.
2 7 65

24. Llet A=[3 8 75
59 86

= A=2[8(86)-9(75)] - 7[3(86) - 5(75)]

+65[3(9) - 5(8)]
=2(688 - 675) - 7(258 - 375) + 65(27 - 40)
2(13)-7(- 117) + 65(-13) =26 + 819 -845=0

X sin® cosO
25. Wehave, |-sin6 —x 1
cos0 1 X

=X(-x2 - 1) - sinB(-xsind - cosB) + cosH(-sinO + xcosB)
= -x3 - X + xsin20 + sin® cosO - sind cosO + xcos20
-x3 - x+x(sin20 + cos20) = -x3 - x + x
[+ sin%0 +cos20 = 1]

= -x3, which is independent of 6.
26. LetA=|T 2
4 3

Cofactor of 1 = 3, Cofactor of -2 = -4.
Cofactor of 4 = 2, Cofactor of 3=1.

CBSE Champion Mathematics Class 12

2 Cofactor, A; = (-1)'*IM;, where M; is minor of aj.

53 8
27.Given, |2 0 1
1 2 3
5 3
1 2
5 6 -3
28. Wehave, A=|-4 3 2
-4 -7 3
6 —3‘

Cofactor of ays= (—=1)%3

‘z(—l)(10—3)=—7

Cofactor of ayy = (~1)2" 1(18-21)=3

-7

29 (b):Given,A=[_4 s ]
7 -5

|A|=20-21=-1
-5 71 [-5
4| |-7

And adjA = [
At= 1(ade):[5 3]

3
4
Al 7 4

1 0 O
0 1 O
59 69 -1

30. (a):Given, A=

Here, |A| = -1

-1 0 -59
0 -1 -69
0 O 1

T -1

0]
-59

0 O
-1 0
-69 1

And adjA =

1 O
0 1
59 69

0
0|=A
-1

_ L
Al

2 The adjoint of a square matrix is the transpose of the
matrix of cofactors.

o AL (adja) =

| 1 -2 4
{31, (d):|Al=1]2 -1 3

4 2 0
=1(0-6)+2(0-12)+4(4+4)=2
Given, A = adjB
= |A|l=ladjB| = |adjB| =2
|B|?>=2
1B = +4/2

1

1
» Bl=t—A|--Bt="(adjB
7o gte0m)
Concept Applied <@‘)

2 |adjA| = |A|""1, where n is the order of matrix A.

(i)

(Using (i))
= [-- ]adjB| = |B|3- 1, where Bis 3 x 3 matrix]

=
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32. (b):We have,

1 —tan®
tano 1 —tan6

ta”e} )

1 tanf | 1 -—tan6
Now, =
—tan® 1 sec?@| tano 1
B cos%0 —tan@cos?0
cos?@ tan® cos?0

—tanfcos’ B [a —b]
cos%0 b a
—2tanBcos®0 ]

cos?0 —cos?0tan?e

[ 1 —tane] cos’d

= 2

tan 1 cos?0tano

cos%0 —cos?0tan®
2tan@ cos’0

5 7]

a = cos20 - cos?0tan?0 and b = 2 tanBcos20

= a=cos’® {1— sin’d ] andb= 2S|n6_c0526
cos’® coso
= a=c0s20 -sin20 = cos20 and b = 2 sinO cosO = sin26
-2 0 O
33. (a):Wehave, |[Al=|0 -2 0
0O 0 -2
|A|=-2(4-0)-0+0=-8
|adjA| = (-8)? = 64
Lanswer Tips (7]
2 Weknow that |A adj A| = |A|", where n is the order of A.
34. (c):Given,A(adjA) =101
= |A(adj) A)|=1101|
= |A]ladjA| = 103]l| )

= |A]|A]?=10°
['.- Ais matrix of order n, then |adj A| =
= |A]®=10°
= |Al=
Now, from (i), we get
|(adj) A)| = |A]?= 10% = 100
2 0 0
35. GivenA(adjA)= |0 -2 O
0O 0 -2
2 0 0
|A(adjA)|=|0 -2 O0O|=(-
0 0 -2
= |A]®=-8 [
= |Al=-

|A|""tand n = 3]

20 =-8

|Aadj Al =|A|"]

36. Given,A=|-1 2 3

i We know that |A™1| =

i 42. Given,A= |: 2
| —4

57

| 2 00
Now,AadjA) = |A|= |-1 2 3
3 35
=2(10-9)-0+0=2(1)=2
37. Given, |A|=9
. 12-adjA|=23|A” =23(9)2 =8x81=648
(@5

2 Weknow that, [kadjA| =
of the matrix A.

kn|A|" -1, where n is the order

38. Given that, det(A-
ie, Al =]A[

1) = (det A)k
——=|Al?
k=-1

39. We have, A(adjA)= 80

0O 8

10 B
|A|~I=8|:O 1] [ |A[xI]

A(adjA) =

= A=

2sinx 3

40. For the matrix
1 2sinx

] to be singular, its

determinant=0
2sinx 3 _
1 2sinx|

= 4sin>x-3=0 = sin?

271:( m )
=2 Z<x<n
3 2

x—g = sinx=+Y2
2 sinx=1=-

41. Here, A= > 2
7 3

Cofactorof matrix A= 8 7
-2 5

3 71 [3 -2
-2 5] [-7 5

36] = JA=-12+12=0

ade=|:

A'is a singular matrix

-6 4}'_[—6 —3}

-3 2 4 2

aeg
6|4 2 0O

-3|[2 3 "
2][_4 —6] ..(ii)

Similarly, |A|l = [8 g] (iii) (- |A[=0)

adjA =[
. 2
Now, A(adJA)=[ 4

-6
d (adjA)A=
and (adjA) [4

- From equation (i), (ii) and (iii);
- we have A(adjA) =

(adjA) A=Al
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1 0 31 OR
43. Gi A= dB1l= i
iven [_4 z]an [5 2] | 5 3 1][5 3 1] [32 20 18
) A?=|2 1 3|2 1 3|=[15 13 17
2 4 2 0
Now, |A| = - 2andadjA = _ 12 4]|1 2 4] [13 13 23
— 01 4 1 P=A2-5A
1/2 0 32 20 18] [25 15 57 [7 5 13
-1 = —
A IAIadA) [4 J ={15 13 17|-|10 5 15|=|5 8 2
Now, (AB)1=B-1A-1 13 13 23| [5 10 20| |8 3 3
1[3 1][2 o] 1[10 1] [5 1/2 (3 -1 1 1 2 -2
2 5 214 1 ZE 18 2 :9 1 46. Given A1=|-15 6 -5 ,B=[-1 3 O
|5 2 2 0 -2 1
44, Wehave,Az[2 _3] 1 2 -2
47 Here, Bl=|-1 3 0| =1(3-0)-2(-1-0)-2(2-0)
1al=|2  =14-12=2+0 | 0 21
=3+2-4=1
So, Ais a non-singular matrix and therefore it is invertible. 31 2] [3 2 6
ad' A 7 4 ’_ 7 3 = aijZ 2 1 2 =1 1 2
) A= 3 2174 2 |6 2 5 2 25
HenceAi—dA—17 3 P e
1Al 5la 2 RS adJB 11 2
2 3 2 25
= 2A‘1=[4 2] (i) Aswe know that (AB)-1=B1A"1
3 2 6 3 -1 1 9 -3 5
Now, 9,_A=9[1 0]_[2 —3] . B1A1=|1 1 2||-15 6 -5[=[-2 1 0
0 1] |4 7 2 255 =2 2 1 0 2
9 0 2 -3 7 3 .. 1 -2 3 1 0 -2
= - = [From (ii)]
09| |4 7| |4 2 47. A=|0 -1 4| s A=[-2 -1 2
Hence, 2A 1= 9] - A. -2 21 3 4 1
45. (i) Let the cost of each pen, each bag and each , 1.0 -2
instrument box be x, y and z respectively. Wi=|-2 -1 2|=1(-1-8)-2(-8+3)
According to question, we have 3 4 1
5x+3y+2=160 ) A=/j19+.10=1¢o.
2x+y+3z2=190 i) | S0 W) exists. , o
+ 2y + 47 =250 (i) Let the cofactors of gj's are A;in A
Xreymazs - Now,A11 ~9, A= 8A13——5
53 1 X 160 =—8A22—7A23——4
= (2 1 3||y|=]|190 ‘A =-2,A5p=2A5n=-1
1 2 4||z 250 ‘ 9 _8 2
ie,AX=B adj(A)=| 8 7 2
5 3 1 5 4 1
(i) Now,|Al=[2 1 3 9 _§
124 PR . (L VN [ A
=5(4-6)-3(8-3)+1(4-1)=-10-15+3=-22 AT s 4 4
i - oAl adJA -1 -2 -2
(iii) .. A [5 48. Here,A=| 2 1 -2
2 2 1
/11 5/11 -4/11 1 -2 _o
= 5/22 -19/22 13/22 = |AF|2 1 -2

-3/22 7/22 1/22 2 -2 1
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=-1(1-4)-(-2)(2+4)-2(-4-2)
=3+12+12=27
Now,A;;=-3,A=-6,A;3=-6,
Ay =6,A%=3,A3=-6,
Az1=6,A3=-6,A33=3

3 6 6] [-3 6 6
. adjA=| 6 3 -6|=|-6 3 -6
6 -6 3 -6 -6 3
(-1 -2 2][-3 6 6
A-@djA)=| 2 1 -2||-6 3 -6
|2 2 1]||-6 6 3
27 0 0] 1 0 O]
=0 27 01=27|0 1 O|=|All.
0 0 27] 0 0 1]

4o a2 1 L e [2 12 1
-1 2 -1 2-1 2
oo |5 4
4 5
Now, 4a-3i=4| 2 1|31 ©
-1 2 01

= 4A—3l:[ > _4]
-4 5
From (i) and (ii), we get
A2=4A- 3]
Pre-multiplying by A~ on both sides, we get
A1(A2)=4A1A-3AY

= A=4]-3A"1 [ AA1 =]
= 3Al=4/-A
= at=dila
3 3

41 0] 1[2 -1] [2/3 1/3
“3lo 1| 3|-1 2| |1/3 2/3

13 3
50. GivenA=|1 4 3

13 4

Now, A1 =7,A1p=-1A;3=-1,
Ap1=-3,A=1A25=0,
A3 =-3,A5=0,A5=1

7 -3 -3
- adjA=[-1 1 0
-1 0 1
1 3 3
and |A=[1 4 3
1 3 4

=1(16-9)-3(4-3)+3(3-4)=7-3-3=120
So, A-lexists and it is given by

. 7 -3 -3
A‘1:7~ade =-1 1 0]
Al -1 0 1
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51, Here, A= 23 andB= 1=
: 1 -4 -1 3
IAl=-11,1B|=1

-4 - 2
A’lziade:—i 43 andB~'= 3
|A| 111-1 2 11

0 SH

NowaB |2 3[L -2[1 5
1 -4||-1 3| |5 -14

IAB|=14-25=-11
-5
-1

LH.S. —(aB) :(_1)[—14
11)| -5

3 From (i) and (ii), (AB)"1=B-1 AL

=

=

()

cosa. —sino. O
52. Given,A=|sinac coso. O
0 0 1

Now, A;; = cos o, Aj, = - sin o, Aj3=0,
 Ayp=sina, Ay =cos o, Az =0,
A31=0,A3=0,A3=1
cosa. sina O
~. adj(A)=| —sino. cosa. O
0 0o 1

coso. —sinot O sine. O
A.adj(A)=| sinoc cosa. O] —sinoe coso. O

0 0 1 0 0 1

coso

()

|
O O -
o -~ O
= O O

[ coso.  sina O][coso. —sino. O

adj(A)-A=|-sina. cosa. O]l sinac  cosa, O
| O 0o 1) O 0 1
100
=0 1 0

0 01

—sinot O

()

coso.
|Al=|sinac cosa O

0 0 1
=cosa (cosa-0)+sina(sino-0)+0=1
From (i), (ii) and (iii), we get
A(adjA) = (adjA) A= |A| I5.

(i)

3 4 2
53. Given,A=|0 2 -3
1 -2 6

Al =3(12-6)-4(0+3)+2(0-2)
=18-12-4=2+0
- So,Alexists and A‘lzﬁ

adj(A)
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6 -3 2] [6 -28 -16
Now, adjA=|-28 16 10| =|-3 16 9
-16 9 6 -2 10 6
6 -28 -16
Atz 16 9 ()
2 -2 10 6
Given,
3x+4y+2z=8
2y-3z=3
X-2y+6z=-2
Given system of equations can be written as AX = B,
3 4 2 X 8
where A=|0 2 -3|, X=|yl|landB=| 3
1 -2 6 z -2
X=A"1B
[6 -28 -16] 8 48-84+32
=1 -3 16 9 3 =1 —-24+48-18
2_—2 10 6 ||-2 -16+30-12
4] [-2
1 6 |=| 3
2_2 1

x=-2,y=3,z=1
54. Let the monthly income of Aryan be % 3x and that of
Babban be 3 4x.

Also, let monthly expenditure of Aryan be ¥ 5y and that of
Babban be X 7y.
According to question,

3x - 5y = 15000
4x - 7y = 15000
These equations can be written as AX =B

where, o<|® ™ X=|"|andB= 15000
4 -7 y 15000
3 -5
|Al= —(<21420)=-120
4 7

Thus, A1 exists. So, system of equations has a unique
solution and given by X=A"1B

-7
Now, adj(A)= >
-4 3

-1 adilA) 7 -5
Al |4 -3

Now, X = A-1B— 7 —=5]15000
4 -3|[15000

y| 15000

So, monthly income of Aryan = 3 x 30000
=390000

Monthly income of Babban = 4 x 30000 =3120000

Hz[soooo} — x=30000andy = 15000

From this question we are encouraged to save a part of |

money every month.
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. 2 When |A] #0, then A-1 exists, so the system of
equations has a unique solution given by X = A-1 B.

55. Let % x be invested in the first bond and ¥ y be
invested in the second bond.

According to question,

10x 12 _)800 = 10x+ 12y = 280000 i)
100 100
If the rate of interest had been interchanged, then the
total interest earned is ¥ 100 less than the previous
interesti.e., 3 2700.
12x 10y _ ..
s =+ —2=2700 = 12x + 10y = 270000 ..(ii)
100 100

i The system of equations (i) and (ii) can be represented as
AX=B, whereA= 10 12 X= X B= 280000

12 10 y 270000
1012 1 00-144=—4440
12 10

Thus A1 exists. So, system of equations has a unique
i solution and givenby X=A"1B

10 -12
adjA=
-12 10

Now,X=A"1B = X

|Al=

_adjA

A
I 10 -127[280000
y| (-44)|-12 10 ||270000

x| 1 |-440000| [10000
- [y]_(—44)[—660000]_[15000:|
= x=10000andy= 15000
Therefore, ¥ 10,000 be invested in the first bond and
% 15,000 be invested in the second bond. Thus, the total
i amount invested by the trust = 10,000 + 15,000 = 25,000.
The interest received will be given to Helpage India as

donation reflects the helping and caring nature of the
trust.

B

56. Let the monthly fees paid by poor and rich children
be ¥ x and X y respectively.

For batch | : 20x + 5y = 9000

i ForbatchIl:5x+ 25y =26000

The system of equations (i) and (ii) can be written as
AX=B

(i)
(i)

20 5

9000
where, A =[ 5 ]

X= x andB=
25 y 26000
20 5

=500-25=475=0
5 25

Thus, A1 exists. So, the given system has a unique
solution and it is given by X = A-1B.

25 -5
-5 20

at_adiA 1025 5
|Al ~475|-5 20

|Al=

adez[




Determinants

Now, X =A-1B
. x|_ 1 [25 -5][9000
y| 475|-5 20|| 26000

[x] 1 [95000 } [x} [ 200 ]

= =— = =

y| 475475000 y 1000

= x=200,y=1000

Hence, the monthly fees paid by each poor child is ¥ 200
and the monthly fees paid by each rich child is ¥ 1000.

By offering discount to the poor children, the coaching
institute offers an unbiased chance for the development
and enhancement of the weaker section of our society.
57. (i) Given, value of prize for team spirit = ¥ x

Value of prize for truthfulness =3 y

Value of prize for tolerance =% z

Linear equation for School Ais 3x+y+2z=1100

Linear equation for School Bis x + 2y + 3z = 1400

Linear equation for Prizeis x + y + z= 600

The corresponding matrix equation is PX=Q

31 2 X 1100
where, P=[1 2 3[:X=|y|andQ=|1400
111 z 600
312
(i) Now |P|=[1 2 3
11 1

=3(2-3)-1(1-3)+2(1-2)
=-3+2-2=-3%#0
Thus, P! exists. So, system of equations has unique
solution and it is given by X = P-1Q
Now, cofactors of elements of P are
Ap=-1A;p=2A;3=-1,
Ai=1,A0n=1An=-2,
Az1=-1,A5=-7,A55=5

-1 1 1
. adjp=| 2 1 -7

-1 -2 5

-1 1 1

Loadip=—t 2 1 7

P_1=?-a 3
Pl -1 -2 5

Now, X =P-1Q

[x -1 1
= |y —_— 2 1
| z -1 2 5
[-300] [100

=-2| =600 |=| 200 | = x =100, y = 200, z = 300.
|-900| | 300

Thus, the above system of equations is solvable.
(iii) The value truthfulness should be rewarded the most

-1]11100
—7 || 1400
600

[

because a student who is truthful will be also tolerant and

will work with a team spirit in the school.
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1 -1 2

58 Given A=|0 2 -3

3 -2 4
[A]=1(8-6)+1(0+9)+2(0-6)=2+9-12=-1
|A] #0, so AL exists
Now, Co-factors are
A11=2,A15=-9,A13=-6, Ay =0, Ayp=-2
Apz=-1,A3:=-1,A5,=3, Az=2

2 9 6" [2 o0 -1
Now, adj(A)=| 0 -2 -1| =[-9 -2 3
-1 3 2 6 -1 2

1

We know that A~ =
|A|

2 o -1][-2 0 1

adj(A)

=-1{-9 -2 3 (=9 2 -3
-6 -1 2 6 1 -2
X 1
We know that AX=B = X=A"1Bwhere X=|y|, B=|1
| 2 0 1 a3
~andAl={9 2 -3
6 1 -2
X -2 0 1][1 -2+0+3 1
= |yl|=| 9 2 =3||1|=| 9+2-9 [=|2
z 6 1 -2]|3 6+1-6 1
Hencex=1,y=2andz=1
(1 2 -3
59. Given,A=(3 2 -2
2 -1 1
1 2 -3
Al=13 2 -2/ =1(2-2)-2(3+4)-3(-3-4)
| 2 -1 1
=-14+21=7=%0
A-lexists

NOW,A11 =0, A12 = —7,A13 =-7, A21 = 1’AZZ =7,
Az3=5A31=2,A3=-7,As3=-4

0 1 2
adjA=|-7 7 -7
-7 5 -4
0 1 2
A‘E%ade:% -7 7 -7
-7 5 -4
The given system of equations is
x+2y-3z=6
3x+2y-2z=3
2x-y+z=2

The system of equations can be written as AX =B
1 2 -3 X 6
whereA=(3 2 -2[X=|y|,B=|3
2 -1 1 z 2
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A1 exists, so system of equations has a unique

solution given by X=A"1B

[0t o2ye 7 1
= |y|l==|-7 7 -7||3|==|-35|=|-5
z| "|-7 5 -4f2 -35| |-5

= x=1y=-512z=-5

60. Wehave,x-y+2z=7

2x-y+3z=12

3x+2y-z=5
The given system of equations can be written as AX = B,
where

1 -1 2 X 7

A=12 -1 3| X=|y|andB=|12

3 2 -1 z 5
1 -1 2
Here |Al=2 -1 3
3 2 -1

=1(1-6)+1(-2-9)+2(4+3)
=-5-11+14=-2+0

Al exists. So system of equations has a unique

solution given by X = A'B

511 7] [-5 3 -1
adjA={3 -7 -5|=[11 -7 1
-1 1 1 7 -5 1
(-5 3 -1
Now, A—1=i(ade) 21 7
Al 2-7 5 1
Now, X =A-1B
X -5 3 -1][7 -41 [2
= y:-111 7 1 |12]= Y 22]<]1
z 7 -5 15 2l 6| |3
= x=2,vy=1,z=3
2 -3 5
61. Wehave,A=(3 2 -4
1 1 -2
2 3 5
= |Al=3 2 -4
11 -2
=2(-4+4)+3(-6+4)+5(3-2)
=-6+5=-1%#0
A-lexists.

NOW, A11 = O, A12 = 2, A13 = 1, A21 = —1, A22 = —9,
A23 = —5,A31 = 2,A32 = 23, A33 = 13

0 -1 2

adjA=|2 -9 23

1 -5 13
0 -1 2
NOW,A’1=ﬁade:(—1)2 -9 23
A 1 -5 13
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0 1 -2
=|-2 9 -23
-1 5 -13

The given system of equations is
2x-3y+5z=11,3x+2y-4z=-5x+y-2z=-3
The system of equations can be written as AX =B,

2 -3 5 X 11
whereA=(3 2 —4|X=|y|B=|-5
1 1 -2 z -3

Since A1 exists, therefore, system of equations has a
unique solution given by

[0 1 21711 1
X=AB=|-2 9 -23(|-5|=|2
-1 5 -13||-3 3
= x=1,y=2andz=3.
[0 1 2
62. Given,A=|1 2 3
13 11
01 2
= JA|=[1 2 3| =0(2-3)-1(1-9)+2(1-6)
311
=8-10=-2
As|A| # 0. - Al exists and A1 is given by %(adj A)
-1 8 -5 [-1 1 -1
adjA=[{1 -6 3| =8 -6 2
-1 2 - -5 3 -1
-1 1 -1
at-_Hg 4 2 ()
2—5 3 1
3 Given,
y+2z=5
x+2y+3z=10
3x+y+z=9
The given system of equations can be writtenas AX=B
012 X 5
Where, A=|1 2 3|, X=|y|and B=|10
: 311 z 9
X=A"1B
by using equation (i), we get
-1 1 -1}|f5 -5+10-9 -4 2
Xz_—1 8 -6 2|10|= -1 40-60+18 =_—1 -2|=|1
-5 3 -1 9 -25+30-9 -4 2
x=2,y=1,z=2
11 1
63. Wehave A=|1 0 2
311
Now, |A| =1(0-2) - 1(1-6) + 1(1)
=-2+5+1=4+#0

A-lexists.
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NOW,A11 = —2,A12 = 5,A13 = 1,A21 = O, A22 = —2,A23 = 2,A31

= 2,A32= —1,A33= -1

-2 0 2
- adjA=|5 -2 -1
1 2 -1
-2 0 2
wat=tagiact s 2 1
Al 4 1 2 -1
Now the given equations are
x+y+z=6
x+0y+2z=7
3Ax+y+z=12
The given system of equations can be written as AX =B |
where
111 X 6
A=[1 0 2|, X=|y|,B=|7
31 2 z 12

A1 exists, so system has a unique solution given by
X=A"B.

X -2 0 2|6
= |y -1 5 -2 1|7
z 1 2 -1||12
-12+0+24 12| |3
1 30-14-12 1 4 |=|1
6+14-12 4 8 2

= x=3,y=1,z=2

64. The given system of equations is

x+2y-3z=-4
2x+3y+2z=2
3x-3y-4z=11
The system of equations can be written as AX=B
1 2 -3 X -4
where, A=[2 3 2 |:X=|y|B=| 2
3 -3 4 z 11
1 2 -3
Now,A=|2 3 2
3 -3 4
1 2 -3
= |A=[2 3 2
3 -3 4

=1(-12+6)-2(-8-6)-3(-6-9)
=-6+28+45=67%0

A-1lexists.
Now, A1 =-6,A1,=14,A13=-15A,;=17,A,,=5,
Ayz=9,A3,=13,A3,=-8,A3;=-1

-6 17 13
adjA=| 14 5 -8
15 9 -1

63
-6 17 13
Aol oadia = Ll1a 5 s
A2 Tz
Al 15 9 -1

As A-lexists, so system of equations has a unique solution
givenby X=A"1B

X 6 17 13][-4

= y:% 14 5 -g| 2
2| ®|-15 9 1|11
2017 [3

~ 1l 13al-| 2

7 67 ] 1

=x=3,y=-2,z=1.

2 For a system of equations, AX = B, if |A| # 0, then the
given system of equations is consistent and has a
unique solution.

1 -1 2|-2 0 1 1 00
| 65. Wehave 0 2 -3[|9 2 -3|=|0 1 0|=!
| 32 46 1 -2| [0o01

1 -1 27 [2 0 1
= |0 2 -3| =[{9 2 -3
3 2 4 6 1 -2
(1 0 37" [-2 9 6
or |[-1 2 -2 =0 2 1
2 -3 4 1 -3 -2
Now the given system of equations is
x+3z=9
-Xx+2y-2z=4
2x-3y+4z=-3
The system of equations can be written as AX=B
1 0 3 X 9
where, A=|-1 2 =2 X=|y|B=| 4
2 -3 4 z -3

Since, A1 exists, so system of equations has a unique

i solution, given by

X=A"1B
x| -2 9 6] 9 -18+36-18] [0
= |y|l=|0 2 1| 4] = 8-3 =|5
z 1 -3 -2 -3 9-12+6 3
= x=0,y=5,z=3
-4 4 411 -1 1

66. Wehave,[-7 1 3||1 -2 -2

5 -3 -1f|l2 1 3
4+4+8 4-8+4 -4-8+12] [8 0 O
=|-7+1+6 7-2+3 -7-2+9 | =|0 8 0]=8I

‘ 5-3-2 -5+6-1 5+6-3 00 8
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J4 4 A 1t
= 57 1 3|1 -2 2=
5 -3 -1)2 1 3
1—11’11—444
= (1 2 2| =5|-7 1 3

2 1 3 8 5 -3 -1
The given system of equations is
X-y+z=4,x-2y-2z=9,2x+y+3z=1and it can be
written as AX = B, where
1 -1 1 X 4
A=[1 -2 -2|,X=|y|andB=|9
2 1 3 z 1
Here, |A|=1(-6+2)+ 1(3+4)+ 1(1+4)
=-4+7+5=8%0

So, the given system of equations has a unique solution
given by X=A"1B.

][44 a4 [Frersea
= |y =§ -7 1 31||92|==| -28+9+3
z 5 -3 -1[1 20-27-1
[ 24 3
1 -16|=|-2| = x=3,y=-2,z=~-
8 | -8 -1

67. Letone pen of variety ‘A’ costs % x, one pen of variety
‘B’ costs % y and one pen of variety ‘C’ costs X z.

According to question,
x+y+z=21

4x+ 3y +2z=60 (For Jeevan)
6x+2y+3z=70 (For Shikha)

The given system of equations can be written as AX =B

(For Meenu)

111 X 21
where, A=|4 3 2|,X=|y|andB=|60
6 2 3 z 70
111
|Al=|4 3 2=1(9-4)-1(12-12)+1(8-18)=-5=0
6 2 3

A1 exists and system of equations has a unique
solution given by X =A"1B.

Now,A;;=5,A,= O,A13 =-10,
Ay =-1,A0n=-3Ap=
Az =-1,A3= 2A33—-1
1
adjA= -3 2]
—10 4 1
1 5 -1 -1
Al= IAI(adJA) _@ 0 -3 2
-10 4 -1
Now, X =A-1B
X 1 5 -1 -1|{21 1 -25
= y:@ 0 -3 2|60 = Y=ﬁ—40
z -10 4 -1||70 z -40

: A21=
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X 5
i = |y|=|8|= x=5,y=8,z=8
z 8

Cost of 1 pen of variety ‘A’=% 5
Cost of 1 pen of variety ‘B’'=% 8
Cost of 1 pen of variety ‘C' =% 8

68. According to question, we have,

3x+2y+2z=1000 (i)
4x+y+3z=1500 (i)
x+y+z=600 (i)
The given system of equations can be written as AX =B
321 X 1000
where,A=[4 1 3|, X=|y|andB=|1500
111 z 600
321
\A\ =4 1 3=-52#0
111

A is invertible and system of equations has a unique

solution givenby X=A"1B
Now, A1 =-2,A1,=-1,A13=3,
-1,An=2,An=-1,
5,A5,=-5A3;=-5

-2 -1 5
adj A=|-1 2 -5

3 -1 -5

Az =

-1 5
2 -5
3 -1 -5

Al adj(A)_-1| _
Al 5
Now, X =A"1B
[x -2 -1 5 {|1000
= |y :_?1 -1 2 -5]|1500
|z 3 -1 -5]| 600
[x 100

. -500
=—=|-1000
~1500

= |y|=|200| = x=100,y=200,2=300

|z] |300

Hence the money awarded for discipline, politeness and
punctuality are ¥ 100,% 200 and % 300 respectively.
Apart from the above three values schools can award

children for sincerity.
L 69. According to question, we have

3x+2y+2z=1600 (i)
4x+y+3z=2300 (1))
Xx+y+z=900 (i)
The given system of equations can be written as AX=B
3 21 X 1600
where A=|4 1 3|, X=|y|,B=|2300
111 z 900
321
A=|4 1 3]=-520
111
Ais invertible and system of equations has a unique

solution givenby X=A"1B



Determinants

NOW,All = -2,A12 = —1,A13 = 3,

A =-1A3»n=2Ap=-1,
Az =5A3=-5A3=-5

-2 -1 5
adjA=[-1 2 -5
3 -1 -5
. 2 -1 5
A—1=adJ(A)=;1 1 2 s
A
S FR
Now, X=A1B
1 -2 -1 517][1600 . -1000
= y=% -1 2 -5||2300 =% -1500
z 3 -1 -5|| 900 -2000
x| [200
= |y |=[300
z| [400

= x=200,y=2300,z=400
Hence, the money awarded for sincerity, truthfulness and

helpfulness are ¥ 200, 3 300 and ¥ 400 respectively.

Apart from the above three values schools can award

children for discipline.

70. According to question, we have

3x+2y+z=2200
4x+y+3z=3100

The given system of equations can be written as

2200

1200

x+y+z=1200
AX =B, where
321 X
A=|4 1 3|, X=|y|,B=|3100
111 z
321
|Al=|4 1 3=-5%0
111

(i)
(i)
(i)

A is invertible and system of equations has a unique

solution givenby X=A"1B

NOW,All = -2,A12 = —1,A13 = 3,

Ay =-1A»n=2A»=-1,
Az =5A3=-5A3=-5

-2 -1 5
adjA=|-1 2 -5
3 -1 -5
ot _adid) -1l
[Al 50,

Now, X=A"1B
X -2 -1 5
= |y =_?1 -1 2 -5
z 3 -1 -5

-1 5
2 -5
-1 -5
2200 -1500
3100 =_—1 —2000
1200 -2500

65
[x] [300
i = |y |=|400
z 500

= x=300,y=400,z=500
Hence, the money awarded for tolerance, kindness and
leadership are ¥ 300, 400 and ¥ 500 respectively.

Apart from the above three values schools can award
children for sincerity.

71. Let ¥ x, ¥ y and ¥ z be deposited at the rates of
interest 5%, 8% and 8%% respectively.

According to question,

‘ x+y+z=7000
i x-y=0
5 8 17 1

X-——ty - ——+2-—X-—-=550
100 ° 100 2 100

= 10x+ 16y + 17z= 110000
The system of equations can be written as AX =B

1 1 1 X 7000
~where, A=| 1 -1 0 [X=|y|andB=| ©
10 16 17 z 110000
1 1 1
Al=11 -1 0|=1(-17)-(17)+1(16+10)=-8%0
10 16 17

A1 exists. So, system of equations has a unique
solution and it is given by X = A-1B
Now, A1 =-17,A,=-17,A3= 26,
Az =-1,A»n=7A»=-6
Az1=1,A5=1A5=-2

-17 -1 1
adjA=|-17 7 1
26 -6 -2
-17 -1 1
1 . 1
andA :TadJA:—8 -17 7 1
A 26 -6 -2
. Now,X=A"1B
X 1 -17 -1 1 7000
=ly|=—g|-17 7 1|{ o©
z 26 -6 -2](110000
4 0 O
adj(A)=| -4 4 0
0 -4 4
= x=1125=y,z=4750
Canswer Tips (7]

2 First, make the linear equations from given word
problem and then solve the equations.



66

72. According to question, we have
X+y+z=1500
2x+ 3y +4z=4600
3x+2y+3z=4100

The system of equations can be written as AX = B

111 X 1500

where, A=[2 3 4/|X=|y|andB=|4600

323 z 4100
111
|A=|2 3 4
323

=1(9-8)-1(6-12)+1(4-9)
=1+6-5=2%0

_1 . . . :
A~ exists and so, system of equations has a unique | 8. (b) : Given, |A| = 5, order of matrix, n = 3.

solution given by X=A"1B
Now, Ay =1,A,=6,A13=-5,
An=-1A»p=0A3=1,

Az =1,A5=-2,A33=1

1 -1 1
adjA=| 6 0 =2
5 1 1
1 -1 1
A‘1=ﬁ~ade=% 6 0 -2
5 1 1
Now,X=A"1B
X 1 -1 17][1500
= |y :% 6 0 =-2|/4600
z -5 1 1 ||4100
1000] [500

800 |=|400| = x=500;y =400; z = 600.
1200 | 600

N |~

Apart from sincerity, truthfulness and hard work, the :

schools caninclude an award for regularity.

_A N
CBSE Sample Questions

4| |2x 4
51 6 x

1. (d) : We have,

= 2-20=2x2-24=2x2=6 = x2=3= x=+J3 (1) |

2. (a) : |AA=|A[ A =|A12=(-3)?=9 (1)

3. (¢): - Aissingular matrix.

- |Al=0

= =0 = 2k?-32=0= k?=16= k=+4 (1)
4 2k

4. (c):We have, A2=2A

= |A?]=|2A]

= |A|2=2%A] [As |kA| = k"|A| for a matrix of order n]

= |Al[IAl-8]=0

= either |A|=0or |A|=8

But Ais non-singular matrix = |A|#0

|2A] = 23|A| = 64 (1)

Ly
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We have, A2 =2A

|AA| = 2A]

|AlIA| = 8|A| (1/2)
(- JAB]| = |A||B| and |kA| = k"|A|,

where nis order of square matrix A)

= JA[(|A]-8)=0 (1)

= |A|=0 or 8 (1/2)

6. (b):Wehave, |[A|=-7
3
ZaiZA:Q =01pA1 + A% +ag3A5 =|Al=-7 (1)
i=1
7. We know that, if elements of a row are multiplied
with cofactors of any other row, then their sumiis O.

A11A21 + 1A +a13A53=0. (1)

ladjAl = |A|""1= |adj A| = 25 (1)

9. (d):We know that, |adj A| = |A|"L, where n is the
order of A.
Here, |adjA| = |A|2=(-4)2=16 (1)

‘ 10. (c):We know that, (adj A)’ = cofactor matrix of A

| Here, cofactor matrix of A:[ 75 121:|:(3de)' (1)
11. (b):Wehave, |A|=6+1=7
Also, adjA= 2 -1
1 3
2 -1
Now, A™? :iadj(A)z1
|A] 71 3
14A1:[4 _2} (1)
2 6

12. We know, |adjA| = |A|" -1, where n x n is the order of
non-singular matrix A.

ladj Al = (-4)*1 = 16 (1)
2 -3 5
13. Given, A=|3 2 -4
1 1 -2
|A| =2(0) +3(-2) +5(1) =-1#£0 (1/2)
As, |A| 0, so A1 exists and given by
A1 adiA
|A]

0 -1 2 0 -1 2
Now,adjA=|2 -9 23 ,A-lzi 2 -9 23 (1%)
1 -5 13 Dy 5 13

The given system of equations are :
2x-3y+5z=11
3x+2y-4z=-5
x+y-2z=-3
The given system of equations can be written as AX=B
2 -3 5 X 11
where, A=|3 2 -4, X=|y|andB=|-5
1 1 =2 z -3
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X 0 -1 2711 ‘
= X=AMBo|yl=—1]2 -9 23||-s5 (1%) |
2| V1 5 13||-s
1 0+5-6
-5 22+45-69 (1/2)
11+25-39
X -1
= |y :i -2|= x=1y=2andz=3. (1)
z 1) -3
1 2 0
14. Wehave, A=| -2 -1 -2
0 -1 1
[A]=1(-1-2)-2(-2-0)+0=-3+4=1%0
A-lexists. (1)
-3 -2 -4
Now,adjA=|2 1 2
2 1 3
-3 -2 4
- A‘lzﬁ(ade): 2 1 2 (1%)
2 1 3
We have, x - 2y = 10
2x-y-z=8
-2y+z=7

The given equations can be written as
1 -2 0| «x 10
2 -1 -1|yl=| 8| (1)
0 -2 1|z 7

1

= AB=6l = A‘1:g(B)

The given equations can be written as

1 -1 Offx 3
2 3 4|yl=|17
0 1 2|z 7

‘ which is of the form AX =

= X=AlC

2 -1 5
= |yl=]-1
1z| |4
= x=2,y=-1,z=4

C

Q02 2 4 3],
= lyl==|-4 2 -4|17|=2|-6
z

7

-3 2

4 2

—4|=|0

- which is of the form AX =B
1 -2 0
where, A=|2 -1 -1|=>At=|-2 1
0 -2 1
= X=AB
x| [-8 2 2|f10 0
= |y|=|-2 1 1| 8 |=|-5
z -4 2 3|7 -3
= x=0,y=-52z=-3
15. We have,
1 -1 0|2 2 -4
AB=|2 3 4|-4 2
0O 1 2|2 -1 5

12

24
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2
1
3
(1)
(1%)
00
6 0 (1%)
0 6
(1)
(1)
(1%)




Self Assessment

(éase Based Objective Questions

(4 marks)

1.

A company produces three products every day.
Their production on certain day is 45 tons. It is found
that the production of third product exceeds the
production of first product by 8 tons while the total
production of first and third product is twice the

Based on the above information, attempt any 4 out

of 5 subparts.

(i) Ifx,yand zrespectively denotes the quantity (in
tons) of first, second and third product produced,
then which of the following is true?

(a) x+y+z=45 (b) x+8=z
() x-2y+z=0 (d) allof these
1 1 1
(i) Thematrix A=|1 0 -2|isa/an
1 -1 1

a) asymmetric matrix
) anidentity matrix
a non-singular matrix

d) null matrix
1 1 1YY (2 2 2
(i) If{1 o -2 =% 3 0 -3|,thenthe
1 -1 1 1 -2 1
1 1 1
inverseof [1 0 -1]is
1 -2 1
111 1 45 1
3 3 3 2 2
@ |1 o =1 o (11 1
2 2 3 3 3
111 111
6 3 6 6 3 6
11 1
3 2 6
(c) 1 0 -1 (d) None of these
3 3
1 -1 1
3 2 6

(I\—/Iultiple Choice Questions

(iv) x:y:zisequalto
(@) 12:13:20 (b) 11:15:19
() 15:19:11 (d) 13:12:20

(v)  Which of the following options is not correct in a
given determinant of A, where A = [a;]3.3.

(a) order of minor is less than order of det (A).

(b) minor of an element is always equal to cofactor
of the same element.

(c) cofactor of an element a; is obtained by
multiplying the minor by (-1)™.

(d) value of adeterminant is obtained by multiplying
elements of a row or column of corresponding
co-factors.

(1 mark)

2.

(\-/SA Type Questions

The area of a triangle with vertices (-3, 0), (3, 0) and
(0, k) is 9 sq. units. The value of k will be
(@ 9 (b) 3 () -9 (d) 6

For what value of x is the matrix [2X+4 4] a
. . x+5 3

singular matrix?

(@) 2 (b) 3 © 4 d) 5

If A= 2 4,X:n andB= 8 and AX = B, then
4 3 1 11

valueofnis
(@ O (b) 2 () 4 (d) 6

The area of triangle with vertices (k, 0), (5, 1), (1, 3) is
4 square units, then value of k is
(@) 9 (b) 3or-9
(c) 3 (d) 3ori11
OR

The system of linear equations
X+y+z=7,2x+y-2z=3,3x+2y+kz=4,
has a unique solution, if
(@) k=0 (b) -1<k<1
() -2<k<2 (d) k=0
Find the value of x, for which det A vanishes, where A

x+1 -1 O
=1 2 x+4 0Of.

0 0 x

(@) 0,-2,-3 (b)
() 0,2,-3 (d)

0,-2,3
0,2,3

(1 mark)

7.

If A;is the co-factor of element g;; of the determinant
2 3 5

6 0 4, thenwrite the value of as,- As,.

1 5 -7
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3y
X

8. Let 3 2

X, y are natural numbers.
—c+id
a-ib

a+ib
c+id

9.  Evaluate:

10. IfAisamatrix of order 3 x 3, then find the value (A2)-1.

OR
There are two values of a which makes determinant,
1 -2 5
A=[2 a -1/=86, then what is the sum of these
0 4 2a
numbers?

11. If A is a matrix of order 3 x 3, then the number of 3

minors in determinant of A are

CS—A | Type Questions (2 marks)
2 00

12. If A=|2 2 0], thenfind the value of adj (adj A).
2. 22

2 -3
13. Given A :[ 4 7 :|,computeA1, if exists.

14. If A(xq, v4), B(xs, y,) and C(xs, y3) are the vertices of
an equilateral triangle whose each side is equal to a,
2

Xy vy, 4
thenthevalueof |x, y, 4| .
X3 Y3 4
OR
Find the minor and co-factor of each element of third
6 -7 8
row of the determinant A=|1 -3 1| and hence

2 1 -4
evaluate det A.

15. Find the inverse of matrix cos® sme.
—sin® cosO

CS;A Il Type Questions

16. IfA=[2 3]and Bz[l ‘2], then find (AB)-.
1 -4 1 3
-1 2 0

17. If A=[-1 1 1|, thenshowthat A-1=A2
010

18. Solve the following system of linear equations using
matrix method.
X-2y=4and-3x+5y=-7

19. Using matrices, solve the following system of
equations:x+y-z=3;2x+3y+z=10;3x-y-7z=1.

it Find the possible value of x and y if

(3 marks)

69
OR
If A:[g 2] find x and y such that A2 + x| = yA.
Hence, find A=,
C(Ease Based Questions (4 marks)

20. Each triangular face of the Pyramid of Peace in
Kazakhstan is made up of 25 smaller equilateral
triangles as shown in the figure.

Using the above information and concept of

determinants, answer the following questions.

(i) If the vertices of one of the smaller equilateral
triangle are (0, 0), (3,+/3)and (3,—+/3), then find
the area of such triangle.

(i) A(2, 4), B(2, 6) are two vertices of triangle, if
C(k, 0) is a point such that area of triangle ABC
is 3v/3 sq. units.

(I:A Type Questions (4/6 marks)
i 21. Find (AB)™%, where
| 50 4 13 3
A=[2 3 2(B'=|1 4 3
121 13 4

22. If A, B, C are angles of a triangle, then find out the
-1 cosC cosB
valueof [cosC -1 cosA|
cosB cosA -1

a b
23. Find the inverse of the matrix A= and
c 1+bc
show that aA-1 = (a2 + bc + 1) - dA. a
OR
1 sind 1
Evaluate the determinant A = |-sin® 1 sin@|.
-1 -sin6 1
Also prove that 2<A< 4.

24. Find the equation of line joining P(11, 7) and Q(5, 5)
using determinant. Also, find the value of k, if R(-1, k)
is the point such that area of APQR is 9 sq. units.
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Detailed B<{o]R8x ) [0] i

1. (i) (d) : According to given condition, we have the
following system of linear equations.

xX+y+z=45

X+8=z orx+0y-z=-8
andx+z=2yorx-2y+z=0

1 1 1
(ii) (c):Wehave A=|1 0 -2
1 -1 1
1 1 1
So, AT={1 0 -1|As AzAT
1 -2 1

So Ais not symmetric matrix.
Now, |A|=1(0-2)-1(1+2)+1(-1-0)

=-2-3-1=-6
|A]=0
Hence, it is a non-singular matrix.
1 1 1
(ifi) (c): LetA=|1 O -2|,thenwehave
1 -1 1
2 2 2
at=1l3 o _3
6
1 -2 1
Now, (A")1= (A1)
1 1 1
5 3 11/3 2 6
(A‘l)’z%Z 0 —2:% 0 %1
2 -3 1 1 1 1
3 2 6

(iv) (b): The above system of equations can be written in
matrix form as
AX =B, where,
1 1 1 X 45
A=|1 0 -1(X=|y|andB=[-8
1 -2 1 z 0

2 3 1|45
1

= X=(A'B==|2 0 -2|-8

62—31 0

66 11

:g 90 90 |=|15

90+24 114 19
Thus,x:y:z=11:15:19

(v)  (b):Minor of an element is always equal to cofactor of
the same element.

90-24

[EEN

6

2. (b) : Since, area of a triangle with vertices (x4, v4),
(X5, o) and (xg, y3) is

CBSE Champion Mathematics Class 12

X1 yp 1 3 01
A= E X2 y2 1 - A=— 3 O 1
X3 Y3 1 0 k 1

Expanding along C,,

9= L[ k(-3-3)]>9=1xbk = k=2=3
2 2 3

3. (o):Let A:[2X+4 4}

x+5 3

For a matrix to be singular, |A| =0
= (2x+4)3-4(x+5)=0 = 6x+12-4x-20=0

= 2x=8 = x=4

4. (b):Since,AX=B

& siHA] = [
4 31| |11 4n+3| |11
2n+4=8 or4n+3=11

2n=4 or 4n=8

(d) : Given, area of triangle with vertices (k, 0), (5, 1),

=
=
= n=2 orn=2
5.
(1

,3)is 4 sq.unitsi.e,
k 0 1
s 1 qlorg o 24,
21 3 1 2
= k=3o0r11
OR

(a) : The given system of equations can be written as
1 1 1||x 7
2 1 -1||y|=|3|ie, AX=B
3 2 kl||lz] |4
11 1

Now, [Al=2 1 -1

3 2 k
=1(k+2)-1(2k+3)+1(4-3)
=k+2-2k-3+1=-k
To have unique solution, |A|#0

= k#0

x+1 -1 0
6. (a):|Al=] 2 x+4 O
0 0 x
Expanding along C,, we get
x+4 O 2 0
(x+1) o X—(—l)‘0
=(x+1)[(x+4)x-0]+(2x-0)
=x(x+1)(x+4)+2x=x[(x+ 1) (x+4) + 2]
=x(x2+ 5x + 6)
Since,detA=0
= x(x2+5x+6)=0

+0

P = x(x+2)(x+3)=0
i => x=0,-2,-3
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2 -3 5
7. lLetA=l6 0 4
1 5 -7
Here,a3,=5
3+2 25
Also, cofactor of ag, = Ag, = (-1) 6 4 =-(8-30)=22

Hence, a3, - Az, =5%x22=110
y| 13 2

1 14 1

= 3x1-xxy=3x1-4x2

= 3-xy=3-8

= xy=8

Ifx=1y=8,x=2,y=4;x=4,y=2;x=8,y=1.

3
8. Given,

9. Since, all al2 =011022 —012021
dz1 0z
ib —c+id
arl = _ (a4 ib)(a - ib) - (~c +id)(c + id)
c+id a-ib

= a2 - b2 - (-2 + %)
=az+b2+c2+d2

10. If Ais amatrix of order 3 x 3, then (A2)-1=(A-1)2

OR
1 -2 5
Wehave, A=|2 a -1|=86
0 4 2a

= 1(2a%+4)-2(-4a-20)+0=86
[Expanding along first column]
2a2+4+8a+40=86
2a2+8a-42=0
a2+4a-21=0
(a+7)a-3)=0
a=-7o0r3
Requiredsum=-7+3=-4

g U Va1

11. - Ina 3 x 3 matrix, there are 9 elements, therefore,
if Ais a matrix of order 3 x 3, then the number of minors in
determinant of Aare 9.

200
12. Wehave, A=|2 2 0
2 2 2
4 0 O
adj(A)=|-4 4 O
0 -4 4
16 0 O 100
adj(adjA)=|16 16 0 |=16{1 1 O
16 16 16 111

13. We have, A:Ii2 _3]
-4 7

2 _
|A|=‘ 3‘ C14-12-240
4 7

[-. 2= -1]

| ade=|:
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So, Ais a non-singular matrix and therefore it is invertible.

adj A:[7 3]
4 2

7 3
Hence, A1 :iadj A =1
|A] 214 2

14. Let A be the area of triangle ABC. Then,

1 X yp 1 X vy 1
AZEXZ y2 1:2A= X2 y2 1
X3 yz3 1 x3 yz 1

X1 vy 1 |xq y; 4

= 8A=4x, y, 1l=x, y, 4
X3 vz 1 |x3 y3 4
2
X, yp 4
= 64A%=|x, y, 4 (i)
X3 y3 4
But, the area of an equilateral triangle with each side a is
NERY
4
A:?a2 = 16A%2=3a" (i)
From (i) and (ii), we get
2
Xy vy 4
Xo Yo, 4 =124*
X3 y3 4
OR
-7 8
Mz, = =-7+24=17
-3 1
6 8
| M32= 1 1 =6-8=-2and
6 -7
Mgy = =-18+7=-11
1 -3

AlSO,A31= (—1)3+1 M31 = (—1)4(17) = 17
Agy=(-1)32Mg, = (-1)°(-2) =2
Ass = (‘1)3+3 Mgs = (-1°6(-11)=-11

: NOW, detA= 031A31 + a32A32 + a33A33

=2x17+1x2+(-4)x(-11)=34+2+44=80

15. Let A= c?se sin®
—sin® cosO

cos® sin6

=cos20+sin20=1,v 0

|Al=

Since, |A|#0
Now, A1 = cos 0; Ay, = —(-sin ©) = sin 6,

—sin®
cos0

—sin® cos6

- A lexists

A, =-sin0; Ay, =cos O
cos® sind|’ | cos6
—sin® cosB| | sing
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_ 1|/ cos6 -—sind coso
A 1:73 J = — =
|A| 1] sin® cos® sin®

3 andB= 1 -2
-4 -1 3

—sin®
cos0

16. Given, A:[i

Now, ag-|2 3|[1 -2|_[1 5

1 -4{|-1 3 5 -14

|AB|:_1 > | _14-25--1120
5 -14

(AB)~1 exists.
1

AB)"l=—[adj(AB

(AB) IABI[aJ( )]

_-1[-14 5] 1[14 5

11| -5 -1] 115 1
17. By definition, a matrix B is an inverse of A if AB = |
=BA
Here, A2is inverse of A.

It is sufficient to prove that
A’A=1=AA%ie, A=

-1 2 0||-1 2 O
Now, A2=A-A=[-1 1 1|[-1 1 1
010|010
1-2+0 -2+2+0 0+2+0 -1 0 2
=/1-1+0 -2+1+1 0+1+0|=| O O 1
0-1+0 O0+1+0 0+1+0 -1 1 1
-1 0 2||-1 2 O
Al=A2.A=| 0 0 1]|-1 1 1
-1 1 1)1 010
1+0+0 -2+0+2 0+0+0 1 00
=10+0+0 0+0+1 O0+0+0|=(0 1 O|=I
1-1+0 -2+1+1 0+1+0 0 01
Hence, A-1= A2

18. The given system of equations can be written as

[ 2o e
o4 el mee] ]

1 -2
Now, |A|=| " ]=5-6=-120

. The given system has unique solution given by X = A-1B.
Ap=(1)"5=5A,=(-1)"2(-3)=3
Ay = (-1)%4Y-2)=2; Ay = (-1)#2(1)=1

’ 2
ade:s 3| _P°
2 1| |31

a1 adiA_ 1[5 2] [-5 -2
CJAl 13 1] |8 1
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Solution is given by, X=A"1B
[-5 -2 4] [-20+14] [-6
|3 —1|-7] | -12+7 | |-5
- X x| _ -6
y -5

x=-6,y=-5arerequired solutions.
19. The given system of equations can be written as
1 1 -1fx 3

2 3 1fy([=|10]ie., AX=B,
3 -1 7|z 1

(1 1 -1 X 3
where A=[2 3 1|, X=|y|andB=|10
| 3 -1 -7 z 1
1 1 -1
Now, |A|=2 3 1
3 -1 -7
=1(-21+1)-1(-14-3)-1(-2-9)=-20+17+11
i =8=%0
‘ A-lexists.

So, the system of equations has a unique solution which
given by X=A"1B.

TO ﬁnd A_1 :All = _20,A12 = 17, A13 = _11, A21 = 8,A22 = _4,
Ayy=4,A3=4,A5=-3,A3;=1

’

20 17 -11] [20 8 4
Now, adjA=| 8 -4 4| =| 17 -4 -3
4 -3 1| |-11 4 1
1 1 20 8 4]
A—1=Tade=g 17 -4 -3
4] -11 4 1]
1—20 8 4|3
Now,sz‘leg 17 -4 -3||10
-11 4 11
X 24] [3
= =% 8 |=|1| = x=3,y=1z=1
| 8| |1
OR

We have, A= s 1
7 5

A2_3 1|[3 1] [ 9+47 3+5] [16 8
|7 5|7 5| |21+35 7+25]| |56 32
Now, AZ + x| = yA
16 8 10 31
+Xx =y
56 32 0 1 7 5

16+x 8 | |3y vy
56 32+x| |7y 5y
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On equating like terms, we get

16 +x=3y 1)
y=8 (i)
From (i) and (ii),x=24-16=8
31

Also, |A| = ; =15-7=820 = Alexists

Now, AZ + x| = yA

= A2+8/=8A,8] = 8A-A?
Pre-multiplying both sides by A-1, we get
8A 1 =8ATA-A1A2

= B8Al=8/-A= A’lzé(SI_A)

el S A0 o)

105 -1
~8l-7 3
X yp 1
20. (i) Areaoftriang|e=§x2 y, 1.
X3 y3 1
0O 0 1
- Requiredarea:13 V31
2
3 31

[Expanding along R,]

%[1(—3& _343)]

=33 sg.units
(ii) Since, area of triangle ABCis 3v/3 sq. units, we have

2 41
1

o e 1|=+33
k 01

= %[2(6—0)—4(2—k—x)+1(2(0)y—6k]=J_r3«/§
= 12-8+4k—6k=+63

= 4-2k=163

= 2-k=133 = k=2+3\3

21. We know that (AB)"1=B-1A"1 L)
50 4

Now, |A]=|2 3 2|=5(3-4)-0(2-2)+4(4-3)=—1%0
1 2 1

Hence A1 exists.

Let A; be the cofactor of the element in the ith row and jth
column of A, then

3 2 2 2
A — _1 1+1 =_17A — _1 1+2 =O
o U M B W PR s
2 3 0 4
A — _1 1+3 =1,A — _1 2+1 =8
13=(-1) 1 2 21=(-1) 9 1
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i 5 4 50
; A — _1 2+2 =1,A — _1 2+3 =_10
2 =(-1) 11 23=(-1) 1 2
0 4 5 4
A — _1 3+1 :—12,A — _1 3+2 :_2
31=(-1) 3 9 32=(-1) 2 2
5 0
A33:(—1)3+32 5= 15
-1 0 1 ]
Now, adj A = transpose of | 8 1 -10
-12 -2 15
-1 8 -12 -
=10 1 -2
1 -10 15
1 1 1 -8 12
A‘lzmadezmadez—ade: 0 -1 2
B -1 10 -15

From (i), (AB)"1=B"1A!

1 3 31 -8 12

=1 4 3|0 -1 2

|1 3 4[-1 10 -15
[1+0-3 —8-3+30 12+6-45
=|1+0-3 -8-4+30 12+8-45
|1+0-4 -8-3+40 12+6-60
-2 19 -27

=|-2 18 -25

-3 29 -42

-1 cosC cosB
22. Let A=|cosC -1
cosB cosA -1

COSA

Applying C, — C, + (cos C)C; and C; — C; + (cos B)C,, we

get
| -1 0 0
A=|cosC —1+cos?C cosA+cosCcosB
cosB cosA+cosBcosC —1+cos’B
-1 0 0
=|cosC —sin’C cosA+cosCcosB
cosB cosA+cosBcosC —sin’B

Expanding along R4, we get
A =-1[sin2Csin?B - (cos A + cos C cos B)
(cos A+ cos B cos C)]
= -[sin2 Csin2B - cos? A - cos A cos Bcos C
- cosAcos Bcos C-cos?Bcos?(C]
=-[(1-cos2C)(1 - cos?B) - cos2A
- 2cos A cos B cos C - cos2 B cos? C]
=-[1-cos2C - cos?2B + cos?Bcos?C - cos2A
- 2cos A cos B cos C - cos? B cos? C]
=-[1-cos?C -cos?B - cos?A - 2cos A cos B cos C]
=-1+cos?A + cos? B+ cos? C+ 2cos A cos B cos C
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Now, in atriangle

c0s?A + cos?B + cos?C + 2cosAcosBcosC = 1

CBSE Champion Mathematics Class 12

=1(1 +sin20) - sin B(-sin 8 + sin B) + 1(sin%0 + 1)
=1+sin20-0+sin20+1

= A=-1+1=0 = 2+ 2sin%0 = 2(1 + sin20)
b We know that,-1<sin6<1Vv 6
a
23. Wehave, A= = 0<sin?0<1V0
1+bc = 1+0<1+sin29<1+1V0=1<1+sin29<2V 0
a = 2<2(1+sin%0)<4V 6
|A|=a(1+bc)—bc=1+bc—bc=1¢0 = 2<A<4
Al exist a Hence proved.
“Lexists
14be 14be 24. Let A (x, y) be any point on line PQ. Then, the points
41 _ 1| 4 -b a -b P,Q and A are collinear.
AISO, A :m(adj A):I = 11 7 1
< a < a So, |5 5 1]=0
Now, R.H.S.=(a2+bc+ 1) | - aA x y 1
P = 11(5-y)-7(5-x)+1(5y-5x) =0
=(a2+bc+1) [Cl) (1):|—a 14b = 55-11y-35+7x+5y-5x=0
ac = x-3y+10=0,
) o ) which is the required equation of line joining points P and Q.
:{C’ +bc+1 0 _{a ab } i Now, according to the question,
0 a’+bc+1| |ac 1+bc area of APQR = 9 sq. units.
betl _, Ju71
:[b”l “’2b —g| @ =aAl=LHS. 510 0 =9
-ac a < a 1 k 1
OR = 11(5-k)-7(6)+1(5k+5)=+18
1 sne 1 — -6k+18=+18 — k= ~18%18
We have, A=|-sind 1 sin® . ive sien. K - 18418 o
1 _sine 1 or positive sign, k = ~ -
= 1 0 Slze - ~singsin6 _STe 1 0 For negative sign, k = ~18-18 =6
—sin - - —sin -
[Expanding along R,] .. Required values of k are O and 6.

‘_w'
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QUICK RECAP

& Areal valued function f is said to be continuous at a point x = ¢, if the function is defined at x = cand lim f(x)=f(c) or
X—C

Continuity

we say fis continuous at x = ciff lim f(x)= lim f(x)=f(c)
x—c~ x—c*

& Discontinuity of a Function : A real function fis said to be discontinuous at x = ¢, if it is not continuous at x = c.
i.e., fis discontinuous if any of the following reasons arise :

(i) lim f(x)or Iim+f(x) or both does not exist. (ii) Iim_f(x);t lim f(x)

(i) lim f(x)= lim f(x)=f(c)

X—Cc~ X—C
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()

interval (a, b) ; and f is said to be continuous in
the interval [a, b] iff f is continuous in the interval
(a, b) and it is continuous at a from the right and at b
from the left.

A function f is said to be discontinuous in the interval
(a, b) if it is not continuous at atleast one point in the
given interval.

O

Algebra of Continuous Functions : If f and g be two
real valued functions, continuous at x = ¢, then

(i) f+giscontinuousatx=c.

(ii) f-giscontinuousatx=c.

(iii) f-giscontinuous at x = c.

()

(iv) (i) is continuous at x = ¢, (provided g(c) # 0).
k4

Composition of two continuous functions is

continuous i.e, if fand g are two real valued functions

and gis continuous at c and f is continuous at g(c), then

fog is continuous at c.

()

The following functions are continuous everywhere.
(i) Constantfunction

(ii) ldentity function

(iii) Polynomial function

()

< Some General Derivatives

A function f is said to be continuous in an interval
(a, b) iff f is continuous at every point in the

CBSE Champion Mathematics Class 12

(iv) Modulus function
(v) Sine and cosine functions
(vi) Exponential function

Differentiability

& Let f(x) be a real function and a be any real number.

Then, we define
(i) Right-hand derivative:

lim fla+h)—f(a)
h—0*
derivative of f(x) at x = a and is denoted by Rf ‘().

(i) Left-hand derivative:

lim f(a—h)—f(a)
h—0~ -
derivative of f(x) at x = a and is denoted by Lf’(a).

A function f(x) is said to be differentiable at x = g, if
Rf’(a) = Lf"(a).

The common value of Rf (a) and Lf “(a)is denoted
by f “(a) and is known as the derivative of f(x) at
x = a. If, however, Rf "(a) # Lf "(a) we say that f(x) is not
differentiable at x = a.

, if it exists, is called the right-hand

, if it exists, is called the left-hand

A function is said to be differentiable in (a, b), if it is
differentiable at every point of (a, b).

()

Every differentiable function is continuous but the
converse is not necessarily true.

(]

Function Derivative Function Derivative Function Derivative
X" nxn-1 sinx COS X COS X -sinx
tanx sec?x cotx - cosec? x secx sec x tan x
cosec X - cosec x cot x e ae?™ ex e
sin"1x 1 cos 1x i-xe(—l 1) tan-1x 1
——; xe(-1,1) 3’ ’ —— _:xeR
1-x2 1-x 1+x2
cot 1x 1 sec 1x 1 ;xe R-[-1,1] | cosec1x 1
- 5 X€E R |X|‘,X2—1 -———;xe R-[-11]
1+X |X|VX2 -1
X X ca> —— ;x>0anda>0
log, x ;;x >0 a a*log.a;a>0 log, x xlog,a’

Exponential Function )
& If ais any positive real number, then the function f

Logarithmic Function

o

o

defined by f(x) = a*is called the exponential function.

Let a > 1 be areal number. The logarithmic function of
x to the base a is the function
y =f(x)=logxi.e., log, x = b, if x=a".

The logarithm function, with base a = 10, is called
common logarithm and with base a = e, is called !
natural logarithm. |

properties :

« The function logx (@ > 0O, #1) has the following

(i) log,(mn)=log,m+log,n;m,n>0

(ii) log, (m)zloga m-log,n;m,n>0
n

(i) log,m"=nlog;m;m >0
(iv) Iogax:loﬂ;x>
loga

(v) log,a=1,log,1=0
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)

« Some Properties of Derivatives

1.

Sum or Difference

(uxv)=u=v

Product Rule

(uv) =u'v+uv

Quotient Rule

uY uv-uv’
(7) - 2 ’v¢0

Composite Function
(Chain Rule)

v v
(a) Lety =f(t) and t = g(x), then ﬂ:ﬂxﬂ
dx dt dx
(b) Lety = f(t), t = g(u) and u = m(x), then Z—i:%x%x%

Implicit Function

Here, we differentiate the function of type f(x, y) = 0.

Logarithmic Function

If y = u’, where u and v are the functions of x, then log y = v log u.
Differentiating w.r.t. x, we get i(u" )=u" [!@Hogud—v]
dx udx dx

Parametric Function

If x = f(t) and y = g(t), then &Y. d¥/dt _3'(0)

prraypra AU

Second Order Derivative

Lety = f(x), then 2 =f/(x)
dx

2
I f/(x) is differentiable, then i(ﬂ)#”(x) or 9 (%)
dx \ dx dx?
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———  Continuity /—

A real valued function f{x) is continuous Algebr:\ of f.ontlnuous
atx—aif It f(x)= It f(x)="f() unctions
X—sa~ x—at If fand g are two real functions
CONTINUITY AND . : . .
In an open interval (a, b), f(x) is continuous continuous at a, then /' + g,
DIFFERENTIABILITY if it is continuous at every point between f-g.f/ g(where g #0), kf(where
(a, b). ) ke R), fg ,gp are continuous
In a closed interval [a, b], f(x) is continuous atx=a.
if Note : Constant, Polynomial,
(i) f{x) is continuous in (a, b) Modulus, Logarithmic and
) It f(x)=f), It f(x)="7(b) Exponential  functions are
x—a" x—b7 everywhere continuous.

\ 4

Discontinuity at a Point
(i)  Removable discontinuity : Discontinuity atx=a It f(x) = f(a)
X—a

(i) Discontinuity of 1kind : It f(x)# It . f(x)

X—a X—a

(iii) Discontinuity of 2" kind : Neither L.H.L. nor R.H.L. exists

Differentiability

f(x)-f(c
A real valued function f{x) is differentiable at x = ¢ if It %
X—C -

exists finitely or Lf"(a) = Rf’(a)

Note : If a function is differentiable at a point then it is continuous at that point. But the converse is not always

true.
Logarithmic Differentiation
) If y = u*, where u, v are functions of x, then
Algebra of Deriut ie s oa v = Vloa — i(uv) _ [Xd—u+lo uy]
vy =u+v 9y=Vvig dx U a9
wv) =u'v+uw/ (
(E) JUVSW 0 Deriat ie of Functions
v V2 Composite Function (Chain Rule)
dy dy dt
— Let f)and t = th
ety =f{z) and 1 = g(x), N T dt N dx
... dy dy dt du
Second Order Deriat ie ) — Lety=£{1), t = g(u) and u = m(x) then —= i dt d d_
X u dx
Let y = f{x), then dy = f/(x) Implicit Function
o d.X ( — Here, we differentiate the function of type f{x, y) =0
If f'(x) is differentiable, then Parametric Function
d dy) dzy ,
f(x) or —= = f”(x dy dy/dt_g’'(t) .,
aila 1w o - x= Al andy =g, then o = g0 = L 0 %0
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= Previous Years’ CBSE Board Questions =

5.2 Continuity
MCQ

1. The function f(x) = [x], where [x] denotes the greatest
integer less than or equal to x, is continuous at
(@) x=1 () x=15 (c) x=-2 (d) x=4
(2023)
3x-8, ifx<5 i
2k, ifx>5
continuous, then the value of k is
(a) 2/7 (b)y 7/2 () 3/7 (d) 4/7 R
(Term 1,2021-22) (Ap)
3. Thefunction f(x) = [x], where [x] is the greatest integer
function that is less than or equal to x, is continuous at
(a) 4 (b) -2 () 15 d) 1 R
(Term 1, 2021-22) (U

2. Ifthe function f(x) = {

(1 mark)

The value of A so that the function f defined by
AX,ifxX<m

f(x) = { .
cosx,ifx>m

is continuous at x = mis

(2020) (Ap)

5. Determine the value of the constant ‘k’ so that the

function f(x) = | | ifx<0
3 ,ifx>0

is continuous at x = q
(Delhi2017) @

6. Determine the value of ‘k’ for which the following
function is continuous at x = 3.

(x+3)%-36 3 ~
fx)=1" x_3 ' ** (A12017)(Ap)
k , x=3
(2 marks)
7.  Find the value(s) of ‘A, if the function
sin 7\.x
f(x)= ifx#0 s continuous at x=0.  (2023) |
1,ifx=0 |

8. Find the relationship between a and b so that the

1ifx<
function fdefined by f(x):{axJr I,X 3iscontinuous
bx+3 if x>3 N
atx=3. (2021C) (Ap)
(4 marks)
9. Find the values of p and g, for which
. 3
1—S|n2 X, if x<m/2
3cos“ x
f(x)= p, ifx=m/2 iscontinuousatx=m/2.
—q(l_s'“;‘), ifx>m/2
(n—2x) (Delhi 2016) (Ap)

10. Find the value of the constant k so that the function
f, defined below, is continuous at x = 0, where

1-coséx .
f(X)={( 8x2 ) P20 (A1 2014C) (Ap)
k , ifx=0
5.3 Differentiability
MCQ

11. The function f(x) = |x| is
(@) continuous and differentiable everywhere.
(b) continuous and differentiable nowhere.

(c) continuous everywhere, but differentiable
everywhere except at x = 0.
(d) continuous everywhere, but differentiable
nowhere. (2023)
12. The derivative of x> w.r.t. x is
(a) x>-1 (b) 2x*logx
() 2x2(1+logx) (d) 2x2(1-logx) (2023)
2 =3 dy :
13. Ify?(2-x)=x3then | =X is equal to
(1,2)
(@) 2 (b) -2 () 3 (d) -3/2

(Term 1, 2021-22) (Ap)

x2 forx<1 is
2-x forx >1

(a) notdifferentiableatx=1

(b) differentiableatx=1

(c) notcontinuousatx=1

(d) neither continuous nor differentiable at x =1

(Term 1, 2021-22) (Ev)

14. The function f(x) = {

15. If sec? (H—X)za,thenj—y is equal to
X

1-
x-1 1
Xz o)
@ 7 o
Y1 @ L 202000
x+1
(1 mark)
16. If y = tan"t x + cot™! x, x € R, then dy is equal to
. (2020)@
17. If cos (xy) = k, where kis aconstant and xy #nm,ne€ Z,
then Z—y is equal to (2020)@
X
18. Differentiate sin?(+/x) with respect to x. (2020)@
19. Let f(x) = x|x|, for all x € R check its differentiability at
x=0. (2020) (Ev)
20, Ify=f(x2) and F(x) = ¥, then find j—)y(. (2020) (EV]
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21 IFf(x)=x+1, find-(fof)(x).
dx

m (2 marks)

22. 1f (X2 +y2) 2 = xy, then find ? (2023)
X

23. If f(x)= {X ,ifx2 1, then show that f is not

x,if x<1
differentiable at x = 1. (2023)
24. Check the differentiability of f(x) = |x - 3| atx = 3.

(2021C) (Ev)

25. If y=va+vatx, thenfind % (2020C) (Ap)
X

26. Differentiate tan‘l(M)

Sinx (2018) @
27. Find dy atx=1,y= I if sin?y + cosxy =K.
dx 4

(Delhi 2017) (Ev]

(4 marks)

Here, question 28(i) to (iii) is a case study based question
of 4 marks.

28. Let f(x) be areal valued function. Then its
e Left Hand Derivative (L.H.D.) :

h—0 —h
e Right Hand Derivative (R.H.D.) :
Rf'(a)= lim [@*P)=fla)
h—0 h

Also, a function f(x) is said to be differentiable at
x=aifits L.H.D.and R.H.D. at x = a exist and both are

equal.
[x-3],x>1

For the function f(x)=1x2 3x 13
224 x<«1
4 2 4

answer the following questions :
(i) WhatisR.H.D.of f(x) atx=1?
(ii) Whatis L.H.D.of f(x) atx = 1?
(i) Check if the function f(x) is differentiable at
x=1.
OR
(i) Find f’(2) and f’(-1). (2023)
29. Find the values of a and b, if the function f defined by
X% +3x+a, x<1
f(x)=
bx+2 , x>1
is differentiable at x = 1.

i y—ton- {mdﬁ] )

(Foreign 2016) @

30.

Viex? V122

then find d— (NCERT Exemplar, Delhi 2015) @
X

31, If f(x)=Vx? +1; g(x)= x+l
x2+1
f'lh"(g'(x))].

2x-3, then find

and h(x) =

». | 32. Show that the function f(x) =
(Delhi 2019) (U]

with respect to x.

CBSE Champion Mathematics Class 12

[x - 1]+ |x+ 1], for all x e R,
-landx=1.

(A1 2015) (Ey ]

33. Find whether the following function is differentiable
atx=1andx=2or not.
X, x<1

2-X, 1<x<2

—2+3x—x2,

is not differentiable at the points x =

f(x)=
(Foreign 2015) @
34. For what value of A the function defined by

Mx2 +2), . .
f(x)= (x"+2) is continuous at x = 0? Hence
4x+6, ifx>0

check the differentiability of f(x) at x = 0. R
(A12015C) (Ap)

35. If cosy = xcos(a + y), where cos a # 1, prove that

2 n
dy _cos”(a+y) (Foreign 2014) (Ev]
dx sina

36. If y=sin‘1{xV1—x—\/;\/1—x2} and O < x < 1, then
find Zl (A1 2014C) (Ay]

X>2

ifx<0

5.4 Exponential and Logarithmic

Functions
MCQ

37. Ify=log(sine¥), then % is
X

(@) cotex (b)
(c) e cotex (d)

cosec e*
e cosec e (2023)

38. Ify=tan(e?), then % is equal to
X

2x
2e (b) 1

(a)

1+e** 1+e**

2 1

er +ef2x e2x _e72x

(Term I, 2021-22) (Ev)

(c)

(1 mark)

39. Ify=

log(cose¥), then find dy (NCERT, Al 2019) @

dx

| (4 marks)

(2020) (Ev)

41. Iflog(x2+y2):2tan* ( ) show that =~ dy x+y
X dx  x— y

(Delhi 2019) (v

40. Ify=e"2c°”+(cosx)x, then find Z—y
X

XC0571 X

V1-x2

-1
‘;L)y( (;"57);;2 (Delhi 2015C) (Ap)
X

42, If y= —logV1-x2, then prove that

[ 43, Ifex+e¥=e"Y, prove that —— dy +e¥7%*=0
(A12015)(Ap) |

(Foreign 2014) (Ey
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44, If y=tan~ ( )+Iog1/ , prove that
X +a

dy _ 2a°
dX—x4—a4.

(A1 2014C) (Ap]

5.5 Logarithmic Differentiation
(3 marks)

45. Ife'~*=y* prove that —= dy M. (2021C)@
dx xlogy

(4 marks)

46. Ify=x®(cos x)* + sin"LV/x, find Z—y. (2020) (Ev)
X

47. |fy=(|ogx)x+x'°gx, then find Z—y (NCERT, 2020) (ip)
X

48. Find d—, i X7y = XX (2019C) (Ap)

X

49. Ifx —y* =ab,ﬁnd3—y. (Delhi 2019) (Ev]
X

50. Ify=(x)+ (cosx)™ then find %
X

51. Differentiate the function (sin x)* + sin"tv/x with

respect to x. (Delhi 2017) @
OR

If y=(sinx)*+sin /X, thenflnd (Delh:2015C)@

52. Ifx¥+y*=a’ then ﬁnd = (Al 2017)@

53. Differentiate xs"* + (sin x)<°s* with respect to x.

(A12016) (Ap)

54. If x™y" = (x + y)™" prove that 3—y=1.
X

X

(Foreign 2014) @ :

X

55. If (x—y)~eﬁ=a, prove that y%+x=2y.
X

(Delhi 2014C) (Ev)

56. If (tan"x)" +y< = 1, then find % (A1 2014C) (V]
X

5.6 Derivatives of Functions in
Parametric Forms

(1 mark)
57. Ifx=etsint,y=etcost,then the value of Z—)): at

t= is . (2020C) (v
m (2 marks)

58. Ifx=asecH,y=btan6,thenfind yat e_—

(2020) (&)

59. Find the differential of sin? x w.r.t. e«°s*,

(NCERT, 2020) (Ap)

(A12019)

81
XM (3 marks)
| 60. Differentiate sec‘l( 1 )W.r.t.
V1-x2
sin”t (2X\/1—X2 ) . (2023)
(4 marks)
i 2 J1_.2
61. Differentiate tan‘ll%] with respecI
to cos X2 VI+x7+V1-x (A12019)@
62. Ifx= a(26 sin 20) and y = a(1 - cos20), ﬁnd
when == (2018)@

63. If x=asin 2t(1 + cos 2t) and y = b cos 2t(1 - cos 2t),

find the values of d—yat t=E and t=§'
X

(Delhi 2016, Al 2016) (Ap)

OR
If x=asin 2t (1 + cos 2t) and y = b cos 2t(1 - cos 2t),
show that at t_— (ﬂ) 2
4’\dx/) a

(NCERT Exemplar, Al 2014) (v
64. Differentiate

J1+x% -1
tan™? (LJ w.r.t. sin™t

X

1 5 ifxe(-1,1)
+X

(Foreign 2016, Delhi 2014) (Ev)
65. Ifx =ael(sint+cost)andy=ael(sint - cost),

dy x+y ~
that —~ Al 2015C,
prove that - =~ — " (. ) (Ap)
. . -1 1—X2 .
66. Differentiate tan™"| ———— | with respect to

X
o051 (2x1-x2), when x #0.

67. Differentiate tan‘l(

sin"1(2xV1-x2).

(Delhi 2014) (Ev |

) with respect to

X
V1-x2

(Delhi 2014) (Ev

68, Findthevalueof ¥ ate=", if
1 dx 4

x = ae(sin 8 - cosh) and y = ae’(sind + cosh).

(A1 2014) (Ap)
69. Ifx=cost(3 -2 cos?t) and y =sint (3 - 2 sin?t),
find the value of % at tz% (A12014) @
X

5.7 Second Order Derivative
MCQ

2
70. Ifx=Acos 4t + Bsin 4t, then % isequal to
(@) x (b) -x () 16x (d) -16x

(2023)
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d2y
71. Ify=e* then — isequal to
dx
(@ -y (b) y © x (d -x
(Term 1, 2021-22) (1)

dzy
72. Ifx=t2+1,y=2at, then — att=ais
dx

@ -2 ) ——— (@ — (@ 0
2a 2a
(Term I, 2021-22) (Ev)
73. Ify=sin(2sin"x), then (1 - x?) y, is equal to
(@) -xy +4y (b) -xy,-4y
(c) xy,-4y (d) xy,+4y

Q

(Term I, 2021-22) (Ap)

X2 d2y
74, Ify= Ioge( ) then — equals
e? dx?

1 1 2 2
_= b) —— el d £
L LA L
(2020) (Ev)
Y (2 marks)
2
75. Ifx=at? y = 2at, then find Z—Z. (2020) (EV]
X
2 | g
76. Ifx=acos0;y=bsin0,then find Z—Z (2020) (Ap)
X
m (3 marks)
77. Ify=tanx + secx, then prove that
2
d_y_ COSX (2023)

dx? (1—sinx)2'
78. Ifx=acos0+bsind,y=asind - b coso, then

show that ?:—5 and hence show that
X y

d’y d ~
207y y
— —x—+y=0. 2021C
Ly (2021) 33
VY (4 marks)

_ 30 v — 3 d’y T
79. Ifx=asec’0,y=atan’0,thenfind — at 6=—.

dx? 4

(2020, Delhi 2015C) (Ev)

80. Ify=acos (logx)+ bsin (logx), show that

2
2d%  dy
x“—+x—+y=0.
2

(2019C) (Ap)
dx

81,
82.

83.

84.

85.

86.

87.

| 88.
89.
90.
;91
92.

93.
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Ify = (sin"1x)2, prove that

d2y dy . ~
1-x? ZL_2-0. Delhi 2019,
(1-x )dx2 I (Delhi ) (Ap)

If x = sint, y = sinpt, prove that
2

(1-x2)2’—§-xd—y+p2y=o. (A1 2019, Foreign 2016) (Ap)
X

dx
If y = sin(sinx), prove that
2 |
d—y+tanx +ycos2x=0. (2018)(Ap|
dx? d2y
If x™y"=(x+y)™*" prove that d—2=0.
" (Delhi 2017) (i)
2 2
If e¥(x + 1) = 1, then show that d_é’=(‘;_y) )
o A1 2017) (Ap)
2
If y = x*, prove that d_y__(d_y) Y_o.
dx? dx X

(Delhi 2016, 2014) (Ay)
If y = 2cos(logx) + 3sin(logx), prove that
d’y d
2047y Y, ., _
X dx—2+Xa+y—O
Ifx=acos0+bsinb,y=asin0 - b cosO, show that
2
2d%y _ dy
dx?  dx

(A1 2016) (Ay)

+y=0  (Delhi 2015, Foreign 2014) (Ap)

msin~ X

Ify=e —-1<x<1, then show that

(A1 2015) (Ap)

Ify = (x+v1+x2)", then show that

(1+x )dy xdy=n2y.
dx?  dx

If y = Ae™ + Be™, show that

(Foreign 2015) Ay

A J—_—, (A1 2015C, 2014) (Ap)

dx? dx

Ifx=a(cost+tsint)andy=a(sint -t cost), then find
2

the value of &Y at ¢=~. (Delhi 2014C) (EV]
dx? 4

If x=a(cost+logtan%), y=asint, evaluate

2
d—att—E

o ratt=3 (Delhi 2014C) (Ev)
X

= CBSE Sample Questions =

9.2 Continuity

MCQ

1. Thevalue of ‘k’ for which the function

1-cos4x .
f(x)z{T’ it x#0 is continuous at x = 0 is
k, if x=0
(@) O (b) -1 () 1 d) 2

(2022-23) (Ap)



Continuity and Differentiability

2. The value of k(k < O) for which the function f defined |

1-coskx
—_— x#0
as f(x)= xsinx is continuous atx =0 s
= , x=0
2 1 1
(a) =1 (b) -1 () == d =

2 2
(Term 1, 2021-22) (Ap)

3. The point(s), at which the function f given by

X
—,x<0 . . .
f(x)=4]x| is continuous, is/are
-1,x>0
(@) xeR (b) x=0
() xe R-{0} (d x=-1and1 R
(Term |, 2021-22)@ :
(2 marks)

4. Find the value(s) of k so that the following function is
continuous at x=0.

1-coskx .
- if x=0
flx)=4 JSIX (2020-21) (A
= ifx=0 1
2
5.3 Differentiability
m (2 marks)
5. If yN1-x% +x4/1-y? =1, then prove that
dy 1—y2
L= . 2022-23
i e ( ) (EV)
m (3 marks)

6. Prove that the greatest integer function defined by
f(x) =[x], 0 < x < 2iis not differentiable at x = 1.

(2020-21) (Ap)
5.4 Exponential and Logarithmic |
Functions
MCQ
7. Ifex+ey=e“y,then%is
(a) er—x (b) ertx () -erx (d) 2e-v

(Term 1, 2021-22) (Ev)

Detailed g{o]88ap(e],\ V|

-\ N
Previous Years’ CBSE Board Questions

1. (b):Letx=1.5
. LHL= Lt f(x)= Lt [1.5-h]=1

x—1.5" h—0

and RH.L= Lt f(x)= Lt [15+h]=1
x—1.5" h—0
LHL=RH.L.
f(x) is continuous at x = 1.5

83
; a dy .
i 8. Ify=log(cos &), then 0 is
s X
(@) cosect (b) e™*cose*
(c) e sine (d) -e<taner

(Term I, 2021-22) (Ev)
5.5 Logarithmic Differentiation
m (2 marks)

9. Ify:e’“inz" +(sinx)X,findd—y.
dx

(2020-21) (Ap)

5.6 Derivatives of Functions in
Parametric Forms

MCQ
10. Thederivative of

sin*1(2x\ll—x2) w.rt. sin”t x,%<x<1, is

(Term 1, 2021-22) (Ev)
5.7 Second Order Derivative
MCQ

2
11. If y=5cosx - 3sinx, then Z—Z isequal to
X
(@ -y (b) y () 25 (d) 9y

(Term I, 2021-22)

2
12. If x=asecO,y = btan0, then d—;/ atezg is

dx
—33b —2\/3b —33b —b
(a) >— (b) (c) (d) 5
a a a 3v3a N
(Term 1, 2021-22) (Ap)
m (83 marks)

13. Ifx=asecH,y=btano, find dz—yate—z
- 7y b dx2 - 6'

(2020-21) (Ap)

i Also, greatest integer function is discontinuous at all
\ integral values of x.

2. (b):Since f(x) is continuous at x = 5,
= lim f(x)= lim f(x)=f(5)

X—5~ x—5% 7
= 3(5)-8=2k=7=2k = k=§

3.  (c):Since, greatest integer functioni.e., [x] is
continuous at all points except at integers.
f(x) is continuous at 1.5.
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4. - f(x)is continuous atx =7
flm) = lim f(x)= Iim+f(x) W)=
Here, f(n) = An i)
And I|m f(x)—Ilmf(n+h)
= limcos(n+h)=-1 (i)
h—0

From (i), (ii) and (iii), we get

A= -1:>x-—1

[ Concept Appiied (G/]

2 A real function f is said to be continuous if it is
continuous at every point in the domain of f.

kx x<0
5. Wehave, f(x) ={Ix’

3 ,x20
LHL = fim ()= lim =k

x—0~ x—0 —X
RH.L.= lim f(x)=1lim 3=3
x—0" x—0

Since, f(x) is continuous at x = 0.
. LH.L.=RH.L.=f(0)
= -k=3=k=-3

6. Given, f(x) is continuous at x = 3.

2_
So, lim f(x)=f(3) = lim X3 =36_;
x—3 x—3 x-3
2 42
= lim (x+3)° -6 Kk = lim (x+3+6)(x+3—6)=k
X—3  X— x—3 x-3
= 3+3+6=k= k=12
sin? Ax
——F, xz0, .
7. Wehave, f(x)={ 42 is continuous
atxzo 1 y X=O
LH.L =R.H.L.
.2 .2
Dol Mg L ST G2
x—0 x2 x—0 }\,2 2
= A2 Lt (M) =1 =A-1=1= AM2=1= A=%1
w0\ Ax

ax+1 ifx<3
bx+3ifx>3
Since, f(x) is continuos atx =3
lim f(x)= lim f(x) = Ilmax+1—I|mbx+3

8. Wehave, f(x):{

x—3~ x—3" -3 x—3
= 3a+1=3b+3 = 3a—3b—2 = a-b=2/3
9. - f(x)is continuous at /2.
lim f(x)= lim f(x)=f(n/2) (1)
X—n/2” x—m/2"
Now, lim f(x)—llmf(——h)
X—7/2”
. 3T
. 1-sin (7_h) 1-cos®h
=lim =lim

h—0 3co52(g_h) h—0 3sin?h

11. (0): f(x):|x|={

~ RF(0)= lim

CBSE Champion Mathematics Class 12

(1—cosh)(1+c052h+cosh)
3(1-cosh)(1+cosh)

(1+cos®h+cosh) 1+1+1 21
3(1+cosh) 3(1+1) 2

lim f(x)= lim f(Lh)
x—m/2t h—0 \2

ool

h—0

=lim
h—0

and

:PllimO 2 h OQ(1 :;)Sh)

— —

[n—2(5+h):| 4

2

g 2$in22 q 2 g

=2xli IxZ=2 and f(r/2

M TyxgTg And flm/2)=p
—X
4

%:%w [From (1)]

1

Commonly Made Mistake 0

2 Remember the difference between left hand limit and
right hand limit.

10. - f(x) is continuous at x = 0.

f(0) =k
and fim f(x)= lim 2=054X
x—0 x—0 8X2
. 2-sin?2x . (sin2x ¥
=lim =lim =1
x>0  8x2 x—0\ 2x

fis continuous atx=0
f(0)=limf(x)=k=1
x—0

x, x>0 Y
-Xx, x<0

The function f(x) is continuous
everywhere but not differentiable lo X
-1

atx=0asatx=0

Lf’(0)= lim

x—0"

—lim X201
x—0 X

f(x)-f(0)
x—0t  X—
Lf(0) # Rf'(0), so f(x) is not differentiable at x = 0.
12. (c):Lety=x*
Taking log on both sides, we get

logy=2xlogx
Differentiating both sides w.r.t. x, we get

1dy 2{x -—+logx- 1}
y dx X

= Z—y =2y{1+logx}=2x%*(1+logx)
X

13. (a):Given,y2(2 -x)=x3
(2-x)x3x2-x3(-1)

2 < = 2 ﬂ=
(2-x)?

To-x y.dx




Continuity and Differentiability

2_09,38 _
dx  2y(2-x) dx Jin,1) 2x1

14. (a):Atx=1 lim f(x)=lim x? =1

x— 1" x—1

And lim f(x)= I|m 2 x=1

x— 1t

Also,f(1)=2-1=1 -+ lim fOO= lim fOO=f(x)
x—1" x—1*t
f(x) is continuous at x = 1
B 2
OO _ X 11_ lim (x+1)=2

x—1 X—
RH.D.= lim XV @01
x—1t  x—1 x-1 x-1

L.H.D.#R.H.D. .. f(x) is not differentiable at x = 1.

Commonly Made Mistake @

2 Every continuous function is not differentiable.

Now, LH.D.= lim

x—1"  X—

15. (c):Given, sec™! (H—X)za = seca=1+—x
1-y 1-y
On differentiating, we get

dy
(1-y)+(1+x)—"- _
— _dx_g o (1+x)d—y=y—1 o dy_y-1
(1-y)? dx dx  1+x
16. We have,y =tan ! x + cot1x
N dy 1 1 ﬂ:
dx x2+1 x2+1 dx
17. We have, cos(xy) = k
= —sm(xy)(y+xd ) 0= y+xdy 0 [ xy#nm]
dx dx
o dy_y
dx X
18. Lety= sin?(¥x)
dy . 1 1 .
—:25|n(x/;)-cos(x/;)‘—:—sm(Z\/;)
dx 2x 2Jx
2 sin2x = 2sin x cos x
19. To check the differentiability of f(x) = x|x| at x = 0.

Consider, lim w

h—0 h
= fim F=FO)_ i BIRIZ0_ i
h—0 h h—0 h h—)O
Hence, f*(0) exists, so f(x) = x|x| is differentiable at x = O.
J
L Answer Tips (7
3 f/(X) — ||m f(X+h)_f(X)
h—0 h
— f(y2 dV_ o2
20. Wehave,y=f(x?) = &_f (x7)-2x
—e*2x [ F(x)=e"]

= 2x e

21. Given,f(x) =
- Now, (fof)(x) =

23. We have, f(x):{

85

x+1

(f(X)) flx+1)=
d
&(fof)(x)za(x+2)=1

x+1)+1=x+2

22. We have, (x2+y?)2=xy
= x*+yr+2x%2=xy
On differentiating both sides w.r.t. x, we get
2 dy _ dy
d dx
dy
= d—(4y +4x%y —x)=y —4x3 —4xy?
X
A3 42
N ﬂ:%
dx  4y° +4x%y—x

4x3+4y Z +4xy +4x°y y

X2, if x>1

X, ifx<1

(x=1)(x+1)
x-1

X2
=1t X -1

_ f(x)-f(1)
RHD. = Lt 1 X1

xo1t x-1
= Lt (x+1)=2
x—1
LHD, = 1t [0y x=1
x—1~ x-1 x—1x-1

L.H.D.#R.H.D.
f(x) is not differentiable at x =1

24. We have, f(x) = |x - 3|

Xx-3, x=>3
f(x)_{—x+3, x<3

Atx=3
f'(3%)=

x—>1

=1

f(3+h) f(3) —lim
haO h h—0
fB=h)-f(3) _,. —3+h+3-(0) _ 0,
h h—0 —h h—0

f(x) is not differentiable at x = 3.

3+h-3-(3-3) _ 1121
h h—0
f'(3 )—Il
-0
f’(3+)¢f’(3 ) .

25. We have, y=Vva+va+x

dyl 1 11 1 1

dx a(a+x)+a+x

dx  2g+a+x 2WHX 4

26. Let, y=tan™t (m)
SIinx

X
2cos?~

X X
2sin—cos—
2 2

X
cos—
= ﬂ:i an™? 2|5 dy _ itan
dx dx . X
sin—
= —=—rtan"

(o)
dx dx [tan(g %)] -

dy _ d(E_i) 1
dx dx\2 2 2
27. We have, sin?y + cos xy = K

Differentiating w.r.t. x on both sides, we get

dy d

2sinycosy d—y+(—sin xy)(xd—y+y)=0
dx dx

(- Productrule: (uv) =u'v+uv)
dy _ ysinxy
dx sin2y—xsinxy
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Ix=3,

x? 3x 13
7_7_’_71
4 2 4

1<x<3
x=>3

28. Given f(x)=

—(x=3),
f(x)= x=3,
x? 3x 13
—_———t—, x<1
4 2 4
(i) RHD.atx=1
h—0 h h—0
(-h+2-2) .. -h

=lim —=-1
h—0 h

—(1+h-3)-[-(1-3)]
h

=lim
h—0 h

(i) LHD.atx=1

h—0

-h

B 2
[(1—h> _§(1_h)+L] [1-2.59)
— lim 4 2 4 2 4

h—olL -h
[1+h2-2n 3 ,3h 13 1 3 13]

_lim 4 2" 244" g
h—0L —h

h? _h_ 3h ,
—lim|4—2_2 |_|im [h—+i]:o-1=-1
hsol—4h  —h

h—0L -h
(iii) (a) We know, that function f(x) is differentiable at
x=1ifLH.D.=R.H.D.=f(1)
= -1=-1=-1
Hence, the given function f(x) is differentiable at x = 1.

OR
(b) Differentiate f(x) w.r.t. x, we get
-1, 1<x<3
f'(x)=] 1, x=3
i—ﬁ, x<1
2 2
-1 3 4
(2)=—1and f/(-1)=—-S="=_2
f"(2) and f’(-1) 7 "3-2

29. Giventhatf(x)is differentiable at x = 1. Therefore, f(x) |

iscontinuousatx=1
= lim f(x)= lim f(x)=f(1)

x—1" x—1t
= Iim(x2+3x+a)= lim (bx+2)
x—1 x—1
= 1+3+a=b+2=a-b+2=0 ..(1)

Again, f(x) is differentiable at x = 1. So,
(LHD.atx=1)=(R.H.D.atx=1)

= i fOO=F@) L FO0-F(2)

x—=1"  X— x-1

x—1t
(x%2 +3x+a)—(4+a)
x-1
bx—-2-a
=lim
x-1

(bx+2)—(4+a)
x-1

=lim

x—1

= lim
x—1

x—1

T 6 TC 0 T
=tan™!|tan[ -+ = y=—
| =tan ( n(4 2)) 2727V,

CBSE Champion Mathematics Class 12

o i XA bxeb [From (1)]
: x—1 x-1 x—1 x-1
= I|m (x+4)=lim ——— b(x-1) = 5=b
—1 x—1 X—
Puttlng b=5in(1),wegeta=3.Hence,a=3andb=5

2 Ifafunctionfis differentiable at a point ¢, then it is also
continuous at that point.

30. We have,

[Jl—JT] 3

Putting x?=cos® = 0 =cos™!(x?) we get

: y—tan_l (\/1+cose+\/1—coseJ

V1+cos@—-+1-cosd

6 .0 0

COS—+sin— 1+tan—

:tan_1 :tan_1 g
cos——sin— 1-tan—

2 2 2

+1cos—1(x2)
2

Differentiating w.r.t. x on both sides, we get

ﬂ_ 1x2x  -x
dx  2J1-x4 J1-x*
1
31. Heref(x)=vx2+1=(x2+1)2
1
& P)=t 21 2 2x X (1)
2 x2+1
x+1
d
and g(x)= x2+1
(x2+1)1—(x+1)-2x —x2-2x+1
’ = = ...2
= S (x211)2 @
: andh(x)=2x-3 = h'(x)=2 .(3)
| A —x2-2x+1 :
fTh'(g’(x)]=f l:h (()(2_'_1)2):| [Using (2)]
=f'(2) [Using (3)]
S [Using (1)]
J2241 5
W Concept Anpicd (@]
dy dy dt du
- = = =
Lety =f(t), t = g(u) and u = m(x), then — o dt du ™
32. Thegiven functionisf(x) = |x - 1] + |x + 1]
—(x=1)—(x+1), x<-1 -2x, x<-1
=q—(x=1)+x+1,-1<x<1 =42, -1<x<1
x-1+x+1 ,x>1 2X, x>1
Atx=1,
f/(17)= lim fA-h)-f(1) lim 2=2 20
h—0 -h h—0 —h
F(1%)= lim FAFN=FA) o 204h)-2_ 2k,
h—0 h h—0 h h—0 h

f (1) #f"(17)
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= fisnotdifferentiable at x = 1.
Atx=-1,
fr(_l—): Ilm f(_l_h)_f(_l)

h—0 —h

_ lim -2(-1-h)-(2) _lim 2h _
h—0 -h h—>0—h
f(=11)= lim w: lim E:O
h—0 h h—0 h
fr(-17)=f" (-1%)
= fisnotdifferentiableatx=-1.

33. Atx=1
F17)= tim T X1y

x—1- x-1 x—1x-1
Frat)= tim [P 22X Aox

x1t  X— x—1 x-1 -1 x-1
Since, f/(17) #f’(1%)

f(x) is not differentiable at x = 1.

Atx=2
F(2)= lim =F@)_p, 2=x0_ 4

X2~ X—2 x=2 X—=2
fr(2+)= ||m f(X)—f(Z)

x—2t  X—

2
—lim -2+3x—x-0 lim (1—x)(x—2)=_1
X—2 xX-2 X—2 xX-=2

Since, f’(27) =f’(2%)
f(x) is differentiable at x = 2.
Mx2+2), ifx<0
4x+6, ifx>0
Atx=0,f(0) =102 +2)=2A
LH.L.= lim f(x)=limf(O—h) = lim A[(0—h)? +2]=2A
h—0 h—0

x—0"

RH.L.= lim f(x):}l}ing)f(0+h) :rllin?)[4(0+h)+6]:6

x—=0*

34. Here f(x):{

- Forftobecontinuousatx=0

2A=6=L1=3.

Hence the function becomes
3(x?+2), ifx<0

f(x)=

4x+6 ifx>0
2
£(07 )= lim {O=M=FO) _,  Sth"+2)=6_ o apyo
h—0 0-h h—0 —h h—0
andf’(07)=lim f(O+h)-f(0)_ lim 4h+6_6:4
h—»0  O+h h—»0 h

= f’(07)#f’(0") .. fis notdifferentiable atx=0.
35. We have cosy = xcos(a + y)

_ cosy

" cos(a+y)
Differentiating w.r.t. y on both sides, we get

cos(a+ )(icos )—cos (icos(a+ ))
dx_ YN gy <O ay y

dy cos

Z(a+y)

dx _ cos(a+y)(-siny)+cosysin(a+y)

dy cos?(a+y)

dfx_ cosysin(a+y)—cos(a+y)siny

dy cos?(a+y)

sin[(a+y) y] sina ﬂ_cosz(a+y)

cos?(a+y) cos?(aty)  dx sina

Concept Applled 6

. uY uv-uv’
2 Quotientrule: (—) =
v

V2

36. We have, y =sin ! (xvT—x —vx1-x2)
= y:sin_l(x\/l—(\/;)2—«/;\/1—x2)

= y:sin_1 x—sin t/x
Differentiating w.r.t. x, we get

1 d

4 (%) I

2 “ix ( Xsm X)= 1_)(2)
1 1 1

\/1—x mz\& V1-x2 \/x—x2

37. (c):y =log(sine)
Differentiating w.r.t. x, we get

ﬂ 1 Ai(sinex)z 1 cosex-iexz 1 cose® .e*
dx sine* dx sine* dx sine*
= eX coter
38. (a):Given,y = tan-1(e?)
2x
- dy__ 1 x 2e2X = 2e
dx  1+e* 1+e**
N
[Answer Tips (7]
=) i(e"):e"
dx

39. Giveny = log(cose)
On differentiating w.r.t. x, we get

dy _

o X(—sine"-e")z—e" tane*
X cose

40. We have,y = elcosx (cos x)*

= ex2 COSX 4 ex(ln cos x)
dl _ ex2 cosx i

2 xIncosxi

(x“cosx)+e (xIncosx)
dx dx dx
2
= X (2xcosx—x2sinx)
X .
+eXIncosx (Incosx— smx)
SX
2
= X X (2xcosx—x? sinx)+(cosx)* (Incosx—xtanx)

41. Given, Iog(x2 +y2 ):2tan*1 (X)
X

On differentiating w.r.t. x on both sides, we get

21 (2x+2 dy) X 1 d(y)
X% +y? dx 1. de

2

2
. 2x N 2y dy: 2x (1dy+y(71))

x2+y? xXPay?dx x24y2\xdx X2

dy[ 2y  2x }_ [-y 1]

dx| x%2+y? x%+y?

x% +y? Lx
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2(y—x)dy _ —2x? y+X
= X24y2 dx x21y2\ X2 =

2 To differentiate an implicit function, consider y as a
function of x then apply derivative rules.
XCos™

Iog\/1 x?
V1-x?

Differentiating w.r.t. x, we get

V1-x2 ~i(xcos_1 x)—xcos 1 x-i 1-x2
dy dx dx

dy _x+y
dx x-y

42. Here y=———

dx 1-x2

2 -1

i _ X“cos “x
1-x%cos Tx—x+2 =227~
V1-x2 X

- 1-x2 +1—x2
B (1-x2)cos T x+x2cos 1 x B cos 1x
(1-x2)1-x2 (1-x2)%2

[Concept Appiied (€]

2 Product rule of derivative : (u

’

v) =u'v+uv

43. Givene¥+e'=eV = 1+er*=¢¥ (1)
Differentiating (1) w.r.t. x, we get

x d dy
Y=X 7 (v—_x)=p¥ 2L
€ dx(y x)=e dx

= e (%—1): eyj—y = Z—y(e”_x -e’)=e"™
X X X

44, Here,y:tan*1(3)+log -
X

=tan~? (g)+llog(g)
x/) 2 X+a

=tan~! (g)+%[log(x—a)—log(x+a)]

Differentiating w.r.t. x, we get

ﬂ: 1 .i(ﬂ).yl[i_i] ( i(tan_lx)= 1 2)
dx 1 a® dx\x/) 2lx-a x+a dx 1+x
94

X
2 — —
= 2X 2'0'(_%}1[()”02) (Xz a)]
X°+a x*) 2L x*-a
_ -a a _—a(x2—az)+a(X2+02)_ 24°
-2 2+ 2 2 4 4 4 4

X —a X —a

o ,(y xlogy)= dV(M) o Ay
: X

CBSE Champion Mathematics Class 12

= Iog(g)zloga—logb

45. We have, e’ * = y*
Taking log on both sides

(y - x)loge =xlogy = y-x=xlogy (i)
On differentiating, we get
dy 1dy dy xdy
—-1=x-——+lo XY 1410
dx y dx &y = dx ydx &y
= dy(l—i) l+logy = dl:7y(1+logy)
dx y dx y—X
N dfyziy(lﬂogy) [From (i)]
dx xlogy
- 46. We havey = x3(cos x)* + sin"* vVx (i)
Let z = (cos x)* = exlogcosx
Ezexlogcosx[X(—Slnx)+|ogcosx]
dx CosXx
= (cos x)* x [-x tan x + log cos x] (i)

Now, differentiating (i) w.r.t. x, we get

? = 3x2(cos x)* + x3(cos x)*[-x tan x + log cos x]

X 1 1 . .
+ - (F) [Using (ii)]
Ji-x X
1 1
= x2(cos x)*[3 - x2tan x + x log cos x] + —( )
2Vx \W1-x
47. Lety = (logx)*+ xlosx -, y=e’<'°<°4('°‘°>”‘)+e('°g")2

Differentiating w.r.t. x, we get
dy
dx

=(logx)* {x(i)lﬂog(logx)} +xlo8x (2(Iogx)1)
logx /x X

=(logx)* {i+log(logx)}+2(I ) logx
logx

=(logx)* —{xlog(logx)}+x'°g"(;ix{(logx)z}

i 48. Given, x-y* = x*

Taking log on both sides, we get
ylogx + x logy = xlogx

1 dy xdy 1
= y-—+|ogx—+——+|ogy=x-—+|ogx
dx ydx X

= dy( +Iogx) 1+Iogx—X—Iogy :1—X+Iog£
dx X X y
d 1—X+Iog5

Lo D x Ty
dx

X
“+logx
y

49. We have, x¥ - y*=qaP
Taking log on both sides, we get

ylogx - xlogy = bloga ()]
Now, differentiating (i) w.r.t. x on both sides, we get

X+(Iogx)d—y—logy—x—1ﬂ 0
X dx y dx

= (Z—Iogy): d—y(i—logx)
X dx\y

(y—xlogy)

y dx x(x-ylogx)
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50. Giveny = (x)« + (cosx)s™
Letu= ( )COSX V= (COSX)SmX Ly=u+v
dy _ du dv

dy _du dv NoR

dx dx dx
Now, u = xesx
= logu = cosx logx
Differentiating with respect to x, we get

1du 1
~——=cosx-—+logx(-sinx)
u dx X

- du — xCOsX I:E
dx X

Now, v = (cosx)sin

= logv = sinx logcosx

Differentiating with respect to x, we get

(i)

—sinxlogx]

(—sinx)+logcosx-cosx
cosX

= ﬂ: (cosx)s""‘[
dx

... (iii)

—sin? x+cos? xlogcosx
COSX

Putting value of (ii) and (iii) into (i), we get

dy  cosx [cosx
Y _y cosx
X

—sinxlogx
dx & ]

22 2
inx | =sin“ x+cos“ xlogcosx | |
+(C0$X)Smx |: g :| |

COsX

51. Lety= (sinx)+sin"1v/x

= y=u+v [Whereu=(sinx)Xandv=sin’1x/;]
= ﬂzd—u+d—v (i)
dx dx dx

Now, u = (sin x)*

Taking logarithm on both sides, we get log u = x log sin x
1du 1

= ——=x——(cosx)+logsinx
udx  sinx

= j— = (sin x)* (x cot x + log sin x) i)
X

and v =sin"1v/x
‘i"—( ! ).—1 (i)
dx \V1-x/ 2Jx -

From (i), (ii) and (iii), we get

v (sin x)* (x cot x + log sin x) + L(L)

2Jx \W1-x
$»
[Answer Tips (7]

=) %(sin_1 (x)) = !

V1-x2

52. Wehave,x’+y*=aP
Taking log on both sides, we get

ylogx+xlogy=bloga ()]
Now, differentiating (i) w.r.t. x on both sides, we get
—+Iogx(d )+Iogy+x 1 ﬂ:o ( i(|ng)=1)
X dx y dx dx X

dy N dy
dx dx
53. We have,y = x5+ (sin x)cos*
Let u=xsinx v = (sin x) cos*

_;y(y+x|ogy)

= X+Iogy: ( +Iogx)
X y x+ylogx

L= ﬂ:(sinx)wsx [
dx

89

y=u+v
o dy_du dv )
dx dx dx
Now, u = xs"* = logu = sinx-(logx)
Differentiating w.r.t. x, we get

1 du 1
~—.—~=cosx-(logx)+—=-sinx
u dx X

= @zxs""‘[cosx~(|ogx)+lsinx] (i)
dx X

Also, v = (sin x)©°* = log v = cos x (log sin x)

Differentiating w.r.t. x, we get

1dv

. . 1
~—=-sinx(logsinx)+cosx-——-cosx
v dx sinx

(i)

cos? x—sin? x(log sinx)]

sinx
From (i), (i) & (iii), we get
ﬂ:xs"‘x [xcosx-(logx)+sinx]+
dx X

(sinx)c5* l:cos2 X —sin? x(Iogsinx)]
sinx

For function y(f(x))g(x), we must take ‘log’ on both
sides of the function to remove g(x) as the power of

f(x).

54. Givenxmy" = (x +y)m*n

Taking log on both the sides, we get
logx™+ log y" = (m + n)log (x + y)

= mlogx+nlogy=(m+n)log(x+y)
Differentiating w.r.t. x, we get

m-1+n-1-d—y=(m+n)-i(1+d—y)

X y dx X+y dx

| dy(n m+n) m+n m

G =S —] = —_—
dx\y x+y ) x+y x

. dl(nx+ny—my—ny)_mx+nx—mx—my
dx y(x+y) x(x+y)

o dl(nx—my)_nx—my . ody_y
dx\y(x+y) ) x(x+y) dx x

X

| 55. Here, (x—y)-eﬁ:a

Taking log on both sides, we get

X

Iog{(x—y)-e“’ }zloga = Iog(x—y)+L=Ioga
X=y
Differentiating w.r.t. x, we get

(x—y)1-x 1—ﬂ
Lt

a5
—-y)N1-—= —-y—-x[{1-=—-|=0
= (x y)( o +X—y—X o

=0

dx

= y(l—j—)+x y= O:>ydy+x 2y
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56. Here, (tan~1x)Y + yeotx= 1

= u +v=1whereu = (tan"1x)Y and v = yco
Differentiating w.r.t. x, we get

du dv

dx dx

Now, u = (tan~1x)Y

= logu=ylog(tan x)
Differentiating w.r.t. x, we get

ldu_ ﬂlog(tan X)+y- ! !
u dx dx

tan~1x ' 1+x2
ﬂ:(tanflx)y X
dx dy y
“Llog(tan™! x)+7] .(2)
[dx (1+x%)tan"tx
And v = yox
= logv = cotx-logy
Differentiating w.r.t. x, we get
1d—vzcot)«gﬂ—cosecz x-logy
y dx
av _ —ycotx |:COtX dy
dx y dx
From (1), (2) and (3), we get

- dy 1 y
(tan~1x) |:—Iog(tan x)+7]
dx (1+x%)tan1x

v dx

—cosec? x- Iogy] .(3)

HyotX |:COtX dy

—cosec?x- Iogy]:O
y

= ?[(tan_1 x) -log(tan™! x)+y<°*1 . cotx]
X
=yt cosec®x-logy —(tan~t x)’ 1. y 5
(1+x°)
Ayl Y
y<°* cosec?x-logy—(tan 1 x) "t —2X
dy _ (1+x?)
dx (tan 1 x)" log(tan™ x)+y ™1 cotx
57. We have, x = et sint
= d—xzetsint+etcost
dt
ot dy ¢ t
and y = efcost = E:e cost—e' sint
dl_etcost—etsint
dx  el(cost+sint)
(2)-=rlz) 7
dy :cos4—sm4 N \5:0
dxle=7 cos( )+sm(n) i+i
a"al 22
58. Wehave,x=asec,y=btan0
dx _ dy _ 2
—=gsecOtan0and —= =bsec?06
de de
dy
Now, dl @ bsec?0 b 1 cose _b 1
dx dx asecOtand a cose sin® a sin®
de
dy| b 1 b1 _2b
dxlg_T a a J3 av3

Now,
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{ 59. Letu=sin%x,v = ewsx

cosX (_

@:2sinxcosx and ﬂ:e sinx)
dx dx

du du dx  2sinxcosx —2cosx
Now, —=—-— =

dV dX dV eCOSX( SinX) eCOSX

60. Let u=sec™? [

1 ] (i)
V1-x2
and v=sin"1(2xv1-x?) (i)
Put x = sintin (i) and (ii), we get

S 1 _1( 1
u=sec | ——— |=sec
1-sin’t cost

)z sec Y(sect)=t

- and v=sin"}(2sint 1—sin2t)=sin’1(sin2t):2t

% 1andd—v 2. So,
dt dt

du du dt 1

“dv dt dv 2
V1+x2 —Vl—le
V1+x% +V1-x?

61. Let u:tan_ll

| Putting x? = cos 20 in (i), we get

o tan-1| Y1+€0526 —V1-cos26
V1+c0526 ++/1-cos26

1 >\/2c052 6—\/25in26]
_\/2cos2 0+V2sin? 0

=tan”

_{cosG—sinB] _1[1—tan9]
=tan | — [=tan
| cOsO+sinO 1+tan6
=tan™? tan(ﬁ—e)]zf—e
| \4 4
1,2 -1,2
I 08 X! ) ( x2=cos20=0=—2_% )
4 2 2
du 1 1 X ..
= . (i)
dX 2,[1 X *’1—X4
dv -2x
Let v=cos}(x?) = —= ... (i
T "
Dividing (ii) by(|||) we get $_—%.

2 1+c0s20=2co0s206,1-cos20 = 2sinZ0.

62. We have, x = a(20 - sin20) (i)
andy=a(l - cos20) (i)
Differentiating (i) w.r.t. 0, we get

dx

—— =a(2-2cos20)
do

Differentiating (ii) w.r.t. 0, we get

(i)

dv = 2asin20
de
dy dy/d®_ 2asin2

dx  dx/d8  a(2-2cos26) -

.(iv)
sin20
1-cos26
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[ Concept Appiied (G/]

2 Ifx=f(t)and y = g(t), then — dy _dy/dt_g'(t) .,

dx  dx/dt  f(t)

63. x=asin2t(1+ cos2t),y =b cos2t (1 - cos2t)
Now, % =2acos2t(1+cos2t)+asin2t(-2sin2t)
= 2a cos2t + 2a[cos? 2t - sin? 2t]

=2acos2t+2acos4t (. cos?(a)-sin®(a)=cos(2a))

Also, Zt=—2b5|n2t(1 cos2t)+bcos2t(2sin2t)

=-2bsin 2t + 4b (sin2t cos2t)
=-2bsin2t + 2b sin4t

dy dy/dt 2b(sin4t—sin2t)

" dx  dx/dt 2a(cos4t+cos2t)

(dl) _9[ sinn—sin(n/Z)] b[ 0- 1] b
dx Jatt=w/a  al| cosm+cos(n/2) 1+0f a

(dy) 9” sin(4n/3)-sin(2n/3) ]
dx Jatt=r/3 al cos(4m/3)+cos(2n/3)
[ V3 V3
b2 "o | VY3
Tal 11 | a

[ 2 2

[ 2
64. Letu=tan™? (1+x—1)
X

Putx=tan® = 0=tanx
1+tan26—1]

- u=tan! (
tan6

= u=tan! (sece—l ):> u=tan! (1—Fose)
tano sin®

2sin29 0

= u=tan}——— < :u:tan_i(tang)
2sin—cos—
2 2

1, _
= u==tan 1x

( 2sin? %: 1—cosx,25in%cos% = sinx)

Differentiating w.r.t. x, we get % !

dx  2(1+x2)

Also, let v=sin~! ( 2x

) = v =2tan"x
1+x

2

(- 2sin(a)cos(a)=sin(2a)) |

67. Let u:tanl(

| Differentiating w.r.t. x, we get Z—u:
X
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- Differentiating w.r.t. x, we get
‘ du 1
dv 2 du_dx 2(1+x?) du_ 1
—_— S, — = —=—
dx 1+x2 " dv dv 2 dv 4
X 14x2

65. We have x = gel(sint + cos t)

= %:aet (sint+cost)+ae! (cost—sint) = 2aetcos t
andy =ael(sint - cos t)
= %zaet (sint—cost)+ae! (cost+sint) = 2aelsin t
t .
CLH _dy _dy/dt_ 2ae sint _tant
dx dx/dt 2(;,et cost
t e traine
' Also, RH.S= x+y aet(5|nt+cost)+aet(smt cost)
X—Y  ae'(sint+cost)—ae’ (sint—cost)
2ae sint ant=LH.S.
Zae cost

o)

66. Let u=tan‘1[

i Putx=cos6
[ 1-cos? ] sme)
sou=tan”
cos6 cos0
=tan"(tan0) =0 = =1

aT
Also let,

v=cos 1(2xy/1-x? )=v=cos! (2cos€)\/1—cos2 0)

= cos }(2 cos 6 sin ) = cos*(sin 26)
=cos™? (cos(E—Ze))=E_29 - ﬂ__z
2 2 de
,, du_du/de_-1
dv dv/de 2

i)

1-x2

Putx=sin® = 0=sin"1x
sin®

. u=tan’1 (
J1-sin0

): tan~1(tane)

= u=0 = u=sin"lx

(i)

1-x2
Again, let v=sint(2xvV1-x?)
Putx=sin0

v=sin"! (2sin 0 cos B) = sin"1(sin 20) =
= v=2sin"lx

Differentiating w.r.t. x, we get j—v: 2 - (i)
X J1-x
From (i) & (ii), we get du_1
dv 2

 Concept Applied (]

2 Powerrule: i(x")znx”‘1
dx

,h=0
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68. We have, x = ae®(sin 0 - cos 0)
Differentiating w.r.t. 6, we get
dx

—=aee

m (sinB—cos0)+ae® (cosB+sind)

= %zaee (2sin®6)
de

Alsoy = ae (sin 0 + cos 0)
Differentiating w.r.t. 6, we get

ﬂ:aee(
de

%:aee (2cos0)

sinB-+cos0)+ae® (cosd—sing)

=

dy dy/de_ 2ae® coso
dx  dx/de  2ae®sing

=coto

= ﬂ =cotE:1
dx e:% 4

69. Here,x =cos t(3 - 2cos?t), y = sin t(3 - 2 sin?t)

= %=—sint(3—2coszt)+C0$t[2'2C°St$int]

=-3sint+6cos?tsint

and %zcost(13—2sin2 t)+sint(—2-2sintcost)

=3cost-6sintcost

ﬂ_dy/dt B 3cost-6sin’ tcost _ 3cost-cos2t
dx dx/dt _35int+6c052t5int 3sint-cos2t
dy T
— =cot—=1

= e co 2

70. (d):We have, x = Acos4t + B sin4t

Differentiating both sides w.r.t. t, we get
%:A-(—sin4t)~4+8cos4t-4

Again differentiating both sides of (i) w.r.t. t, we get
2
ZT —4A(cos4t)-4+4B(—sin4t)-4

= -16Acos4t - 16Bsin4t = -16(Acos4t + Bsin4t) = -16x

71. (b):Given,y =e™*
2

o W ex d—yze"‘=y

dx d)(2
72. (b):Given,x=t2+ 1andy = 2at

d

= d—X=2t :Q:Za ¥ 2

dt dt dx t

d2 —a dt -a d%y —a -1
= 72 727 3 A —_—

dx* t* dx 2t dx? )i, 2da° 2d°

73. (c): We have, y = sin(2 sin"1x)

y:sin[sin_1 (2xm)]

(i)

[From (i) & (ii)]

=cott

[ 2sin"x=sin"12xV1-x? ]

y=2xx/1—x2

CBSE Champion Mathematics Class 12

i 4x +2 ..
=y, =2XX — e+ 201 - X2 (i)
| ! 2V1-x? \/1 x?

-2x

V1-x2 (=8x)=(=4x% +2)x—=2—
2V1-x2

Y2 = 12

B 4x3 —6x = (1-x?)y 4x3—6x

= 7 7 Yy = ——t
(1-x2W1-x2 V1-x2

Now, consider xy, - 4y

—4x% +2x 2
7—8 1-x
V1-x2

:4x3—6x
V1-x?

Thus, (1 -x?) y, = xy, -

[Using (i) and (ii)]

4y

X

74. (d):Wehave,y = log, (

]
N
N———

Q.
N

75. Given,x = at?,y = 2at

dy
dy dt 2a 1

dx dx 2at t

dt

50£ lat 11 1
"dx2  t2 dx 2 2at  2qt3

76. Wehave,x=acos0,y=bsin0

dx dy
—=-asin®,—
do do

dy dy deé bcos® b

" dx de dx

2
Now, d—;/:—
dx

d—x =2at, ﬂ
dt dt

=2a ..

—bcose

—asme a

coto
9(—cosec26)—
a dx

écosecze(—lcosec 9) = —Ecosec39
a

a a2

77. We have, y = tanx + secx

. Differentiating both sides w.r.t. x, we get

d

4 —sec2 x+secx tanx

X

dy 1 N 1 sinx 1+sinx

dX cosZx COSX COSX  cos2x
Now, again differentiating w.r.t. x, we get
ﬂ 3 cos? x(cosx)— (1 +sinx)(—2cosxsinx)
dx? (cos? x)?

_ c0s® x+(1+sinx)-2sinx-cosx

B (1—sin’x)?

_ OS> X+ 2siNXCOSX + 2sin’ X COSX
)2

(1—sinx)?(1+sinx
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2 2

XCOSX+2SinXcosx
2

_ cosx(cos X +sinZx)+sin

(1-sinx)?(1+sinx)
_cosx{1+sin2x+2sinx}_ cosx-(1+sinx)? _ cosx

(1—sinx)?(1+sinx)? (1-sinx)?(1+sinx)?>  (1-sinx)?

Hence proved.

78. We have, x = a cos0 + bsin®, y = a sin - b cos0

d—xz—asine+b coso, %:acose+bsine

do
dy

_, dy_ acosbibsind _ x. e rilg)

dx —asinB+bcos® -y x? (—y)2

d2y dy d%y v

2 2
= —==Y+tX— = L x4 _O

Y x2 Y x Y X2 XY

79. Herex=asec0

= %=a-35ec2 0-secOtand = 3asec®@tan0andy=atan®0

= ﬂza-Stanz 0-sec’ @
do

dy dy/de _ 3atan?@sec’® tand

= = = =sin0®
dx dx/de 3asec3etane secO
On differentiating w.r.t. x, we get
2
d—!:cose-@zcoaisezicos“&cota
dx dx 3gsec®6tano 3a
2 4
L dy =icos4£cot5=i.(i) 1-1t1 1
dx2le_T™ 3a 4 4 3a\{2 3a 4 12a
4

80. We have, y = acos(logx) + bsin(logx)
= d—y:—asin(logx)l+bcos(|ogx)~1
dx X X
_ —asin(logx)+bcos(logx)
X

x[—acos(logx)-E—bsin(logx)l]
X X
d2y —(—asin(logx)+bcos(logx))
dx? x?

2 2
= Xzﬂ:_y_ﬂ = xzd—y+xd—y+y:0
dx2 dx dx2 dx

81. We have, y = (sin"1x)?2 (i) ‘

1
1-x2
. (dy)2=4(sin_1x)2
dx (1-x2)
2 F i
. (ﬂ) 4 [From (i)]
dx 1-x2

= (%)2 (1—x2 =4y

Again, differentiating (ii) w.r.t. x on both sides, we get

2 2
2ﬂﬂ(1-x2)+(dl) (-2x):4(ﬂ)
dx dx? dx dx

= ﬂ=2(sin*1 X)X
dx

d?y _dy

= (1-x*)=—2%-x=£-2=0

dx2 dx

[Concept Appiied (€]
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2 Let y = f(x), then %:f’(x). If f’(x) is differentiable,
X
d (dy) d%y
th il Rl AN Y4 27 g
en ™ f”(x) or 2 f”(x)

82. Wehave,x=sintandy =sinpt
dy

B _costand Y —pcospt = I/ _dt _pcosht

dt dt dx dx  cost
dt

i Differentiating both sides w.r.t. x, we get

ﬂ_ —p2 sinptcost+pcosptsint xﬂ

dx? cost dx
N ﬂ_ —p2 sinptcost+pcosptsint
dx? cos>t
N ﬂ_ p2 sinptcost . pcosptsint
‘ dx? cos®t cos® t
2 2 dy 2
d - dx d
= —Z: p2y+ d;( = coszt—;’:—pzy+x
dx* cos“t cos‘t dx
2
= (1-sin® t)ﬂ = —p2y+xﬂ
dx2 dx
d’y d
= (1—x2)—y—x—y+p2y=0
dx? dx

83. Here, y = sin(sinx)
Differentiating both sides w.r.t. x, we get

d .
—yzcos(smx)-cosx
X

i Again, differentiating w.r.t. x both sides, we get

dy

2 = -sin(sinx) - cosx - cosx + (-sinx) cos(sinx)
X

= - cos2x-sin(sinx) - sinx-cos(sinx)

2
Now, L.H.S. = u+tanxd—y+ycosz X
dx2 dx

= - cos2x - sin(sinx) - sinx - cos(sinx)

dy

dx

+ tanx(cosx - cos(sinx)) + cos?x - sin(sinx)

= - sinx- cos(sinx) + sinx - cos(sinx)
=0=RH.S.

84. GivenxMy"= (x +y)m*n

Taking log on both the sides, we get
logx™+ log y" = (m + n)log (x + y)

= mlogx+nlogy=(m+n)log(x+y)
Differentiating w.r.t. x, we get

m-1+n£-d—y=(m+n)~i(1+ﬂ)
X y dx X+y dx

dy(n m+n) m+n m
&(Tﬂy)_xTy_?

dy (nx+ny—-my—ny ) mx+nx—mx—my
5( y(x+y) )_ x(x+y)
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dl(nx—my)_nx—my dy y
dx\y(x+y) ) x(x+y) dx x’
Again, differentiating w.r.t. x, we get
dy y
iy o Ll ey
dx? x? x? 7 dx?
85. Giventhate-(x+1)=1 (i)
Differentiating (i) w.r.t. x, we get
y d d y_d y y dy
e —(x+1)+(x+1)—e' =—(1) = e’ +(x+1)e —-=0
dx dx dx dx

= ey[1+(x+1)ﬂ]:0 = (x+1)dl:_1
dx dx
and ——=—— (i)

(&) -
or|=£ ] =
dx (x+1)

Again, differentiating (ii) w.r.t. x, we get
2 2 2
dy_ 1 ﬁﬂz(ﬂ)
dx®  (x+1) dx

..(iii)

[From (iii)]

dx?
86. Wehave,y=x*=y = exlogx
Differentiating w.r.t. x, we get

ﬂ:e"'og" (xx1+logx)
dx X

= ﬂzx"(lﬂogx) =
dx
Again, differentiating w.r.t. x, we get

2
ﬂ:(1+logx)-?+yx1

dx? X X

ﬁfg%yf
dx? y\dx

ﬁquﬂf
dx? y\dx

87. Wehave,y =2 cos (logx) + 3 sin (logx)

Differentiating w.r.t. x, we get

dy

dx
dy .

= xd—=—2$|n(logx)+3cos(logx) (1)
X

Cl—y:y(1+logx) (1)
dx

+L [From (1)]
X

Y_
X

=—25in(|ogx)><1+3cos(logx)><1
X X

Again, differentiating w.r.t. x, we get
2
xﬂ+d—y=—2cos(|ogx)><1—?:sin(logx)x1
dx?  dx X X
2d%y dy

= X+ X—
dx

02 =—[2cos(logx)+3sin(logx)]
X

$»
[ Answer Tips (7]

d 1
2 —(log(x)==
dx X

88. Given,x=acosO +bsind,y=asind - b cosd

=  x2=0a%2c0s20 + b?2sin?0 + 2ab cosO sind (1)
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- and y? = a?5in%0 + b2 cos?0 - 2ab sinb cosd -(2)
- Adding (1) and (2), we get x? + y2 = a2 + b?

Differentiating w.r.t. x, we get

2x+2y%=0 = x+yﬂ=0 ..(3)
X

dx
Again, differentiating w.r.t. x, we get

2 2
1+yd—y+(d—y) =0
dx? \dx

Multiplying by y on both sides, we get

d?y ( dyp

2

ZT4ly- =L +y=0
Y dx? Y dx Jdx Y

[From (3)]

| 89. Wehave,yze’"s"‘_l"

Differentiating w.r.t. x, we get
] Ry e e

dx J1-x2 ) J1-x?

Again, differentiating w.r.t. x, we get

iy |1 Y (29
: 72=m dx 2’\[1—X2
dx 2
(1-x7)
2
= (1—x2)d—;/=m my +——=Y [From (1)]
dx 1-x2
2
= (1—x2)ﬂ=m[my+x~(l~ﬂ)]
dx? m dx
= (1—x2)ﬂ:m2y+xﬂ = (1- 2)d—y—xd—y—mzy:O
dx dx dx2 dx
90. We have,y=(x+v1+x%)"
Differentiating w.r.t. x, we get
dy / 2n—1( 2x )
L =p(x+V1+x2 )" 1+ ———
dx 2V1+x2
[i, .2
= dy:n(x+\/1+x2)”‘1[1+x +X]
dx 1+x2
. dl_n(x+V1+x2)”_ ny (1)
‘ dx 142 V1+x2
. Again, differentiating w.r.t. x, we get
dy  2(xy)
Vipx2 22
dy_, dX 21442
dx? 1+x2
d%y 2. ny Xy
= (1+x2)—:n[ 1+x° % - ]
dx? Vi+x2 N1+x2
2
y_ 2 nxy
= (1+x2)—ZL=n?y-
X2 V1+x2
=  (1+x2 —y—nzy—xﬂ [From (1)]
X dx
2
P> (1+x2)ﬂ+xd—y—n2y
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91. Giveny=Ae™ + Be™
Differentiating w.r.t. x, we get

dzy

d—yerm"~m+Be n = ——merm"+nzBe”"
dx dx?
Now, LH.S. _d— (m+n)d—y+mny
dx? dx

= m2Ae™ + n2Be™ -(m + n) (mAe™ + nBe™)+ mn(Ae™ + Be™)
=Ae™[m? - (m + n)m + mn] + Be™ [n% - (m +n)n + mn]
=Ae™x0+Be™x0=0=RH.S.

92. Here,x=a(cost+tsint)

= %za[—sint+1~sint+tcost]=atcost (1)
andy=a(sint-tcost)
= %za[cost—(l-cost—tsint)]=atsint
ﬂzdy/dt:atsmt:tant
dx dx/dt atcost
2
= d——seczt dt— sec’t [Using (1)]
dx? dx atcost
11
a tcos®t
2
11 _4 (g _82
dx t=7 amr. 3% ma ma
4" 4

93. Here, x=a(cos t+|ogtan£)

1 1 Lt
= —=a|-sint+ -—sec” —
tan£ 2 2
2
t
cos— 1
=a| -sint+ =a(—sint+,—)
sin— 2c052t sin
2 2
_a(—sin2t+1)_acoszt
- sint "~ sint
Also,y=asint= %:acost
d—yzdy/dtzacost sint =tant
dx dx/dt acos“t
Again, differentiating w.r.t. x, we get
ﬂ—s dt sec?t _sint
dx dX acos?t/sint acos*t
LT
Cdy Ny J3/2 83
370t oot ® a2 @

y_\ N
CBSE Sample Questions

1. (c):Given, the function f is continuous at x = 0.
lim f(x)=£(0).
x—0
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 Now, lim £(x)

. 1-cosdx . 2sin®2x .. sin®2x
= lim = lim = lim
x—0 8X2 x—0 8)(2 x—0 4X2
. 2
= lim (5'“2") -1 (1)
x—0 2x
Also, f(0) = k
Hence, k=1
1—c.oskx x£0
2. (b):We have, f(x)= Xsinx
1
— , x=0
2
f(x) is continuous at x = 0.
. 2kX
. 1-coskx 1 _ 2sin 2 1
. lim——== = Iim < =
x—0 Xsinx 2 x—0 X25|nx 2
X
2 s
= I|m2k— 2 _1 _1
x=0 4| kx | (sinx) 2
2 X
2
:>k— 1:>k +1
2 2
Butk<0 .. k=-1 (1)
X
<0
3.  (a):Wehave, f(x)= | I X
-1,x =0

—=-1, x<0
= f(x)=1-x
-1, x=0

= flx)=-1VxeR
= f(x) is continuous V x € R as it is a constant function.

(1)

2sin (kx)
4. Wehave, lim 295K _ iy 2

x=0 Xsinx  x—0 Xxsinx
. ok
. 25|n2(7x) (k)z
lim— x| =
x—0 (kx)z 2 K2
- 2XIx— 2
_ 2). _ 4 _K (1%)
. sinx 1 2
lim——
x—=0 X
f(x) is continuous at x = 0.
g Iimf(X)=f(0)
2
LS N I (1/2)
2 2
5. Wehave, yv1-x? +xy1-y? =1 (i)

Letsin"ix=Aandsin"ly=B.
Then,x=sinAandy=sinB
From (i) sinBcos A+sinAcosB=1

= sin(A+B)=1 (1)
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= A+B=sin-11=g

- .1, T
= SIin ~ X+sin y—E

2
Differentiating w.r.t. x, we obtain d—y:— 1y (1)
dx 1-x?
6. Wehave,f(x)=[x],0<x< 2.
RH.D.(atx = 1)= lim [N Trhl-[1]
h—0 h h—0 h
iim = g (1)
h—»0 h
LH.D.(atx = 1)=lim fa-h-fa1) _ lim 2=MI=01]
h—0 —h h—0 —h
=IimE=Iim1=oo (1)
h—»0 —h h—0h
Since, R.H.D.#L.H.D.
Therefore f(x) is not differentiable at x = 1. (1)
7. (c):Wehave, e<+e¥=ety
= ev+e*=1
Differentiating w.r.t. x, we get
T 2 w
dx dx
8. (d):We have, y = log(cos &)
Differentiating both sides w.r.t. x, we get
ﬂ: -(=sine*)-e*
dx cose*
= ﬂ:—e" tane® (1)
dx
9. Wehave,y= exsinx 4 (sinx) = y=u+y,
where u = 5" and v = (sinx)*
dy du dv .
= —=—+— (|)
dx dx dx
Now, consider u = exsin®

Differentiating both sides with respect to x, we get

%:e"smz" [x-(2sinx cosx)+sin? x] (1)
X

= eI’ [x(sin2x) + sin2x] ... (ii)
Also, v = (sinx)*

= logv = xlog(sinx)
Differentiating both sides with respect to x, we get

1dv 1
——=x-——-cosx+log(sinx)
v dx sinx

= %:(sinx)x[xcotx+|og(sinx)] . (i) (1/2)
From (i), (ii) and (iii), we get
dy

dx

= eXsin’x [xsin2x+sin? x]+(sinx)* [xcotx + log(sinx)](1/2) ‘
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10. (a):Let u=sin"1(2xy/1-x?) (i)
: 1
and v=sinlx,——<x<1
V2
= sinv=x (1))
From (i) and (ii), we get
u =sin"Y(2sin v cosv) = sin~(sin 2v)
= Uu=2v
Differentiating with respect to v both sides, we get
du
-9 1
v (1)
11. (a):Wehave,y=5cosx - 3sinx
= d—yz—Ssinx—3cosx
d?y
= —2——5cosx+35|nx——y (1)
dx

12. (a):Wehave,x=asec9

= %zatanesece andy =btan6 :>ﬂ=bsec26
do de

.- 7bsec 0 Ecosece

dx atan@secO a

2
:>d— —bcosececoteﬁ
dx2 a dx
:_—bcosecﬁcoteé —b cot®o
a atanfsecd 42

o] s "

dx? lg_T a
6
13. Wehave, y=btant = %:bsecze . (i)
and x=asec = %zasecetane . (i)
. dy _dy/de _ bsec? Bcosece (1%)
" dx dx/de asecOtan® a

Differentiating both sides with respect to x, we get

2
d— —bcosececotex@
a dx

dx?
b . ..
=——cosec cotdx————— [using (ii)] (1)
a asecHtan6
b 3
=———cot°0
a2
2
|:d;/] :_—f[cotf] x/—)3 3\/_b (1/2)
dx® lgre @ 6




Self Assessment

(Ease Based Objective Questions

(4 marks)

(I\—/Iultiple Choice Questions

(1 mark)

1.

The function f(x) will be discontinuous at x = a if f(x)

has

Discontinuity of first kind : lim f(a—h)and lim f(a+h)
h—0 h—0

both exist but are not equal. It is also known as

irremovable discontinuity.

Discontinuity of second kind : If none of the limits
limf(a—h) and lim f(a+h)exist.

h—0 h—0

Removable discontinuity : limf(a—h)andlimf(a+h)
h—0 h—0 ;

both exist and equal but not equal to f(a).
Based on the above information, attempt any 4 out

of 5 subparts.
x? -9 ¢ 3

(i) Iffx)=4 x_3' "°"*%° thenatx=3
4, forx=3

(a) fhasremovable discontinuity

(b) fis continuous

(c) fhasirremovable discontinuity

(d) none of these

ifx<4

2
x*s 4thenatx=4

(ii) Let f(x)_{x+4, if x>
a) fiscontinuous

b) fhasremovable discontinuity
c) fhasirremovable discontinuity

d) none of these
iii) Consider the function f(x) defined as

Py

X2 -4
f(x)=4 x=2"’ forx;tz, thenatx =2
5, forx=2
(a) fhasremovable discontinuity
(b) fhasirremovable discontinuity
(c) fiscontinuous
(d) fiscontinuousiff(2)=3
x=|x|
(iv) If f(x)={ x ,thenatx=0
2 , x=0

a) fiscontinuous

b) fhasremovable discontinuity
c) fhasirremovable discontinuity
d) none of these

el 0
(v) If f(x)=1log(1+2x)’ , thenatx=0

7 , ifx=0
fis continuous if f(0) =2
fis continuous
f has irremovable discontinuity
f has removable discontinuity

_—— —
O 0 T W
—_— = -

2. Letfbedefined on[-5,5]as f(x)={x’ if x is rational
—x, ifxis irrational
Then f(x) is
(@) continuous at every x except x =0
(b) discontinuous at every x except x =0
(c) continuous everywhere
(d) discontinuous everywhere
2
3. Ifu=x2+y2andx=s+3t,y=2s-t then d—; is equal
to ds
(a) 12 (b) 32 (c) 36 (d) 10
sinx, for x>0
4. L = =e
et flx) {1—cosx, for x<0 andgl) =e*
Then, the value of (gof)’ (0) is
(@) 1 (b) -1
() O (d) None of these
OR
sinx? 0
If the function f(x)=4 » XE ,is
0 , x=0
differentiable at x = O, then right hand derivative of
fi(x)atx=0is
1 1
2 b) _=
(a) > (b) >
© 1 d -1
I£x7 - y* = 16, then the value of ? at(2,2)is
X
(@ -1 (b) O
() 1 (d) None of these
(\7$A Type Questions (1 mark)
6. Examine the continuity of the function
fix)=x3+2x2-1atx=1.
7. Iff(x) = |cos x|, then find f’(g)
OR
If f(x) = |cosx - sinx|, then find f’(g).
8. Find the derivative of 2¢0%
Differentiate a”* **w.r.t. x.
10. Forthe curve \/;+\/;= 1, find dy at (11)
dx 4°4
11, 1ff(x) =Vx2+9, write the value of lim fla)-f(4)
| x—4 Xx—-4
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(§A | Type Questions (2 marks)
] x+3 :

12. Prove that the function f(X)—m 'S

continuous in its domain.

2

X
5 Wrt. X2,
1+x

13. Differentiate

Find the differential coefficient of cos x w.r.t. x3.

2

|x = x2|, then find Iy

14. Ify= R
X

mx+1, ifxsE
15. If f(x)=

. . b

sinx+n,if x>—

that n="" .
2
(S—A Il Type Questions (3 marks)
16. Differentiate tan™? h w.r.t. x.
1+x%/2
X
w.r.t. x.

17. Find the differential coefficient of —
logx

18. If u=sin (mcos 1x), v = cos (msin~1x), prove that
@_\ll—u2
N

19. Find the value of k so that the function

2X+2 —16
f(x)=1 4x_16 1FX#2 55 continuous at x = 2.

k ,ifx=2

OR
X+ex+..4toeo
If y=e**¢ , prove that d—y:L.
x 1
((Ease Based Questions (4 marks)

20. Derivative of y = f(x) w.r.t. x (if exists) is denoted by

Z—yor f’(x) and is called the first order derivative of y.
X

dy

If we take derivative of o again, then we get
X

Detailed B<{o]R8x ) [0] i

(i) (o):

1. (i) (a):f(3)=4
x? -9

B (x+3)(x-23)
x-3 _X—)3

(x-3)
Iim3 f(x)=f(3)

lim f(x)= lim

x—3 x—3

=lim (x+3)=6 ‘.
x—3

f (x) has removable discontinuity at x = 3.

. . T
is continuous at X=§ , prove |
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d’y orf”(x) and is called the second order

i(dl)
dx\dx /) dx>2
" i d(d%) .
derivative of y. Similarly, —|—= | is denoted and
dx \ dx?

3

defined as % or f””’(x) and is known as third order
X

derivative of y and so on.
Based on the given information, answer the following
questions.

2
(i) If y=tan™? (log(e/x)}tan‘1 (m} then
|0g(ex2) 1—6|0gX

2
find 9Y..
dx?

(i) If y2=ax?+ bx +c, then evaluate di(y3y2).
X

(I:A Type Questions (4/6 marks)

21. If y=Ae‘kt cos(pt+c), prove that
d’y
dt?

22. Find the value of f (0), so that the function

_ o 1/8
:2(25677)() ,x # 0 is continuous everywhere.
(5x+32)Y° -2

OR

Show that the function f(x) defined as follows is
continuous at x = 2, but not differentiable there :

+2k3—t+n y=0, where n? = p? + k2.

3x-2 , O0<x<1
fix)=42x%-x, 1<x<2
5x-4 , X>2
23. Find 2, when sinx=—2L__ tany =—2*_
dx 1+t 1-t

' 24. Discuss the differentiability of

f(x) ={xe_(|’1‘|+i), x#0 atx=0.

0 , x=0
25. Find whether the function
2x% -3x-2 £x 2D
f(x)= x—2 TX#2 atx = 2is continuous or

5 Jifx=2
discontinuous.

lim f(x)= Ilm(x+2) 442=6

x—4~

lim f(x)= Ilnl(x+4):4+4:8

Lox—o4t

lim f(x)# lim f(x)
x—4~ x—4"

f (x) has an irremovable discontinuity at x = 4.
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(x?-4)

(iii) (a): Ilmf(x)—llm =lim(x+2)=4
x—2 (X 2) x—2

and f(2) =5 (given) .. I|mzf(x)¢f(2)

f(x) has removable discontinuity at x = 2.

(iv) (c):f(0)=

lim f(x)= I|m m =2
x—0~ -0 X
lim_f(x)= lim X=X_o
x—0* -0 X

< lim f(x)# lim f(x)

x—0" x—0*

f (x) has an irremovable discontinuity at x = 0.

(v) (d):f(0)=7

)
eX—l . X

I. —| | =
xln fx) xan|Og(1+2X) xino log(1+2x) 2

-2
2x

|~

lim f(x)=f(0)
x—0

f (x) has removable discontinuity at x = 0.

2. (b):Asx— 0both x and - x tend to zero, f(0) =

f(x) is continuous at x = 0.
For x #0, x # -x, f(x) is discontinuous.
3. (d):Given,u=x2+y% x=s+3t,y=2s-t
dx dy

—=1-r
ds ds

Now, u = x2 + y?2 :>Z =2x CI—X+2yf;—y-2x+4y
s

ds
2
= GG )=
ds? ds ds

U511+ 4(2)=10
sinx,

ds2
for x>0

d
for x<0 8

4. (c):Given, f(x)= {
1-cosx,

sinx

e, x>0

el—cosx i x<0

gOf(X)={

gof(0—h)—gof (h)
—h

L.H.D.=(gof)’(0 - h) = lim
h—0

1-cos(0-h) _ el—cosh

—lim & -0
h—0 —h

R.H.D. = (gof) (0 + h)
_ |im SOfO+h)—gof(h) _ . e e

=lim
h—0 h—0 h

RH.D.=LH.D.=0 = (g0f)’(0)=0
OR
(c) : At x = 0, right hand derivative

h—0 h

=0

sinh?

=lim—P——— = jim 2 1
h—0 h

e
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5. (a):Given,x’-y*=16
Taking log on both sides, we get

logx” + logy* = log2* = ylogx +xlogy =4log2
Differentiating both sides w.r.t. x, we get

dy xdy
+Io X—+— +Io -1=0
" g dx "y dx gy
(Iogy+x)
) N R A [ﬂ] _ (log2+1)
dxlip)  (log2+1)

Ix (| x) -
ogx+—
y

6.  Wehavegiven, f(x) =x3+2x% - 1.
lim f(x)= I|m(1+h) +2(1+h)%2-1=2

x—1*

- and lim f(x)—Ilm(l h)® +2(1-h)?-1=2

x—1"
and f(1)=1+2-1=2 .. lim f(x)= lim f(x)=f(1)
x—1* x—1"
Therefore, f(x) is continuous at x = 1.
7. Given,f(x) = |cos x|
i We have to find out f (Z)

Since, cosx>0 whenx e [O,g]

fix) =
= f’(4) —sm% _T;

Given, f(x) =

cosx = f’(x)=-sinx

Icosx - sinx|,
b1
As we know, 7 <x<E ,sinx >cosx

= cosx-sinx<0
f(x) = —(cosx - sinx)

i = f(x)=-[-sinx - cosx]

o (m) (3 1) (V3+1
'f(s)__[z_zj_( 2 ]
8. Lety=2cos

dy i(zcos x) 2CO52X|0g21(C052X)
dx dx dx

=2°°52" log2[2cosx(—sinx)]
= - 202X |og 2 - sin 2x
9. Lety=g™x*4
dy
dx
10.  We have given, Vx ++Jy =1
Taking derivative w.r.t. ‘X’ on both sides, we get
1 1 dy

2w 2y dx

=a’*"*log, a-di(7x+4) =7a”***log.a.
X

dx Jx = \dx

LAy Wy (dy)(

_1

- 2__
11) 1~ 1
4'4 5
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2
11. lim f(x) f(4)=lim X +<')_S(Qform)
x—4 -4 x—4 x—4 0
% 21 X2X
By LUHospital rule, we get lim S x%+9 4
x—4 1 5
x+3
12. Let =— > = _D.=R-{2,5
et fl)=r i Dy =R-(2.5)

Since a rational function is continuous at every point of
its domain, therefore f is continuous at every point of its
domain. Hence, f is a continuous function.

2

13. Lety= X 2andz:x2
1+x
2 2

Now, dy _ (1+x°)(2x)-x (2x): 2x and E:Zx

dx (1+x2)? (1+x2)? d

dy dy/dx_2x/(1+x*)? 1

dz dz/dx  2x  (1+x2)?

OR

Here,u=cosxandv=x3

So, ﬂz—sinx and ZI—V=3x2

dx X
du _du/dx _—sinx
dv dv/dx 3x2
2 .
-x<, if0<x<1
14. Here, y=|x-x2|=y={"_" Hu=x
x2—x, ifx<0,x>1
- dy 1-2x, if O<x<1
dx |2x-1, if x<0,x>1
d?y {-2, if 0<x<1
= —= .
dx?2 2, ifx<0,x>1

mx+1,

ifoE
15. We have given, f(x)= 2

(sinx+n), ifx >g

Since f(x) is continuous at x—g
~ LHL= lim (mx+1) —Ilm[m(——h) ] me 4
n h—0 2
=il

and RH.L.= lim (sinx+n)=lim [sin(ﬁ+h)+n:|
o\t h—0 2
x_>(7)
2
=limcosh+n=1+n
h—0
LHL =RH.L.

= m-ﬁ+1:n+1 = n:m-E.
2 2

Jx—x
1+x%2

Then, y=tan™ ( Px-x ) —tan"?(Jx)-tan? (x)
1+Vxx

16. Lety=tan! (
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dyd

—=— *1x/— (tan 1x)
dx dx

dtan'Vx)dvx 1 1 1 1
dvx dx  14+x2  1+x 2dx 1+x2
1 1

:2&(1+x)_1+x2

X

17. Lety=-%
logx

d
X logx-— (e*)—e*
NOW, dyzd( € = dx 7
dx dx|\logx (logx)

d
B
dx( ogx)

1
logx-e* —e*-=
X

_ xelogx—e*

(logx)?

_e*(xlogx—1)
x(Iogx)2

x(Iogx)2
18. We have u =sin (mcos 1x), v = cos (msin~1x)
= sin"lu=mcosx,coslv=msin-1x

Now, sin"tu + cos 1 v =m (cos 1x + sin~1x)

T P -1 T
L=m— [ SIN T X+CO0S TX=—
2 2

Differentiating both sides w.r.t. v, we get

1 du 1 du 1—U2
v =0 = —=
i & g s
2X+2_16
19. Wehave, f(x)=1 4x_1¢ ' if x#2
k, ifx=2
X+2 ) 4 .
At x=2, nm2 -16 — lim 2%.2°-2" 4.(2X—4)
x—=2 4X—16 X—2 4X 42 X~>2(2X )2_(4)2
(2% —
:Iimu [ a2 -b2=(a+b)a-b)]
x2(2" ~4)(2" +4)

4 4.1

= lim
x—>22X +4 8 2

Since, f(x) is continuous at x = 2.

LH.L =RH.L. =f(2)
- Butgiven f(2) =
k=1,
2
OR
X+ex+...to<>o

Given, y=e**¢

y=ety (i)
Taking logarithm, we get logy = (x + y) log.e
or logy=x+y [ loge=1]

Differentiating w.r. t. x, we get

y dx dx y dx y dx

Jdy y

Tdx 1-y
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e
log| —

20. (i) Given,y=tan™! g(xz) +tan’1(
Iogex2

oy 2
—tan-1 (1 logx )+tan‘1 (3+2Iogx)
1+logx? 1-6logx
=tan"}(1) -

y=tan}(1) +tan"1(3) = dy _ =0 =
Giveny?=ax?+bx+c
2yy,=2ax+b

2yy, +y41(2y,) = 2a

=1

2ax+b ¥

2y

B 4yza—(4azx2 +b? +4abx)
4y2

[/ )

Yy2=a-v; = vy, =a—(

3 4a(ax2 +bx +c)—(4a2x2

3+2Iogx)
1-6logx

tan 1(2log x) + tan"1(3) + tan~%(2log x)
2

d<y Y _o

dx dx?

) (Using (i)

+b? +4abx) 4ac—b?

Yyy,= 2

d
=0
dx(y Yz)

Here, y = Ae ¥ cos (pt + ¢)

=

21.
Differentiating w.r.t. t, we get
dy _
dt

—kt

—k Ae” ktcos(pt+c) pAe” " sin(pt+c¢)

—kt

or ﬂ:—ky—pAe sin(pt+c)

dt
Differentiating (i) again w.r.t. ‘t, we get

dy_,d

ay
=—k—2 +pkAe X
dt? at P

kd
Cdt

d’y _ _’“LVJrk(
dt? dt

tsin(pt+c)— p

XY | ok Ae™* sin(pt +c)—p2y

d’y dy 2. 2
=-2k—-k

2 at KYPYy

d’y . dy 2,2

LA T +k<)=0

2 T2k y(p®+k?)

d?y dy 2
+2k—+n 0,where n?=p? +k
a2 at y= =p
2-(256-7x)8
(5x+32)¥° -2
For f (x) to be continuous at x = 0, we have

f(0) = Ilmf X)
1/8
f(o):“m[2—(256—7x) ]
x=0| (5x+32)Y° -2

1 1

8 _(256-7x)8
(256) (2156 79y

22. Wehave f(x)= xz0

=

=lim

4

cos(pt+c)

[From (i)]

x—0

(5x+32)5 —(32)5 (5x+32

7
=—X =—X ==X
| 8
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1 1
(256-7x)8 —2568

| . 7 7X
:—l —_
5'?)(5) 11

(5x+32)5 -(32)>
5x
1 1
(256—7x)8 —(256)8
7, (256-7x)—256
=—1m
5x-0 1 1
(5x+32)°5 —(32)5
(5x+32)-32
1

10,0570 1
~(256)8 =(256
g(22¢) g(22¢)

00’\1

24
5 1, 5 4 27
! %(32> 5

9]

OR
Continuityatx=2:

CLH.L. = lim f(x)= lim (2x%=x)

Xx—2" X—2"

:’!in?)[2(2—h)2 —(2-h)]=2(2)?-2=8-2=6

RH.L. = lim f(x)= lim (5x-4)

x—2F x—2%

=’|]iﬁ2)[5(2+h)—4]=5(2)—4=6
Also,f(2)=2(2)?-2=8-2=6
LHL=RH.L=f(2)

Hence, f (x) is continuous at x = 2.
Differentiability atx=2:

f(x)-f(2)_

X—

(2x2-x)-6
m —_—
xX-2

LH.D.= lim

X—2" X—2"

[2(2—h)2-(2—h)]—6

—h
[Puttingx =2 - h]

= lim
h—0

=lim
h—0 —h
. 8-2-6+2h*-7h
=lim
h—0 —h
_lim h(2h-7) _7
h—0 —h
RHD. = lim [~/
x—2F x—2
= lim [5x-4]-6 =lim [5(2+h)-4]-6 [Putting x = 2 + h]
X2t Xx=2 h—0 h
. 10+5h-4-6 5h
=lim———=Ilim~—=5
h—0 h h—0 h
L.H.D.#R.H.D.

Hence, f (x)is not differentiable at x = 2.
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23. Wehave,sinx= >
1+t

2t
and tany= >
t

(i)

Taking derivative of (i) and (ii) w.r.t. ‘t, we get

i(sinx)—i( 2t )
dt S dt\14¢42

d d
(1+t2)—(2t)-(2t)-—
= COSX—= dt

dt

(1+t2)

dt (1+t2)2

C21+t%)-2t-2t 242t2 -4t
(1+t2) (1+t2)
dx_21-t°) 1
dt  (1+t2)% cosx

dx 2(1-t?) 1

2(1-t?)

[Apply quotient rule]

1

dt (1+627 J1-sin2x  (1+£°)° 1_( 2t )2

dx _2(1-t?) (1+t%) 2

dt  (1+t2)2 (1-t2) 1+t2

1+t2

..(iii)

Also, itany:i( 2t )
dt dt\1-¢2
24 on_op. 91 2
) dy_(l—t )dt (2t)-2t dt(1 t4)
=sec’y—=
dt (1—t2)2

dy _2-2t°+4t> 1
dt (1-t?)?  sec?y
2(1+t2) 1

_2(1+t?)

1

T(1-t2)? (A+tan?y) (1-£22

_201+t%) A-t?P 2

T (1-t2)2 (A+272 1+t
Dividing (iv) by (iii), we get

dy _dy/dt_,

dx dx/dt

4¢2

(1-t?)? (Using (i) =

(iv)
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24. We observe that

1.1
xe (X X)zxe—Z/x x>0
f(x)=40 . x=0
,(;u)
xe \ X X/=x . x<0
Now, (L.H.D.atx=0) = lim f(x)-f(0)
x—0" X—
=i ﬂ_l [." f(x) = xfor x < 0andf(0) = 0]
x—=0Xx—-0
f(0-f(0)

and, (R.H.D.atx=0) = lim

x—0"  X—

. xe¥*x_0
= lim —/——— [
x—0 X

f(x) =x e ?*for x >0 and f(0) = 0]

=lim e ?/* =0.
x—0

(LLH.D.atx=0)#(R.H.D.atx=0)
So, f(x) is not differentiable at x = 0.

25. We have given,
2x%-3x-2

i F(x)= 2 , ifx#2
5, ifx=2
2_ —
At x=2, LHL = lim 2 =3X=2
x—2" x=2
2
i 2(2=h)?~3(2-h)-2
h—0 (2-h)-2
. 8+2h?>-8h—6+3h-2
=lim
h—0 -h
2_ —
—lim—(2h-5)=5 and RH.L.= lim 2 ~3x=2
h—0 2" X-2
i 2(2+h)? =3(2+h)-2
" h—0 (2+h)-2
2 — — —
i 8+2h° +8h-6-3h-2 _ lim(2h+5)=5
h—0 h h—0

also, f(2) = 5 (given)
Hence, LH.L.=R.H.L.=1(2)

i Therefore, f(x) is continuous at x = 2.
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Topics —>
Weightage Xract

» Topic 6.4 is highly scoring topic.

»  Maximum weightage is of Topic 6.4 Maxima and Minima.

»  Maximum LA | type questions were asked from Topic 6.3 Increasing and Decreasing Functions.
» Maximum LA Il type questions were asked from Topic 6.4 Maxima and Minima.

QUICK RECAP
dy

& Lety={(x) be afunction. If the change in one quantity y varies with another quantity x, then == or f’(x) denotes the
rate of change of y (or f(x)) with respect to x. dx

Rate of Change of Quantities

Increasing and Decreasing Functions

& Afunctionfissaidto be
> anincreasing function on an interval (a, b) if, for all x4, X, € (a, b), X, > x; = f(x2) > f(x4) and strictly increasing if
X2 > X1 = flxo) > f(x4).
> adecreasing function on an interval (g, b) if, for all x4, x, € (a, b), X > x; = f(x,) < f(x4) and strictly decreasing if
Xz > X1 = f(Xo) < flxq).
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Note
differentiable on (a, b), then for each x € (a, b)
(i) f’(x) >0=fisstrictly increasing on (a, b)
(ii) f’(x) < 0= fis strictly decreasingon (a, b)
(iii) f'(x) = 0= fis a constant function on (a, b).

Maxima and Minima

&

Let fbe areal valued function defined on I (subset of R),
then

> fis said to have a maximum value in |, if there
exists a point cin I such that f(c) > f(x) for all x € I.
The number f(c) is called the (absolute) maximum
value of f in I and the point c is called point of
maxima of fin I.

» fissaidtohave aminimumvalueinl,if there exists |

a point d in I such that f(d) < f(x) for all x € I. The
number f(d) is called the (absolute) minimum value
of fin I and the point d is called point of minima of
finl.

Note : If f : | = R be a differentiable function and ¢

be any interior point of I, then f’(c) = O if f attains its :

absolute maximum (minimum) value at c.

» A point ¢ is local maximum of a function f(x) if
there is an open interval I containing ¢ such that
f(x) < f(c) forallxe I.

» Apointcislocal minimum of a function f(x) if there
is an open interval | containing ¢ such that f(c) <
f(x) forallx e I.

Note : If a function fis either increasing or decreasing

inaninterval l,thenfis said to be amonotonicfunction.

»  Critical Point: Iff: 1 — R, thenapointce lis called
the critical point of f, if either f’(c) = 0 or f is not
differentiable at c.

» Methods of Finding Local Maxima and Local

Minima
- First Derivative Test : Let f(x) be a function
defined on an open interval | and f(x) be

. If fis a continuous function on [a, b] and

CBSE Champion Mathematics Class 12

continuous at a critical point cinl. Then,

(i) If f'(x) changes sign from positive to
negative as x increases through c, then
X = cis apoint of local maxima.

(ii) If f’(x) changes sign from negative to
positive as x increases through c, then
x = cis apoint of local minima.

(iii) Iff’(x) does not change sign as x increases
through ¢, we say that c is neither a
point of local maxima nor a point of local
minima. In this case, x = cis called a point
of inflection.

- Second Derivative Test : Let f(x) be a function
defined on aninterval [ and ce I. Let f be twice
differentiable at c. Then,

(i) Iff’(c)=0andf”(c) <0,thenx=cisapoint
of local maxima.
(i) Iff’(c)=0andf”(c)>0,thenx=cisapoint
of local minima.
(iii) Iff’(c)=0andf” (c) =0, then use the first-
derivative test.
» Working Rule for Finding Absolute Maxima and

Minima

(i) Find all critical points of f in the interval
| = [a, b] ie, find all points x where either
f’(x) = 0 or fis not differentiable.

(i) Find the end points of the interval i.e.,a and b.

(iii) Find the values of f at all its critical points
in interval | and at the end points of the
interval I.

(iv) Absolute maximum value of f in | = greatest
of values of f at end points and at all critical
points.

(v) Absolute minimum value of f in | = least of
values of f at end points and at all critical
points.




BRAIN MAP

of Quantities Revenue

Rate of Change /L Marginal Cost and Marginal

dy Let C be the total cost of
Lety =f(x) then — or f’(x) denotes producing and marketing

dx ) X units of a product, then
marginal cost (MC), is

APPLICATION OF
DERIVATIVES

the rate of change of y w.r.t. x and its

N e~ €.
value at x = a is denoted as |::| . dx
dx |, The rate of change of total

revenue with respect to the

quantity sold is the marginal
dR
revenue, MR= —.
dx
Increasing and Decreasing |
Functions /
Decreasing without derivative test If X1 < X3 = f (x1) > (x) ¥ X, X2€ (a.b)
Function with derivative test If f’(x) <O foreachxe(a,b)
Strictly without derivative test If x4 <xo=1f(xq) > f(x2) v X1, X2 € (a b)
Decreasing
Function with derivative test Iff’(x) < Oforeachxe (a,b)
Increasing without derivative test Ifx1 <xo= f(xq) < f(X2) V X9, X2 € (a,b)
Function with derivative test Iff’(x) >0 for each xe(a, b)
Strictly without derivative test Ifx1 < Xo=f(x1) < f(X2) V Xq, X2 € (a, b)
increasing . .
Function with derivative test Iff’(x) >0 foreachxe (a,b)
—— Mak ma and Minima ;
Maxima and Minima
They exist at critical points only.

Local Maxima:Atx=a
fla - h) < f(a) > fla+ h) (h— 0)
) Local Minima:Atx=a
fla - h) > fla) < fla+h) (h— 0)

First derivative test
(i) x=ais local max if f’(a) = 0 and
) f’(x) changes sign from +ve to -ve
(ii) x = a is local min if f’(a) = 0 and
f”(x) changes sign from -ve to +ve

Critical points
) (i) f(x) doesn't exist (or)

(i) f’(x) doesn't exist
(iii) f'(x) =0 Second derivative test

(i) Findtherootsoff’(x)=0
(ii) Suppose x = a is one of the roots.

Global Max : Max value of f(x) ) (iii) At those points f”(x) < O = f(x) is
in domain maximum atx=a
) Global Min: Least value of f(x) f”(x) > 0 = f(x) is minimum at

indomain X=a.
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= Previous Years’ CBSE Board Questions =

6.2 Rate of Change of Quantities
(1 mark)

1.  Theradius of acircle is increasing at the uniform rate
of 3 cm/sec. At the instant when the radius of the
circleis 2 cm, its areaincreases at the rate of

cm?/s. (2020)

2. Therate of change of the area of a circle with respect
toits radius r, whenr=3cm,is (2020)

Y (2 marks)

3. The total cost C(x) associated with
production of x units of an item is given by
C(x) = 0.005x3 - 0.02x2 + 30x + 5000. Find the
marginal cost when 3 units are produced, where by
marginal cost we mean the instantaneous rate of

change of total cost at any level of output. (2018)

4. The volume of a sphere is increasing at the |

rate of 3 cubic centimeter per second. Find the rate of
increase of its surface area, when the radius is 2 cm.
(Delhi 2017)

5. Thevolume of a cube is increasing at the rate of 9 cm3/s.
How fast is its surface area increasing when the length

of anedgeis 10cm? (NCERT, Al 2017) @

(4 marks)

6.  Aladder 13 m long is leaning against a vertical wall.
The bottom of the ladder is dragged away from the
wall along the ground at the rate of 2 cm/sec. How
fast is the height on the wall decreasing when the
foot of the ladder is 5 m away from the wall?

(A12019)

7. Theside of an equilateral triangle is increasing at the
rate of 2 cm/s. At what rate is its area increasing wheg

the side of the triangleis 20cm? ~ (Delhi 2015) (Ev|

8. The sides of an equilateral triangle are increasing at
the rate of 2 cm/sec. Find the rate at which the area
increases, when the side is 10 cm.

6.3 Increasing and Decreasing Functions
MCQ

9. The interval in which the function f(x) = 2x3 + 9x2 +
12x - 1is decreasing, is
(@) (-1,%) (b) (-2,-1)(c) (-eo,-2)(d) [-1,1]
(2023)
10. The function f(x) = x3 + 3x is increasing in interval
(@) (-,0) (b) (0,>) (c) R (d (0,1)
(2023)
11. The interval, in which function y = x3 + 6x2 + 6 is

increasing, is

(@) (—,—4)U(0,) (b)  (~eo,—4)

(A12014C)

(Term |,2021-22)

12. The function (x - sin x) decreases for

a) allx b T
(a) (b) x<3
(c) 0<x<% (d) no value of x

(Term [, 2021-22)

(1 mark)

- 13. Find the interval in which the function f given by
the |

f(x) = 7 - 4x - x2 is strictly increasing. (2020)
m (2 marks)
14. Find the interval in which the function f(x) = 2x3 - 3x
is strictly increasing. (2023)

15. Show that the function f(x) = 4x3 - 18x2 + 27x - 7
is always increasingon R. (Delhi 2017)

16. Show that the function f(x) = x3 - 3x2 + 6x - 100
isincreasing on R. (Al 2017)

(4 marks)
cos (2x+£); is
4

17. Find whether the function f(x) =

increasing or decreasing in the interval §< X< %ﬁ
(2019) @
18. Find the intervals in which the function
4
f(X)=XT—X3—5x2+24x+12 is
(a) strictly increasing .
(b) strictly decreasing (2018)

19. Find the intervals in which the function
f(x) = 3x* - 4x3 - 12x2 + 5 s
(a) strictly increasing
(b) strictly decreasing

20. Find the value(s) of x for which y =

(Delhi 2014)
[x (x-2)]2 is an

increasing function. (Al 2014)
21. Find the intervals in which the function

f(x):%x4—4x3—45x2+51 is

(i) strictly increasing

(ii) strictly decreasing (Foreign 2014)

22. Find the intervals in which the function

3 4 43 36
=— -3x“+—x+11
fix)= 0" "5* x? =X is
(a) strictly increasing

(b) strictly decreasing. (NCERT, Al 2014C) @
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NI (5/6 marks)

23. Find the intervals on which
fix) = (x - 1)3 (x - 2)2 is (a) strictly increasing
(b) strictly decreasing. (2020)
24. Find the intervals in which the function f defined as
f(x) = sin x + cos x, 0 < x < 2w is strictly increasing or
decreasing. (2020) (U |

25. Findtheintervalsin which f(x) =sin 3x - cos 3x,0 < x <,
is strictly increasing or strictly decreasing.

(Delhi 2016)

26. Prove that the function f defined by f(x) = x2 - x + 1
is neither increasing nor decreasingin (-1, 1). Hence,
find the intervals in which f(x) is (i) strictly increasing
(i) strictly decreasing.

6.4 Maximaand Minima
McCQ

27. The value of x for which (x - x2) is maximum, is
(a) 3/4 (b)y 1/2 () 1/3 (d) 1/4 R
(Term 1,2021-22) (U |

28. Awire of length 20 cm is bent in the form of a sector

of acircle. The maximum area that can be enclosed by

the wire is
(a) 20sg.cm (b) 25sg.cm
(c) 10sg.cm (d) 30sg.cm

(Term 1,2021-22)
Case study-Some young entrepreneur started a industry
“young achievers” for casting metal into various shapes.
They put up an advertisement online stating the same
and expecting order to cast metal for toys, sculptures,
decorative pieces and more.
A group of friends wanted to
make innovative toys and hence
contactedthe“youngachievers”to
order them to cast metal into solid
half cylinders with a rectangular
base and semi-circular ends.
Based on the above information, answer the following
questions (29 to 33) :

29. The volume (V) of the casted half cylinder will be
1

(@) mr2h (b) gnrzh
(c) 11tr2h (d) mr2(r+h)
2 (Term1,2021-22)
30. The total surface area (S) of the casted half cylinder
will be
(@) mrh+2mr2+rh (b) mrh+mr?+2rh

nrh+mr+rh
(Term I, 2021-22) (EV)

31. The total surface area S can be expressed in terms of

(c) 2mrh+mr?+2rh (d)

Vandras

(a) 2nr+w (b) nr+&
r T

© nwr? +M (d) 2mr? +M
nr nr

the function |

(Delhi 2014C)
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32. For the given half-cylinder of volume V, the total

surface area S is minimum, when

(@) (m+2)V=n23 (b) (m+2)V=mn2?

(¢ 2m+2)V=n2s (d @+2)V=n?r
(Term1,2021-22)

33. Theratio h: 2r for which S to be minimum will be equal

to
(@) 2m:m+2 (b)
() m:m+1 (d)

2n:n+1
mn:n+2
(Term 1, 2021-22) (Cr)

(1 mark)

3
34. Theabsolute minimum value of f(x) = 2 sinxin [0775]

is (2020)

| 35. The least value of the function f(x) = ax + b (a>0,b>0,

x>0)is . X

(4 marks)

(2020)

36. Case-study : Sooraj's father wants to construct a
rectangular garden using a brick wall on one side of
the garden and wire fencing for the other three sides
as shown in the figure. He has 200 metres of fencing
wire.

Based on the above
following questions :

(i) Let ‘x’ metres denote the length of the side of
the garden perpendicular to the brick wall and
‘v’ metres denote the length of the side parallel
to the brick wall. Determine the relation
representing the total length of fencing wire
and also write A(x), the area of the garden.

(i) Determine the maximum value of A(x). (2023)

37. Anopen tank with a square base and vertical sides is
to be constructed from a metal sheet so as to hold a
given quantity of water. Show that the cost of material
will be least when depth of the tank is half of its width.
If the cost is to be borne by nearby settled lower
income families, for whom water will be provided,
what kind of value is hidden in this question?

(2018)
(5/ 6 marks)

38. The median of an equilateral triangle is increasing at
the rate of 2+/3 cm/s. Find the rate at which its side
is increasing. (2023)
39. Sum of two numbers is 5. If the sum of the cubes

of these numbers is least, then find the sum of the
squares of these numbers. (2023)

. | 40. Show that the height of the right circular cylinder
(Term 1, 2021-22) (Ap)

of greatest volume which can be inscribed in a right
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41.

42.

43.

44,

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

circular cone of height h and radius r is one-third of
the height of the cone, and the greatest volume of the

cylinder is g times the volume of the cone.  (2020)
Find the minimum value of (ax + by), where xy = c2.
(2020, Foreign 2015)

Amongst all open (from the top) right circular
cylindrical boxes of volume 125m cm3, find the
dimensions of the box which has the least surface
area. (2020)

Find the dimensions of the rectangle of perimeter
36 cm which will sweep out a volume as large as
possible, when revolved about one of its side. Also,

find the maximum volume. (2020)

Prove that the radius of the right circular cylinder of |

greatest curved surface area which can be inscribed
in a given cone is half of that of the cone. (2020C)

Show that the height of the cylinder of maximum
volume that can be inscribed in a sphere of radius R is

E. Also find the maximum volume. (2019)

V3

Show that the height of a cylinder, which is open at !

the top, having a given surface area and greatest
volume, is equal to the radius of its base. (2019)

A tank with rectangular base and rectangular sides,
open at the top is to be constructed so that its depth
is 2 m and volume is 8 m3. If building of tank costs
% 70 per square metre for the base and ¥ 45 per
square metre for the sides, what is the cost of least

expensive tank? (NCERT, Delhi 2019)
Find the area of the greatest rectangle that can be

inscribed in an ellipse x72+y72:1‘ (A1 2019)
a

Show that the right circular cylinder of given surface

area and maximum volume is such that its height is

equal to the diameter of the base.

If the sum of lengths of the hypotenuse and a side of a
right angled triangle is given, show that the area of the
triangle is maximum, when the angle between them

is E. (NCERT Exemplar, Delhi 2017, Al 2016, 2014)

Show that the surface area of a closed cuboid with

square base and given volume is minimum, when it ig :

acube.

(A1 2017)(Ev]

Show that the altitude of the right circular cone of
maximum volume that can be inscribed in a sphere

. . 4r . .
of radiusr s 3 Also find maximum volume in terms

(Delhi 2016, Al 2014)

Prove that the least perimeter of anisosceles triangle

in which a circle of radius r can be inscribed is 6v/3r.
(Al 2016)

The sum of the surface areas of a cuboid with sides

of volume of the sphere.

X
X, 2x and 3 and a sphere is given to be constant.

Prove that the sum of their volumes is minimum, if x

(2019C) |

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.
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is equal to three times the radius of sphere. Also find
the minimum value of the sum of their volumes.

(Foreign 2016)
OR

The sum of surface areas of a sphere and a cuboid

with sides %,x and2x, is constant. Show that the

sum of their volumes is minimum if x is equal to three
times the radius of sphere. (Al 2015C)

Find the local maxima and local minima of the
function f(x) = sin x - cos x, 0 < x < 27. Also find the
local maximum and local minimum values.

(Delhi 2015)

Find the coordinates of a point of the parabola
y = x2 + 7x + 2 which is closest to the straight line
y=3x-3. (Foreign 2015)

A tank with rectangular base and rectangular sides
open at the top is to be constructed so that its depth
is 3 m and volume is 75 m3. If building of tank costs
¥ 100 per square metre for the base and ¥ 50 per
square metre for the sides, find the cost of IeasI

expensive tank. (Delhi 2015C)

A point on the hypotenuse of a right triangle is at
distance ‘@’ and ‘b’ from the sides of the triangle.
Show that the minimum length of the hypotenuse is

(a2/3 + h2/3)3/2, (NCERT, Delhi 2015C)

Of all the closed right circular cylindrical cans of
volume 128 © cm3, find the dimensions of the can
which has minimum surface area. (Delhi 2014)

Show that the semi vertical angle of the cone of
the maximum volume and of given slant height is

ot L (Delhi 2014) (EV)
J3

Prove that the semi vertical angle of the right circular

cone of given volume and least curved surface areais

cot 12, (Delhi 2014)

The sum of the perimeters of acircle and asquareisk,
where k is some constant. Prove that the sum of their
areas is least when the side of the square is equal to
the diameter of the circle.

(Foreign 2014, Delhi 2014C)

Show that a cylinder of a given volume which is open
at the top has minimum total surface area, when its
height is equal to the radius of its base.

(Foreign 2014)

A window is of the form of a semi-circle with a
rectangle on its diameter. The total perimeter of the
window is 10 m. Find the dimension of the window to
admit maximum light through the whole opening.
(Foreign 2014)

ABis a diameter of a circle and C is any point on the
circle. Show that the area of AABC is maximum , when
itisisosceles. (Al 2014C)

Find the point P on the curve y2 = 4ax which is nearest
to the point (11a, 0). (A12014C)

If the length of three sides of a trapezium other than
baseis 10 cm each, then find the area of the trapezium

when it is maximum. (NCERT, Al 2014C)
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= CBSE Sample Questions -

6.2 Rate of Change of Quantities
m (2 marks)

1. Aman 1.6 m tall walks at the rate of 0.3 m/sec away
from a street light that is 4 m above the ground. At
what rate is the tip of his shadow moving? At what
rate is his shadow lengthening? (2022-23)

6.3 Increasing and Decreasing Functions
MCQ

2. Find the intervals in which the function f given by
f(x) = x2 - 4x + 6 is strictly increasing.
(@) (-e0,2) U (2,) (b) (2,0)
(€ (-=,2) (d) (-e0,2]U(2,0)

(Term I, 2021-22) (Ev]

3. Thereal function f(x) = 2x3 - 3x2 - 36x+ 7 is

(a) Strictly increasing in (-o, -2) and strictly
decreasingin (-2, «)

(b) Strictly decreasingin (-2, 3)

(c) Strictly decreasing in (-, 3) and strictly
increasingin (3, «)

(d) Strictly decreasingin (-oo, =2) U (3, =)

(Term I, 2021-22)

4.  Thevalue of b for which the function f(x) = x + cosx+ b
is strictly decreasing over Ris
(@) b<1 (b)
() b<1 (d)

No value of b exists
b>1

(Term I, 2021-22) (Ap) |

VB (3 marks)

5.  Find the intervals in which the function f given by

f(x) = tanx - 4x, xe(O, g) is

(a) strictlyincreasing  (b) strictly decreasing

6.4 Maximaand Minima
MCQ

6. The least value of the function f(x) = 2cosx + x in the

closed interval [oyﬁ] is
2

(a) 2
T
(c) E

(d) The least value does not exist.

(b) §+J§

(2020-21)

10.

11.

12,
(Term 1, 2021-22) |

The area of a trapezium is defined by function f and
given by f(x)=(10+x)\/100—x2, then the area when
itis maximised is

(a) 75cm? (b)
(c)  75V3cm? (d)

7\/5 cm?
5 cm?
(Term 1, 2021-22) (Cr)

The maximum value of [x(x - 1) + 1]¥/3,0 < x < 1is

@o B > ©1 @ 3t
2 3
(Term [, 2021-22)
Case Study : The fuel cost per hour for running a
train is proportional to the square of the speed it
generates in km per hour. If the fuel costs T 48 per
hour at speed 16 km per hour and the fixed charges
to run the train amount isX }200 per hour.

Assume the speed of the train as v km/h.
Based on the given information, answer the following
questions (9 to 13).

Given that the fuel cost per hour is k times the
square of the speed the train generates in km/h, the
value of kis

1 3

¥ vl o3 o

@ 3 3 16

If the train has travelled a distance of 500 km,
then the total cost of running the train is given by
function

(a) 15 v 600000 (b) 375 v 600000
16 v 4 v
(©) ivz N 150000 (d) iv+ 6000
16 v 16 v
The most economical speed to run the train is
(@) 18km/h (b) 5km/h
(c) 80km/h (d) 40km/h

The fuel cost for the train to travel 500 km at the
most economical speed is
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(@) ¥ 3750 (b) %750
(c) T 7500 (d) T 75000

13. The total cost of the train to travel 500 km at the

most economical speed is
(a) ¥ 3750 (b) ¥ 75000
(c) % 7500 (d) T 15000
(Term 1,2021-22)
Case study based questions are compulsory. Attempt any 4
sub parts from question. Each sub-part carrie 1 mark.

14. An architect designs a building for a multi-national
company. The floor consists of a rectangular region
with semicircular ends having a perimeter of 200 m
as shown below:

Design of Floor

Building

Based onthe above information answer the following:

(i) If x and y represents the length and breadth |

of the rectangular region, then the relation
between the variables is

(a) x+my=100 (b) 2x+my=200

() mx+y=50 (d) x+y=100

(if) The area of the rectangular region A expressed
as afunction of x is

(@ 2(100x-x2) (b) 1(100x-x2)
T
X 2
() Z(100-x) d) my?+= (100x x2)
T
(ili) The maximum value of area A is
(@) — m? (b) 2202
3200 b
@ 990 . @ 1000 .
' T

(iv) The CEO of the multi-national company is
interested in maximizing the area of the whole
floor including the semi-circular ends. For this to
happen the value of x should be

Detailed B<{o]R88x ) [0] i

(dA
dt

y N
Previous Years’ CBSE Board Questions

1. Letrbethe radius and A be the area of circle.

Given that %=3cm/sec (i)
We know that, area of circle A = ir2
A o onr.3 [Using ()]
at M at &
= 6nr

(a)
(c)

(v)

(a)

(c)
(d)

CBSE Champion Mathematics Class 12

Om (b) 30m
50m (d) 80m

The extra area generated if the area of the
whole floor is maximized is

3000 , ) 5000 -
T T
7000 ,
b

No change, Both areas are equal (2020-21) @

(4 marks)

Case-Study : Read the following passage and answer
the questions given below.

In an elliptical sport field the authority wants to
design a rectangular soccer field with the maximum
possible area. The sport field is given by the graph of

15.

2.

3.

L=

a

(i)
(iii)

If the length and the breadth of the rectangular
field be 2x and 2y respectively, then find the area
function in terms of x.
Find the critical point of the function.
Use First Derivative Test to find the length 2x
and width 2y of the soccer field (in terms of a and b)
that maximize its area.

OR
Use Second Derivative Test to find the length 2x
and width 2y of the soccer field (in terms of a and b)
that maximize its area. (2022-23)

) =12ncm?/s
r=2cm

Let r be the radius and A be the area of circle.
We know that, area of circle, A = nr?

dA
dr

—=21r = (d—A) =é6mcm

dr r=3

We have, C(x) = 0.005x3 - 0.02x2 + 30x + 5000

dC

d——O .015x2 —0.04x+30
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Now, ™ =0.015x3“-0.04x3+30=30.015
x=3
4.  Letr,Sand Vrespectively be the radius, surface area
and volume of sphere at any time t.

dv

Given, —t=3cm3/sec

We know that, volume of sphere V :%nr?’

av =4nr? dr
dt dt
— dr_ 3 (m/sec

dt 4mr?
We know that, surface area of sphere S = 4nr?

ds dr 3 ds 6
= =8nr—=8nr = —=—
dt dt 4nr? dt r
(ﬁ) =é=3cm2/sec
dt r=2cm 2

5. LetIbe the length of an edge and V be the volume of
a cube respectively.

Given, d—V=9cm3/sand [=10cm

We know that, volume of cube (V) = I3

TP = 9=32%
dt
= ﬂzi (i)
dt |2
And, surface area of cube (A) = 6/2
L 9A i(6:2) 1219 121 i (From (i)
dt dt 12
_36
S
(d—A) =%=3.6cm2/s
dt Ji—10 10

6. Letfootoftheladderisatadistance x mfrom the wall
and height on the wall isy m.

Here, x2 +y2 = (13)2 [Using Pythagoras theorem]
Differentiating with respect to t, we get 5
2wy
dt dt 13

dy _-xdx '

dt vy dt A - o ‘
Whenx=5m,y?=(13)2-(5)2=169 - 25 =144
. oy=12m

Also, %:2 cm/sec [Given]

. dy = X2= —Scm/sec
dt 12 6

7. Let‘a bethe side of an equilateral triangle.

Then d—az 2cm/sec
dt

Let ‘A’ be the area of an equilateral triangle, then

a3,z dA_, N3 da_+3 da
T4 dt 4 dt 2 dt

= f=

111

(%) =£><20><2 =20/3cm?/sec
dt Joo 2

8. Let'‘a be the side of an equilateral triangle.
Then 99_ 2cm/sec
dt

Let ‘A’ be the area of an equilateral triangle, then

a3 dA_, 3 da_\3 da
4 dt 4 dt 2 dt
(%) —ﬁx10x2:10\/§cm2/sec
dt a=10

[Concept Appiied (€]

2 Power rule of derivative : di(x”)= nx"1
X

9. (b):Wehave, f(x) = 2x3+ 9x2 + 12x - 1
= f'(x)=6x2+18x+ 12
For decreasing,f’(x) <O
6x2+18x+12<0
= X2+3x+2<0= (x+1)(x+2)<0 = -2<x<-1

i So, f(x) is decreasing, if xe (-2,-1).

10. (c):f(x) = x3 + 3x

For increasing, we must have f’(x) > 0
f'x)=3x2+3>0 = 3(x2+1)>0

= x2+1>0,whichistrueV xe R.

11. (a):Given,y=x3+6x2+6= d—y=3x2+12x

dx

For increasing, %>0 =3x2+12x>0=3x(x+4)>0
X

+ ! - !

1 |

— oo -4 0 )

So, y is strictly increasing in (-, =4) U (0, ).

12. (d): Let f(x)

+

=X - sinx

i Differentiating w.r.t. x, we get f ’(x) = 1 Cosx

For function to be decreasing, f’(x) < 0

= 1-cosx<0 = cosx>1,

which is not possible, because maximum value of cosx is 1.
f(x) = (x - sinx) doesn’t decrease at any value of x.

13. Lety=f(x)=7-4x-x2
dy
—=-4-2
dx X
For strictly increasing, Zy >0
X

= -4-2x>0 = x<-2
Required interval is (-oo, -2).

14. Lety=f(x)=2x3-3x .. Z—y=6x2—3
X

For strictly increasing, dy

dx

>0

2

= 6x°-3>0= x >%

-1 1
So, f(x) is strictly increasing in Xe(—oo )u(—,oo).
& 2 )7\

15. We have, f(x) = 4x3 - 18x2+27x - 7
12x2 - 36x + 27
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=12 (x2—3x+2—
4

2)+27
4

3)? 3)?
:12(x—§) —27+27:12(x—§) >0VxeR

Hence, f(x) is always increasing on R.
16. We have, f(x) = x3 - 3x2 + 6x - 100 ()
Differentiating (i) w.r.t. x, we get
f'(x) =3x2-6x+6
=3(x2-2x+1)+3=3(x-1)2+3>0
(.- Forall values of x, (x - 1)2is always positive)
f'(x)>0
So, f(x) is an increasing function on R.

N
[ Answer Tips (£

2 Iff’(x) > 0= fis strictly increasing function.
17. We have, f(X)=C0$(2X+%)

MY o r
f'(x)= 25|n(2x+4)

Given, 3—<x<5—7c

8 8
3n 5n n 3n T 5Snmom
= —<2X<— = —+—<2X+—<—+—
4 4 4 4 4 4

3

E)<O
4
[ sinfunction is negative in [1I"¥ and IVth quadrant]
= —25in(2x+%)>0
= f(x)>0
Hence, f(x) is increasing in (3; SSTE)

4

18. We have, f(x) = XT -x3-5x2+24x+12 (i)

onR.
Differentiating (i) w.r.t. x, we get

f’(x)z‘%‘rg—ax2 ~10x+24
=x3 - 3x? - 10x + 24
=(x-2)(x2-x-12)=(x-2) (x- 4) (x + 3)
(a) For strictly increasing, f(x) > 0
= (x-2)(x-4)(x+3)>0
= xe€ (-3,2)u(4,«)
(b) For strictly decreasing, f’(x) < 0

= (x-2)(x-4)(x+3)<0 PRI Y
= X (~0,-3)U(2,4)

19. We have, f(x) = 3x* - 4x3 - 12x2+ 5

f/(x) = 12x3 - 12x2 - 24x = 12x(x2 - x - 2)
= f'(x)=12x(x+ 1)(x - 2)
Now, f"(x) =

= 12x(x+ 1)(x-2) =
= x=-1,x=0o0rx=2

i 21. Wehave, f(x):%x4
f(x) being polynomial function is continuous and derivable

= f'(x)=

CBSE Champion Mathematics Class 12

Hence, these points divide the whole real line into four
i disjoint open intervals namely (-, -1), (-1, 0), (O, 2) and

(2,00).
Interval Sign of f'(x) Nature of function
(-o0,-1) [(-)(-)(-)<0 Strictly decreasing
(-1,0)  [(-)(+)(-) Strictly increasing
(0,2) (+)(+)(-)<0 Strictly decreasing
(2, o) (HHEH)>0 Strictly increasing

(@) f(x)is strictly increasingin (-1,0) U (2, «).
(b) f(x) is strictly decreasingin (-, -1) U (0, 2).
20. Here,y=[x(x - 2)]2=x2(x - 2)2

= d—y=2x(x—2)2 +2x2(x—2)
i dx

=2x(x - 2)(x - 2 +x) =4x(x - 1)(x -2)

For y to be anincreasing function, ? >0
X

= x(x-1)(x-2)=0
Case 1: When -~ < x<0

d . . .
‘ d—ys 0 =y isadecreasing function.
Lodx

Case 2: When0<x<1
dy
dx

Case 3: When 1<x<2

—2>0 =vyisanincreasing function.

d . . .
—yS 0 =y isadecreasing function.
X

Case4:When2<x<e
dy
dx

yis anincreasing functionin [0, 1] U [2, =)

—>0 =y is anincreasing function.

x3-45x?+51 (i)
f(x) being a polynomial function is continuous and
derivable on R.

Differentiating (i) w.r.t. x, we get

f(x)= gx 4x° -12x%-90x

6x3 - 12x2 - 90x = 6x(x? - 2x - 15)
=6x(x-5)(x+3)
For strictly increasing, f'(x) > 0

—
=

= 6x(x-5)(x+3)>0

= xe (-3,0)u(5,)

(i) For strictly decreasing, f’(x) < O
= 6bx(x-5)(x+3)<0

= Xx€ (-,-3)u(0,5)

N
[Answer Tips (7]

2 Iff’(x) < 0= fis strictly decreasing function.
2 Iff'(x) > 0= fis strictly increasing function.

22. Here, f(x)=—x%- 4 x° —3x +356x+11

5

Differentiating w.r.t. x, we get
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Fix)=—axd -2 3x2 _3.0x+381
10 5 5
_O(x3_2x25x+6) = yx 1)(x2—x—6)

:gu—mu+mU—$

f'ix)=0=>x=-2,1,3.
Hence, the points divide the real line into four disjoint
intervals (-0, -2), (-2, 1), (1, 3) and (3, «).

i which gives 3x="> 2

Interval Sign of f’(x) Nature of function
(o0, =2) (=) (=) (=) < Strictly decreasing
(-2,1) (=) (+) (- )>O Strictly increasing
(1,3) #H (=)< Strictly decreasing
(3, ) (H#HE#H>0 Strictly increasing

(@) f(x)isstrictly increasingin (-2, 1) U (3, ).

(b) f(x)is strictly decreasingin (- =, -2) U (1, 3).

23. We have, f(x) = (x - 1)3 (x - 2)2 (1)
Differentiating equation (1) w.r.t. x, we get

F0)= (x— 1)30‘;’X(x 2% +(x— )Zd(x 13

=(x-1)2(x-2)[2(x-1)+3(x - 2)]
=(x-1)2(x-2)2x-2+3x-6)
= fx)=Kx-12(x-2)(5x-8)
Now put f'(x) =

= (x-1)2(x-2)(5x-8)=0= x=1,2,8/5

The points divide the real line into four disjoint intervals

(=0, 1),(1,8/5),(8/5,2) and (2, =o).

Interval Sign of f'(x) Nature of function
(=00, 1) (+)(=)-)>0 Strictly increasing
(1,8/5) (#)(-)-)>0 Strictly increasing
(8/5,2) (H)(-)+) <0 Strictly decreasing

(2, ) (H)(+)(+) >0 Strictly increasing

(@) f(x)is strictly increasingin (-, 1) U (1, 8/5) U (2, =0).
(b) f(x)is strictly decreasingin (g 2).

24. The given functionis
f(x) =sinx + cosx, 0<x<2m
= f’(x) = cosx - sinx
Now f’(x) =0 = cosx - sinx =0
=tanx=1

_Tom

4’4

. b4 5x .. . .
The points x:Z and x:Z divide the interval [0, 27] into
three disjoint intervals, [0, n/4), (n/4, 51/4), (%ﬁ 21‘C:|
Now f'(x) >0in [O, %)
T
fis strictly increasingin [0 Z)

son 3]

P = fis stnctlymcreasmgm(
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51
is strictly decreasingin (— —)
fi y LN ooy

5
and f’(x) >0in (I,Zn]
i .. (om
fis strictly increasing in (7 275] .

Thus, the function fis strictly increasing in

[o,ﬁ) kJ(EE,zn].

4 4

25. f(x) =sin 3x - cos 3x

= f’(x) =3 cos 3x + 3sin 3x
f’(x)=0 = 3cos 3x=-3sin 3x
-sin3x = tan3x=-1

3n or7l or — lin
4 4

= forltor& [

4 12 12
The points x_E x_7—1t and x
4’7 12

(0, m) into four disjoint intervals,

= cos3x=

. O<x<m]

1T divide the interval
12

()R
'4)\4’12)\12" 12 S\ 12"

Now, f’(x) >0in (Og)
= fisstrictly increasingin (0%)

f’(x)<0in (n 7“)
412 .
= fisstrictly decreasingin (— —n)

412
(ﬂ>om(ﬁtﬂn)
12" 12

7n 11n)
2’12

f’(x)<0in (11n n)
12
= fisstrictly decreasingin (11n,n)
12
Hence, fis strictly increasing in the intervals
( n) (71‘6 111‘5)
0,— |u| —=,—
4 12" 12
and fis strictly decreasing in the intervals
(n 7n) (lln )
=, — || =%
412 12

26. Here, f(x)=x%2-x+1:xe(-1,1)
= fx=2x-1

)= _1
f(x)—O:}«x—2

Now f’(x):Z(x—%)>O for%<x<1

. = fisstrictly increasingin (% 1)
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Also f’(x)=2(x—%)<0f0r—1<x<%

= fisstrictly decreasingin (—1, %)

Thus fis neither increasing nor decreasingin (-1, 1).
27. (b):Letf(x) = x - x2
f'(x)=1-2x
For critical point, f’(x) =0
= 1-2x=0=x=1/2
Now, atx=1/2,f"(x)=-2<0
So, f(x) has maximum value at x = 1/2.

[Concept Appiied (€]

2 x=cisapoint of local maxima if f’(c) = 0 and f “(c) < O.

The value of f(c) is local maximum value of f.

28. (b):Letr be the radius, 0 be the central angle and | be

the length of the circular sector.
Given, | +2r=20

= r+2r=20 (- [1=r0) = 9220—2r

r
Let A be the area of the circular sector.

2 .(20—2r):r(10_r)

r

_ nr?e r

2n 2
dA
dr
For maximum or minimum value of A, we have

d—A=O:>r=5 and d27A:
dr dr?
. Areaismaximumatr=5
Maximum area, A= 5 (10 - 5) = 25 cm?2
29. (c):-- Volume of cylinder = nr2h
.V =Volume of casted half cylinder = (1/2)rr2h

27r(r+h) w2

= 10-2r

-2<0

30. (b):Total surface area, S = rh

=mr2+qurh+2rh

r o

2V 2
31. (c):Here,S= nr2+M [ vzénrzh 2V

2, 2V(n+2)
mr
ds V(m+2) 1

= —=2nr— >
dr T r

ds _
dr

32. (a):s S=mr

For Sto be minimum, 0

2V(n+2)

TEI’2

33. (d): - V=%nr2h

= 2nr= = 123 =V(n+2)

and S will be minimum, when (it + 2) V = 72r3
23

T n+2
From (i) and (ii), we get

y

(i)
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: 2 7t2r3
| = Znrth=—"— = nr?h (n+2) = 212r3
i 2 n+2
= hn+2)=2nr o N T
2r m+2

Thus, required ratioi.e,h:2rism:m+ 2.
34. Here, f(x) = 2sinx

= f’(x) = 2cosx

Puttingf’(x) =0

= 2cosx=0 = cosx=0

= X= E,Sl

2 2

3n

E,f are the critical points
2°2

| Atx=g,f(x)=2><1=2

Atx= 3 ,f(x) = 25in(n+E) =-2sint =-2
2 2 2
Hence, absolute minimum value of f(x) is -2.

35. We have, f(x) = ax+9
X

f'(x)=a- (b/x?)
. , b b b
Putting f’(x) =0= a——:0=>a:—:>x:\/g (asx >0)

x? x?

The least value of f(x) is
2 )-of 2 ) vab = b + Va2

36. Given, the length of side of garden perpendicular to

the brick wall is x m.
X

Brick wall ——»| y

X

i The length of the side parallel to the brick wall is y m.

(i) 2x+y=200
We know that area of rectangleis =[x b
= A(x) =xy =x(200 - 2x) = 200x - 2x2

(i) Since, A(x) = 200x - 2x2 ()]
Differentiating (i) w.r.t. x, we get
9 A(x)=200—4x (i)
dx

For critical point iA(x): 0
dx

= 200-4x=0 = 4x=200 = x=50
Again differentiating (ii) w.r.t. x, we get

d—ZA(x)=—4<O i.e., area A(x) is maximum at x = 50
X
Hence, maximum area is
A(50) = 200(50) - 2(50)2
= 10000 - 5000 = 5000 m?

37. Letx be the side of square base and y be the height of
the open tank.
I[=x,b=xandh=y

i where |, b and h be the length, breadth and height of tank
i respectively.
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Volume of tank V = x?y = y:l2
X

The cost of the material will be least if the total surface

areais least.
Total surface area of tank (S) = x2 + 4xy
(¥
) Z

= S=x2 +4X(L2)
X

2+ﬂ = ﬁ—zx_ﬂ
X dx x2

ds

= S=x

For maxima or minima, ===0

dx
= 2x—%=0:x3=2V:>x=2y (.- V=x2y)
X
2
Also, d §=2+8—\;>0
dx X

Cost of material is least, wheny = g

i.e., the depth of the tank is half of its width.

As the cost is borne by nearby settled lower income
families it shows that they are spending money on social
welfare so that no body will face the water problem in
future. It shows social responsibility.

LConcept Appicd (€]

2 x=cis apoint of local minima if f’(c) = 0 and f “(c) > O.
The value of f(c) is local maximum value of f.

38. Let the side of an equilateral triangle be 2x cm, then
its median = /3x

Let M=y3x = 9M_ 3%
dt dt

= 2\/§=\/§d—x = %—&—2cm/sec

dt dt 3
Now, side of triangle = 2x
= s=2X

= §=2@=2x2 cm/sec =4 cm/sec
dt dt

So, side is increasing at the rate of 4 cm/sec.

39. Let the two numbers be x and y.
According to question, we have
X+y=5 = y=5-x ()
Let p= x3+y3
=x3+(5-x)3
=x3+ 125 - x3 - 75x + 15x2
= p=15x2-75x+ 125
Differentiating with respect to x, we get

d—p=30x—75
dx

For minimum, d—pzo = 30x-75=0 = x=E
dx 2

2
Now, d—§:30>o
dx

So, x3 + y3 is minimum at x:%

5 5
From (i), y=5—-===
(i), y 2=3

z 2 2
; 5 5
i So, required value = X2+Y2=(*) +(*)
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40. Given the right circular cone of fixed height h and
semi-vertical angle 0. Let R be the radius of the base and
H be the height of the right circular cylinder that can be
inscribed in the right circular cone.

In the figure, ZGAO =6, OG =Ar, OA=h,OE=RandCE=H

0
B @ T
h H
— l
F D E G

-«—r—>
We have, r/h =tan 0
r=htan® (1)

: éince, AAOG and ACEG are similar.

AO_CE__CE
OG EG OG-OE

b:i = R:r(l—ﬂ)
r r-R h

2
Now, volume of cylinder (V) = tR2H = nrz(l—%) H

av

For maximum volume, 0

2
= Tcr2|:H><2(1—H)><—1+(1—H) ]:o
h)" h h

2
= w233 g0 = e[ Hog)(BH 1 )-0
h  p? h h

h

= H=21 [.- H#h]

1
So, height of cylinder = 3 of height of cone

Also, maximum volume of cylinder

2
= nrz(l—i) ><ﬁ:(1nr2h)><i
| 3 3 \3 9

4
= 3 of volume of cone.

41. Letu=ax+ by, where xy = c2

= u=ax+b(62] (i)

X
Differentiating w.r.t. x, we get

du bc?
g

dx x2
du
dx

For critical points, =2 _¢

ax?—bc?

X2
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x:i\/Ec
a
2
At x= \/Ecd— 2bc(\/g 1)
a  dx? b ¢
2bc ( \/—) )4 \/7>O
¢ (bvb
o \F
= uisminimumat x=c .

2
At X=—\/Ec d———Zbc [\/1(1}0
a  dx? b ¢

. . b
= uismaximumatx = —\ﬁc
a

The minimum value of u at x=\/Ec is
a

u=a(\/gc)+bc2(\/gxi] =c+ab ++bac=2c\ab

42. We have, volume of cylinder = nr2h

nr’h = 1250 (given)
= r2h=125
= h=12 (1)
r
Surface Area (S) = 2arh + nr2
=27rr-12—5+rcr2
2
r
5= 2507 +TCr2 (2)
r
On differentiating (2) w.r. to ‘', we get
d( 25075) ,
a5 N r ) A0 osomr2 s on
dr dr dr
B 2
d—sz 250n+2 r and Q 5001t+21t
dr r? ar? 3
For maximum or minimum value of surface area, we have
toput =2=0
opu ar
9 _657250%  orrmo0
dr r2
250n 5 250m
= 2nr= -— = rr=
r 2n
= r3=125 = r=5cm
2
Now, (d S) =500n+2n=6n>0
dr r=5cm 125

Hence, the surface area is minimum atr=5cm
Put r=5in equation (1), we get
n1B 125
r 5x5
Hence, the radius and height of the right circular
cylindrical box arer =5 cmand h = 5 cm respectively.

43. Letlength and breadth of rectangle be x and y
respectively.
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Given, perimeter of rectangle ’[‘
| =36cm y
= 2x+2y=36 l
= x+y=18 X
= y=18-x (i)

Let rectangle be revolved about its length x.
Then volume of resultant cylinder (V) = mx2y

= V=mx3(18-x) (from (i)
= V=m[18x2 - x3] (i)
On differentiating (i) w.r.t. ', we get
WV r(36x-3x2) (i)
dx
Put Z—V—O:>3x -36x=0
= 3x(x-12)=
= x=0,12 .'.x=12 (- x%0)
Again differentiating (i) w.r. t ‘x, we get
2y 2
d——n(36 6x) = (d\z/] =m(36-6x12)=-36n<0
dx? dx* Jx=12

At x = 12, volume of resultant cylinder is the maximum

i therefore the length and breadth of rectangle are 12 cm

and 6 cm respectively.
Hence, maximum volume of resultant cylinder,
(V)y-12=m(122x 6) = x144 x 6 = 864 mcm3

44. Let‘r and ‘h’ be the radius and height of right circular
cylinder and ‘R’ and ‘H’ be the radius and height of cone.
The curved surface area of cylinder, S = 2rirh

Since, AAOC and AFEC are similar.

oc_A0 R _H_ h:(E)H {0
EC FE R-r h R
5- 2nr(RRr)H [From (i)
2
5=M (i)
3 R
On differentiating (ii) w.r.t. ’r, we have
a5 _2mH g o i)
dr R
For maximum and minimum value, A
ds ] T
= -0, :
put ar ' . H
[y
2LH(R 2r)=0
=
= R- 2r 0 o} —E—>¢
=>r=—
2
2
Q i[an(R 2)]
dr? drl R
275H(0 2)__41’;H 0

d’s ~47H
— = <0
dr* )iz R

R . . .
Hence for r:E,surface areais maximum, i.e., surface area

i is maximum when radius of cylinder is half of that of cone.
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45. Let rand h be the base radius and height of cylinder

respectively.

2
(ﬁ) +r2=R2 (I)
2
Now, V = Volume of the cylinder inscribed in a sphere
=nr?h
v |

2
= V=nh(R2—h)
4

m3
= V=n|R*h-—

4
Now differentiating w.r.t. h, we get

2 2
dv:n(Rz sh J av_ (0—§-2h)
dh and dh? 4
For maximum or minimum,

dv 2 3, 2 45 2R
— =0 R °-—=h =0 h“=—R =
dh " 4 = 38 = h=g
. aY 3 2R

For thisvalueof h, = = —J3nR<0

a2 2" 73

= Vismaximum

Also maximum value of V
2R(2142) 2R2, 4n 4

R*-=—R —R* =——R°cu.units

SN "B3 T3

2 Volume of cylinder = 7r?h

46. Let r be the radius of base of circular cylinder and h
be its height. Let V be the volume and S be total surface

area.
2

Semr?i2mrh = h=S_ ()
2mr
2
V=1tr2h=1tr2(s il ) [from (i)]
2mr
veliromd) - Vo 1(5 3r2)
2 dr
Put 4 _o o 1(S—37tr2):0 = r= fi
dr 2 3r
2
Now,ﬂ S(0-6mr)=—Gnr

2
For r 1{ dV / =—/3n5<0

Volume is greatest when r= }3i
i

- From (i

[Using (i)]

= (C=280+180a+——
a

117

Sn——
3

/i
{ nS
Hence, proved.

47. Let a m and b m be the length and breadth of
rectangular tank respectively.

R
“Ins

_3y
3

2
3 3 b
a
Volume of tank = 2ab =8 [Given]
4 (i)

= ab=4 = b=—
a

If Cis the total cost in rupees, then

C=70(ab) +45(2a + 2b) x 2
= C=70ab + 90(2a + 2b)

= C=70(a)(§)+180(a+§) [Using (i)]
720 i)

Differentiating (ii) w.r.t. ‘a’, we get

2
9 _ 150 720 ,qd°C _720x2
da a? da? a®
For maximum or minimum cost,
£ =0 = 180—@—0 = a?=4=qg=2
da a?
2
Fora:2,3—(2:>0 = Cisleast
a

Using(i),a=2and b=2

i Hence,cost of least expensive tank is

C=280+ 360+ 360=% 1000

> Remember i(1)=—l
da\a

 48. LetABCDbea rectangle inscribed in the ellipse,

Li+£=1 2
a® b?

D Alp,q)
Let AB =2q, DA = 2p. p @
Then coordinates of A are (p, q). 0 > X
As A lies on the ellipse so c 4
2 2 2
p- . q 2 12 p
Eidc1542=p?1-5
a® b2 9 [ az]

Now area A of the rectangle ABCD = 2p-2q = 4pq
= AZ=16p%g?

2 4
—16p? ~b2(1—pzjzléb2(p2 —pz)
a a
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2 3
A" 1 6p2 2p—4p]and
dp a®

A° :16b2(2—12pzj

dp2 a?

For A to be max. or min.

dA? 4p3 a?

o 0=2p--C =0 p2=L o p#0
dp =P a® =P 2 t-p20)
For this value of p2,

252

G 16b2(2-12¢2)=16b2(-4)<0

dp 2

Hence, A2 is max. = A is max.
= The area of the greatest rectangle inscribed in the

2
ellipse =4pq=4-,/%~ /bz(l—%)=2ab sq.units

49. Let‘r and ‘h’ be the radius and height of right circular

cylinder. ..

Surface area of cylinder is given by
S=2nr2+ 2nrh
= 2nrh=S-2mr?

2
he S-2nr
2nr

(i)

or

Volume of cylinder is given by
V =mr2h (i)
On substituting the value of h from (i) into (ii), we get

Sr 3
V="rcnur (i)
> T
On differentiating (iii) with respect to ‘r, we get
(iv)
. - dv
For maximum and minimum value, put d—:O

r
= E—37tr2 =0
2

= S=6énr?

> S fS
or r'=—=r=,[—
6n 6n

Again differentiating (iv) w.r.t. r, we have

2
d7\2/ =-6bmnr
dr

T
Volume is maximum when

r2= iorS =6mr?
6n

6mr? —2nr?

From (i) h=
2nr

= h=2r

Hence volume is maximum when height is twice the radius,

i.e., height is equal to the diameter of base.

P = S=2x2+4x(1)
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50. Let ABC be aright angled triangle with BC=x, AC=y
i such that x +y =k, where kis any constant.
i Let 0 be the angle between the base and the hypotenuse.

Let P be the area of the triangle.

2
P=%><BC><AB=%><X\/y2—x2 = Pzz%(yz—xz)

- p? —ﬁ[(k—X)z—le
T4

k2x? = 2kx®
4 ya O

2.2 3
LetQ=P?ie. Q:%
P is maximum when Q is maximum.

= P?=

- Differentiating Qw.r.t. x, we get

d7Q_ 2k2x — 6kx? ()
dx 4
For maximum or minimum area,

9Q_ 0 = K2x-3kx?=0 = x=K
dx 3

Differentiating (i) w.r.t. x, we get

d°Q _ 2k*-12kx
d® 4

#a]
dx? k2

Thus, Q is maximum when x=§
= Pismaximum at x=§

NOW, X:E = y:k_5:27k [
3 3 3
x k/3 1 n
==l o2 _x
0= T3 2 = 073

N
[Answer Tips (7]

2 Remember cos6=

x+y=K]|

Base
Hypotenuse

So, the area of AABC is maximum when angle between

| the hypotenuse and base is g

[Concept Avpiicd (€]

> Areaof triangle =%><Base><Height

51. Let V and S be the volume and the surface area of a
closed cuboid of length = x units, breadth = x units and
height = y units respectively.

Then, V= x2y = y=xl2 )
(i)
[From (i)]

and S =2(x2 + xy + xy) = 2x2 + 4xy

X2



Application of Derivatives

4v ds 4v

—y2 = 2 _gx-L il
= S=2x%2+— ~ ™ 2 (iii)
ds
For maximum or minimum of S, e =0
X
. é=0 = 4x—ﬂ=0 = V=X3
dx x2
= x%y=x3 [ V=x2y]
= X=y
Differentiating (iii) with respect to x, we get
2
A4 BV B, 8
dx? x3 x3 X
2
= (di] =12>0.
dx* )y —x

Thus, Sis minimum when x =y.
52. Let ABC be a cone of maximum volume inscribed in

the sphere.
Let OD = x

- BD=+r?-x?
and AD=A0+0D

=r+x = altitude of cone.
Let V be the volume of cone.

V——n(BD)z(AD) (r2—x2)(r+x)

= 1n (r?—x

=3 2)+(r+x)(—2x)]

=£[r2 -3x2 —2rx]
3
and d’ V_T 6x—2r
v 2= ]
. .. dv
For maximum or minimum value d—:O

X
= r2-3x2-2rx=0
r2-3rx+rx-3x2=0

=

= (r-3x)(r+x)=0

= r=3x [-r+x=0]
o

= X—g

2
Also, [d \2/] =n|:—6(r)—2r]
dx< ).t 3 3
3

—Tor—2r]= _—4rn <0
3 3

. . r
= Vis maximum when X_E
r_4r

33

and altitude of cone=AD =r

-

Also, maximum volume of cone when x=—

S ELRE)

_8(4 3) 8
—27(3nr 57 (Volume of sphere) cube units.

0.)

' 53. Let AABC be the given triangle and
i AD is the altitude of the isosceles

. So perimeter, (P) =

triangle ABC.

Since, ‘v’ be the radius of the inscribed
circle.

So, OD = OE = OF = r, where O is the
centre of the inscribed circle.

AB and AC are the equal sides.

BD=DC (i)
BD =BE and CD = CF ..(ii)
From (i) and (ii), BD = BE = DC = CF
Similarly, AE = AF

Perimeter of the triangle ABC = AB+ BC + AC

=AE+BE+BD+DC+ CF + AF
= 2AE+4BD (Using (iii) and (iv))
Inright triangle OEA, AE = OF - and AO=—"

tanx tanx sinx

In right triangle ABD, BD = AD tanx
=(AO+OD)tanx = (L+ r)tanx
SINX

Let P be the perimeter of a triangle ABC.
2AE + 4BD

= 2r +4(,L+r)tanx
tanx sinx
= P(x) = r(2cotx + 4 secx + 4 tanx)

dP(x)
dx
= r(-2cosec?x + 4 sec x tanx + 4 sec2x) =0

2 4sinx 4
=r —t——t—— =0
sin“x cos“x cos‘x

For maximum or minimum perimeter,
dP(x

_, dPl)
X

=0

2 2

. ~2c0s? x+4sin’ x+4sin? x 0
sin“xcos” x

= -2(1-sin%) +4sin3x+4sin?x=0

= 2sin3x+3sin2x-1=0

= (sinx+ 1) (2sin?x+sinx-1)=0

sinx cannot be -1 because ‘x’ cannot be more than 90°,
So, 2 sin?x +sinx-1=0

= (2sinx-1)(sinx+1)=0

: Again, sinx cannot be -1.

| So2sinx-1=0
= sinx= 1:”(:300
d?P(x)

= r[4cosec2xcotx+ 4secxtan? x+4sec® x

d’p
Iidx2:| >0
x=30°

So it is a point of minima for P(x)
Hence, least perimeter = [P(x)], - 300 = r(2cot30° + 4sec 30°
+ 4tan30°)

dx? 9
+ 8 sec?x tanx]

_r(2\/§+4x2+4x1)—r(() 6/3r

NEINE]



120

2 Iff/(c)=0andf”(c) > 0,then x = cis a point of local minima.

54. Surface area of cuboid = 2(Ib + bh + hl)
2 2X X2 2
=2| 2x“+—+— [=6x
3 3

Let radius of the sphere be .
Surface area of sphere = 4nr?
Therefore, 6x2 + 4mr2 = k (constant) (i)
Now, sum of volumes of cuboid and sphere is

V—ix +gnr3 (i)
Putting the value of r from (i) into (ii), we get
) 4 (Kk_6x? 3/2
V:x3+n( —oX ] (i)
3 3 4n
Differentiating (iii) w.r.t. ‘x, we get
3/2
Vo2 A L) 3o ex2(-12x) (V)
dx 3 \4n 2
av
Tdx
32
= 91:2%+ﬂnfij -gm—éﬂﬂﬁo42n:o
dx 3 \4n 2

2 (1) 211/2
= 2x°= n (k—6x7)"<(6x)
T

1 \2
= 2x2=(4—) (4nr?)2(6x) [From (i)]
T
= x=3r
Differentiating (iv) w.r.t. ‘X, we get
1
g (Lf [(6)[k 6x2]1/2+(6x)(12”1/2}
dx? 4 2(k—6x2)

2 2 2
Now, |:d \2/] _24nr”+324r
4nr
x=3r

Thus, Vis minimum at x = 3r.
Further, minimum value of sum of their volume

3" 73 3“(2)3 [r:%]

3
gx3+inx— gx3(1+2—n) :gx3(1+ﬁ)
3 327 3 27) 3 189
2
~3"

3.233_466
189 567

55. We have, f(x) = sinx - cosx

= f’(x) =cos x+ sinx

For maxima or minima, f’(x) =

= cosx+sinx=0 = tanx=-1

3n 7w
X=—,—
4
f”(x) = -sin x + cos x
Atx=%,f”(x):—sin3—n+c053—1t
4 4 4
1 1 -2
:—7—7:7:—\/5
V2 2 2

i For maxima or minima, f'(h) =
{ Also, f”(h) =

= ab=25=b=—
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Atx—7—n f7(x)= —5|n7—+cos7—7c
1 4 4 4
1 1 2
:74—7:7:\/5
V2 2 V2

Since (f”(x)) < Owhen x =%Tn

f(x) has local maxima at x :C%n

7
Since (f”(x)) > O when x= Tn

7
f(x) has local minima at ijn

. 3n .
Local maximum value at x=— is

4

3n 3n 1 1 2
f(x)=sin"-—cos—- = ——+——==——=2

4 4 2 2 2
Local minimum value at x=%t is

Ve n 1 1 -2
f(x)=sin=—cos—=—————— =—==—./2

4 4 2 2 2

Concept Applled Gj

If f’(c) = 0 and f”(c) < O, then x = c is a point of local
maxima.

2 Iff/(c) = 0 and f”(c) > O, then x = c is a point of local
minima.

56. Let P (h, k) be the coordinates of the point on given

parabola.
o k=h2+7h+2 ()
The distance S of P from the straight line - 3x+y+3=0is
s_|Bh+k+3|_|-3h+h?+7h+2+3| [From (i)]
T I J10 |
_|h?+4h+5 _ fhy
J10 J10

= S will be maximum or minimum according as f(h) is
maximum or minimum.
Since, f(h) = h2 + 4h + 5
f’(h)=2h+4
0=2h+4=0=>h=-2
2>0whenh=-2
Sisminimumath=-2
Putting this value in (i), we get
k=(-2)2+7(-2)+2=4-14+2=-8

The required coordinates are (-2, -8)

57. Letam and b m be the sides of the base of the tank.

b

a
Volume of the tank = a-b-3 = 75 m3(given)
25 - (i)
a



Application of Derivatives

If Cis the total cost in rupees, then
C=axbx100+2x3xax50+2x3xhbx50

- 100 ab + 300(a + b) =100x25+3oo(a+23)
a

= C=2500+ 300(a+§)
a

Differentiating w.r.t. a, we get

£:3OO l—é and
da a2
2
C_a00
da a a
For maximum or minimum cost,
dC 25

—=0=1-—=0=a=5m
da 02

and from(i)b=5m

( 25><2) 300x50
0+ T |= 3

_ .. d%C N
Ata=5 Z=50=C isminimum.
da?

Hence, the least cost of the tank is
C=[2SOO+300(5+§)] =[2500 + 3000] =%5500.
5

 Concept Appiied (]

2 Volume of Cuboid=1xb x h

58. Let P be any point on the hypotenuse of the given
C

right triangle.
LetPL=a,PM=b .
and AM = x. Mfa L
Clearly, ACPL and
APAM are similar b
PL AM PL-PM a-b
—=— = (l=—=— O O
cL PM AM xS B
ab

NowAB=x+a andBC=b+CL =b+—

-
From right AABC, AC2 = AB2 + BC?2
Taking I = AC2

% aY
l=(x+a)2+(b+a—) :(x+a)2+b2(1+;)
X

Differentiating w.r.t. x, we get

ﬂ=2(x+c2)+t122(1+g)-_—a
dx x) x?
2ab?(x+a) ab?
:2(x+a)—73 =2(x+a)| 1-—-
X x3
2 2 2
and %:2.1[1—‘”’3}2(“(1).3"2
dx X X
For maximum and minimum value of |,
2
ﬂ:0=>x+a:00r1—ﬂ:0
dx x3

Asx=AM #0 .. Rejectx+a=0

x3=ab2 = x = q1/3p2/3
. d?l
For this value of x, clearly d—2>0
X
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| and consequently the hypotenuse AC is minimum

(least).
i Hence, the least value of AC is given by

2
AC=\/(x+a)2+b2(1+a) where x=a"3p?3
X

2 2
:\/(x+a)2+bz(x+a)2 =(x+a), 1+b—2
X X

1/3,,2/3

X+a) [ a’>b“ +a | 2 2/3,4/3

= — ’.’)2+X2 = — bz+az/3b4/3
X al/3b2/3

-b2/3 lb2/3+02/3 =(02/3+b2/3)3/2

59. Letrand h be the radius and height of the cylindrical

~ 01/3(b2/3+02/3)
al/3b2/3

i canrespectively.
| Therefore, the total surface area of the closed cylinder is

given by

S=2nrh + 2mr? = 27r(r + h) (i)

Given volume of the can = 1281 cm3

Also volume (V) = mtr2h (i)

= w?h=128n = h=122 (i)
| r
| Putting the value of h in equation (i), we get

S=2mnr r+ﬁ =2nr2+ﬁn ~(iv)

r2 r

Differentiating (iv) w.r.t.r, we get

ﬁ: dyr— 256n (V)

dr r2

dS

Substituting o 0 for critical points, we get
r

2567

r2

Differentiating (v) w.r.t.r, we get
d?s

4qr - =0 = r3=64 = r=4cm

2

dr r3

dr?

Thus the total surface area of the cylinder is minimum
whenr =4,

2
| —=4n—256n(—2r*3)=41t+%n {ds} >0
r=4

From (iii), we have h=%=ﬁ=8
r2 16

Thus radius =4 cm and height =8 cm.

: Commonly Made Mistake @

2 Remember the difference between first derivative
test and second derivative test for finding local
maxima and local minima.

60. Let 6 be the semi-vertical angle of
the cone, V its volume, h its height, r
base radius and slant height I.

Then from AOAP,

r=1sin0,h=1cos0

Now, V = %nrzh = %nl2 sin0-Icos

‘ =%nl35in29~cose
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%:%nle’ (2sinB-cosO - cosh - sin2 - sind)

= 11tI3 sinB(2cos?0—sin’0)

dv 1 g,
and —-==nl 29 - sin2
402 37t [cos B(2cos40 - sin<0)
+sin® (-4 cosOsin®-2sinBcos0)]
=lnIS[cose(Zcosze—sin26)—6sin26cose]

For maximum or minimum value of V,

%:0 =sin0(2 cos?20 -sin20) =0

= sin6=00r2cos26 -sin20=0
= 2c0s260-(1-cos?0)=0 [Note:sin0#0as0«0]

oo 1 1 ,1( 1)
= cos“0=—=cosb=— = 0O=cos | —
3 J3 J3

1 2
Forcos6=—= = sinb=—
J3 J3

2
d\2/21m3[1(2.1_2)_6.241:|
d? 3 |V3\"3 3) 3.3
1 o 4
e ]
3" ( ﬁ) <0

Vis maximum for ezcos‘l().

V3

61. Letr, h, I,V and S be respectively the base radius,
height, slant height, volume and curved surface area of the
cone. Then,

12=r2+h2,

1, .
V ==nrh (i)
371:!'

and S=mnrl=mrvr?+h?

= S$2=n2r2(r2+ h?)

=n23l(ﬂ+h2) [Using (i)]
nh\ nth
=3nv(3—vz+h)
nth
For Sto be least, S2is also least.
2
957 _zpv [~V 1] and
dh nh®
2¢2 2
ngnv(—év).ﬁj“v
dh? n )ht  ht
For maximum or minimum S (and so 52),
2
957 0= 6V=rhd
dh
1/3
o h:(ﬂ) . (i)
T

2e2 2
For this value of h, d-s =54V 0
2 7~
dh h
= S?and therefore Sis least.
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| h h T p32
 cote="! = =" h -
O T BV Vav [From (i)]
= cotezﬂfl ﬂ:\/i [From (ii)]
Vi«

= Thesemivertical angle, 9=cot 12

N
[Answer Tips (7]

Base

2 cotb=——
Perpendicular

62. Let a be the side of the given square and r be the
radius of the circle.
By hypothesis

da+2nr=k

k-2mnr ()

4
Let A = Sum of areas of the circle and the square

= a=

= A=mP+a?=ns? +%(k—2nr)2 [Using (i)]

dA

= 2nr+i~ 2(k —27r)-(—2m)
dr 16

—2nr— " (k-2nr)
4

2 2
and 94 on_T0-2m=2n+"
dr? 4 2

For maxima or minima,
9A 0= 2mr— T (k—27r)=0
dr 4

 8r-k+2mr=0=(8+2mr=k = r=—F
2n+8

2 2
For thisvalue ofr, A _or ™ 0
dr? 2
k
2n+8

Ais minimum (least), when r=

k-2m- k
2n+8
4

_5.(2n+8—2n) 2k

From (i), a=

= = :2r
4 2n+8 2n+8

Areais least, whena = 2r.

63. Let r and h be the base radius and height of the
cylinder respectively and volume of cylinder, V = nr?h
v ()

TCI’2

= h=
Total surface area of the cylinder, S = 2ntrh + 7r2

5 [By using (i)]

= S= 2nr(L)+nr2
Tr

5=&+nr2
r

ds  2v

On differentiating w.r.t. r both sides, d—: -+ 2nr
r r
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2
Again differentiating w.r.t. r both sides, d—f=%+2n
ar® r
For maxima or minima, ﬁ:o
dr
= —¥+2nr:0 = 2nr:¥
r r

1/3
= =V = r:(!)
T

2
df\z/ =4v(£)+2n=6n>o
dh _(v)“3 v
r=|

T

1/3
So, Sis minimum at rz(—)
T

Now,tr3=V=mr3=nr2h=r=h

Hence, the cylinder of a given volume which is open at 3

the top has minimum total surface area, when its height is
equal to the radius of its base.

64. Let ABCD be a rectangle and let the semi-circle is
described on the side AB as its diameter.
Let AB=2xand AD = 2y.Let P=10 m be the given perimeter

of window.
Therefore, 10 = 2x + 4y + 7x
= 4y=10-2x-mx ()]
Area of the window, /_\
A=(2x)(2y)+%nx2 A B
2y
= A= 4X)/+1ﬂ:X2
2 D o c
= A=10x-2x?-mx? +%nx2 [using (i)]
2 1 -
= A=10x-2x“-=mnx
2
Ondifferentiating w.r.t. x, ‘LA= 10-4x—7x
X

- _— d?A
Again differentiating w.r.t. x, 5 =—(4+m)
For maxima or minima, dx
d—A=O:>10—4x—nx=O:>x= 10
dx 441

2

[d’j] ——(4+m)<0
d | 10
4+7

So, Ais maximum at x=(£) m.
4+

Now, length of the window is 2x:(%)m and width is
T
10
2y = ——|m.
Y (4+n)m
Concept Applied @

2 Areaof rectangle = length x breadth

.. 1
Area of semicircle =§nr2

65. Here BA is a diameter of the given
circle, of radius =r.
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| Let Z/CAB=0
i b ¢
i Also AACB:E
Now AC = AB cos6 = 2r cosO
BC = AB sin@ = 2rsind Pzt B
Let Areaof AABC:%ACBC
1 . 2 .
=§~2rcose~2r5|ne=r -sin20
2
= d—A:r2-2c0529 and diA:_rz.4sin29
de do?
For maxima or minima,
dA
—=0=c0520=0
do
= 20=C=0="
2 4
2
and M :—4r25inE=—4r2<0
de? Jo_r 2
Hence, area of AABC is maximum when
T
3 ACAB:G:g:LABC [ 4ACB=§]

= AABCisisosceles.

N
[ Answer Tips (7]
dt dt du

2 Chainrule of derivative: —=——
dx du dx
66. The given parabolais
y2 = 4dax (i)
Let Q(11q,0).
Any point on (i) is P(at2, 2at)
PQ2 = (at2 - 11a)? + (2at - 0)2

Let | = PQ? = g2t* - 18 a%t2 + 12142

2
I _ 40243 3642 and d—2’= 12a°t? - 364>
dt dt
For maximum or minimum value of [,

%:O:Mazt(tz—9)=O:>t=0,3,—3

d?l )
For t=0,—2=—36a <0
‘ dt

This corresponds to a maximum value of I.

Bothfor t=3and - 3,
2
T 1242.9-3642 272420

dt2
. This corresponds to a minimum value of | i.e., of PQ?
and therefore of PQ.

Thus, there are two such points P with coordinates,
(9a, 6a)and (9a, - 6a) nearest to the given point Q.

67. Let ABCD be the given trapezium.
D C
ih hi
I I
I I
'_l I
A p qQ B
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ThenAD=DC=CB=10cm
In AAPD and ABQC
DP=CQ=h
AD=BC=10cm
/DPA = ZCQB = 90°
AAPD = ABQC
= AP=QB=xcm (Say)
AB=AP+PQ+QB
=x+10+x=(2x+ 10)cm
Also from AAPD, AP2 + PD? = AD?
= x2+h2=102

(by R.H.S. congruency)

= h=v100-x2 (i)
Now, area A of this trapezium is given by
1
A=§(AB+DC)-h =%(2x+10+10)h
=(x+10)-4/100-x? (i) [Using (i)]
Differentiating w.r.t. x, we get
A 1 J100- X2 +(x+10) ——(~2x)
dx 2v100-x2
~100-x2-x?-10x _ —2(x?+5x-50)
J100-x2 J100-x2
_ —2(x+10)(x-5)
V100 - x2
For maximum or minimum value of A, dA =0
dx

= (x+10)(x-5)=0

= x=5 (Rejectx=-10asx=0)

For this value of x, dA
negative. dx
Ais maximum at x = 5.

From (ii), the maximum value of A =(5+10)-y/100—52
=1575 =753 sq.cm.

2 Areaof Trapezium =%(a+b)h ,whereaandbare parallel

changes sign from positive to

side and his the height of the trapezium.

- N
CBSE Sample Questions

1. Let PQ represent the height of the street light from
the ground. At any time t seconds, let the manrepresent as
ST of height 1.6 m be at a distance of x m from PQ and the
length of his shadow TR be y m.

Using similarity of triangles, we have 4 _xty (1/2)
1.6
= 3y=2x
Q
S
R

“u 8

NIV

.
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Differentiating both sides w.r.t. t, we get 3%: 2%
Y_203=Y_02 (1/2)
dt 3 dt

At any time t seconds, the tip of his shadow is at a distance
of (x +y) mfrom PQ.
The rate at which the tip of his shadow moving

(d—x+d—y)m/s=0.5m/s

dt dt
The rate at which his shadow is lengthening
:d—ym/s:0.2m/s
dt
(b): We have, f(x) = x2 - 4x + 6
f'(x)=2x-4
f(x) is strictly increasing.
fx)>0
2x-4>0 =x>2
X€ (2,0) (1)
(b): We have, f(x) = 2x3 - 3x2 - 36x + 7
f/(x) = 6x2-6x-36=6(x2-x-6)
=6(x - 3)(x+2)
f'x)=0 = (x-3)(x+2)=0,x=-2,3

+ve +ve

(1/2)

(1/2)

. -ve
T T

o 3 o
f(x) is strictly increasingin (-eo, -2) U (3, e0) and strictly

decreasingin (-2, 3). (1)
(b):We have, f(x) =x+cosx+ b

f'x)=1-sinx = f'(x)=0Vxe R

No such value of b exists (1)
We have, f(x) = tanx - 4x

f’(x) =sec?x - 4 (1)

For f(x) to be strictly increasing, f’(x) > 0
sec2x-4=0 = sec2x>4

A

—
&

2
2 1 2
= cos’x<— = cos’x<|=
4 2

1 1 T b4 T
= ——<COSX<— = —<X<— o xel 0,=
2 2 3 2 2 (1)

i (b) For f(x) to be strictly decreasing, f’(x) < 0

= sec’x-4<0 = sec’x<4

2
2.1 2
= C0s°X>= = cos’x>|=
4 2

= cosx>1 cXE O,E = 0<x<Z (1)
2 2 3

6. (c):We have, f(x) = 2cosx + x
= f'(x)=-2sinx+1

= f”(x) =-2cosx

For critical points, f’(x) =0

= -2sinx+1=0

= smegealg) - [oxeo])
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= X=—
6

n

b1
" tx==|=-2cos—=-+/3<0
f(x)(a X 6) cos6 J3<
So, ng is the point of maxima-
Now, f(0) =2 and f(E)=E=1_57
2) 2
= Leastvalueoff(x)=1.57i.e., g (1)

7. (c):We have, f(x)=(10+x)\/100 - x>

Which will give some real areaif -10 < x < 10

o plo=A0HXIXE20 L (66732
2,/100 - x2

. —2x?-10x+100
= fX)=—F—crc—

/100 - x2
For critical points, putf’(x) =0
= x2+5x-50=0
= (x+10)(x-5)=0
= x=-100or5 = x=5
Now, f”(x)

1 (-2x)

(100-x2)(=4x—10)+(2x% +10x—100)x~

2 ./100-x2

[ -10<x<10]

(100-x?)

_ 2x3-300x -1000 L f(5)= 30 _,
(100 - x2)%2 J75
Maximum area of trapezium

=(10+5)(v75)=753 cm? (1)
8. (c):Letf(x)=[x(x-1)+1]¥3,0<x<1

N f'(x)_L
3(x%2 —x+1)%°3

For critical points, putf’(x) =0

= x=le[0,1]
2

1/3
Now, f(0)=1, f(%)z(%) andf(1)=1

Maximum value of f(x) is 1. (1)

9. (d): Let F be the fuel cost per hour and v be the speed

of trainin km/hr.

According to question, we have,

F o< v2 = F = kv2, where k is proportionality constant

= 48=K(162 k=— (1)
16

10. (b): Let total cost of running the train be C.

Then, c=22t 1200t
16

Now, distance covered = 500 km = Time:@hrs
v

Total cost of running the train for 500 km

=iv2(@)+1200(@)
P16

_375x80 600000

3 2
Now,[M] =—ﬂ<0
x=50

125

v v
_, 375, 600000 "
4 v
11. (c) :We have, 9C€ _375 _ 600000
dv 4 2
Put £=O = V2=W=6400
dv 375
= v=80km/h
2
%zwwmv:m
dv %
Most economical speed is 80 km/h. (1)

12. (c): Fuel cost for running the train for 500 km

16

375 375
=—"vy=

27~ %80=%7500 (1)
4 4

13. (d): Total cost for running the train for 500 km
375 600000
=——v+
4 v

v

=%15000 (1)
4 80

14. (i) (b) : We have, perimeter of floor = 200 m
- 2x+2n(%)=200

= 2x+my=200 (i) (1)
(i) (a) : Area of rectangular region (A) = xy

(200—2x)
=X ————
T

[Using (i)]

:%(100x—x2) (1)

L (iii) (c) : Wehave, A=g(100x—x2)
T

= aA = g(100—2x)
dx w

For maximum or minimum, ‘LAZO
dx

= 100-2x=0 = x=50

dx? L

Thus, A is maximum at x = 50.

Thus,maximum value of A= g(5000—2500)
b1

_ 5000 2
T
(iv) (a):Let P be the area of the whole floor.

2
T

Then, P=xy+ X =X +E 2 = (X+—y)
Y n(z yrgY 4

_(200—2x)(200+2x)
- b 4

(1)

[Using (i)]
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_ 40000-4x2 10000 x2
- 4 - T
dP  2x
dx  m
P =0 = x=0
d’p -2 o
Now, —=— 0
X T
So, Pis maximum atx=0m. (1)

(v) (d) (1)

2 .2
15. (i) Givenellipseis %+L:1

A (x,y)

X < l »>X

Y’ (1/2)
Let (x, y)=(x,9x/a2 —xz) be the upper right vertex of the
a

rectangle.
The area function A=2x><29\/az —x2
a

=ﬂxxlaz—x2,xe(0,a) (1/2)
a
(i) The first derivative of function is
dA_4b XXX t\Ja? —x2
dx a a2 —x2
2 x+-L || x--L

_4b a?-2x? __ 4 V2 J2 (1/2)
a a®—x? a \/az—X2

dA
To find the critical point, put o =0

X
= x=-L

V2

So, x=-L is the critical point. (1/2)

V2

(ili) For the values of x less than
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a
— and close to
V2

a dA a
—,—>0 and for the values of x greater than — and

J27 dx V2
dA

closeto ——,—<0. (1)

\/— dx

Hence, by the first derivative test, thereis alocal maximum

. . a
at the critical point x=— .
V2

Since there is only one critical point, therefore, the area of

the soccer field is maximum at this critical point x=-L .

V2
(1)

i Thus, for maximum area of the soccer field, its length

should be av2 and its width should be bv/2.
OR

A:2x><2E a®-x2,xe(0,a)
a

Squaring both sides, we get

| 2
2221 a2 oy 1 22 oy ici00) (1/2)
a
Ais maximum when Z is maximum
To find the critical point, put ji 0 (1/2)
X
2
d—zzléb (2xa® -4x%)= 32b x(a+~/2x)(a—~/2x)
dx a2
To find the critical point, put(LZ 0= x:i
dx V2
2 2
The second derivative is ; d—f 325 (a®-6x?)
dx a
2 2
d—f =325 (a*>-3a%)=-64b%<0 (1/2)
dx“) _a a
2
Hence, by the second derivative test, there is a local
maximum value of Z at the critical point x=-L. (1/2)

2

i Since there is only one critical point, therefore, Z is

maximum at x—i hence, A is maximum at x—i

\/E ’ ’ \/E'
Thus, for maximum area of the soccer field, its length
should be av2 and its width should be b2 .




Self Assessment

@ase Based Objective Questions

(4 marks)

1.

The Government declare that farmers can get
3 300 per quintal for their onions on 15t July and after
that,the price will be dropped by ¥ 3 per quintal per
extra day. Shyam’s father has 80 quintal of onions
in the field on 15t July and he estimates that crop is
increasing at the rate of 1 quintal per day.

Based on the above information, attempt any 4 out

of 5 subparts.

(i) If x is the number of days after 15t July, then
price and quantity of onion respectively can be
expressed as

a) (300 - 3x), (80 + x) quintals

b) (300 - 3x), (80 - x) quintals

c) (300 +x), 80 quintals

d) None of these

(i) Revenue R as a function of x can be represented |

as

(a) R(x) =3x2-60x - 24000
(b) R(x) = -3x2 + 60x + 24000
(c) R(x)=3x2+40x - 16000
(d) R(x) =3x2 - 60x - 14000

(iii) Find the number of days after 15t July, when '

Shyam'’s father attain maximum revenue.
(@) 10 (b) 20
() 12 (d) 22

(iv) On which day should Shyam's father harvest the
onions to maximise his revenue?

(@) 11thJuly

(b) 20th July

(c) 12thJuly

(d) 22nd July

(v) Maximum revenue is equal to

(a) ¥ 20,000 (b) ¥ 24,000

(c) T 24,300 (d) T 24,700

(I\—/Iultiple Choice Questions

(1 mark)

2. A cylindrical tank of radius 10 m is being filled with
wheat at the rate of 314 cubic metres per hour. Then
the depth of the wheat is increasing at the rate of
(@ 1m/h (b) 0.1m/h
(c) 1.1m/h (d) 0.5m/h

3. The side of an equilateral triangle are increasing
at the rate of 2 cm/s. The rate at which the area
increases, when the side is 20 cm, is
(@) V3em?/s
(b) 20cm?/s
(© 20V3cem?/s

20
d) “=cm?/s
J3
The value of b for which the function f(x) = sinx - bx + ¢
is decreasing for x e R is given by
(@ b<1 (b) b=1 () b>1 (d) b<1
5. The function f(x) = tan~(sin x + cos x) is an increasing
functionin
T T T T
2z b =z
@ (42) (b) (22)
(c) (Og) (d) None of these

6. ltis given that at x = 1, the function x* - 62x2 + ax + 9
attains its maximum value on the interval [0, 2]. Find
the value of a.

(a) 100 (b) 120 (c) 140 (d) 160

7.  For what value of a, f(x) = -x3 + 4ax2 + 2x - 5 is

decreasing V x ?
(@) +5 (b) 3
() O (d) Cannot say
OR
The distance ‘s’ metres covered by a body in t
seconds, is given by s = 3t2 - 8t + 5. The body will
stop after
(@) 1s b) 3
4

4
© =

3 (d) 4s

C\-/SA Type Questions (1 mark)
Find the rate of change of perimeter of a circle with

8.

respect toits radiusr=6 cm.
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9. Find the set of values of ‘b’ for which
f(x) = b(x + cos x) + 4 is decreasing on R.
OR
If f(x) attains a local minimum at x = ¢, then write the
values of f*(c) and f”(c) .

10. The values of a for which the function

f (x) = sinx - ax + b increases on R are

11. Show that the function P(x) = ag + a;x2 + axx* + ... a,x2"

withalla;>0,i=0,1,2, ..., n,has exactly one minimum.

12. The radius of a circle is increasing at the rate of 0.5

cm/sec. Find the rate of increase of its circumference.

(§A | Type Questions

13. If the minimum value of a is -k/2, such that the
function f(x) = x2 + ax + 5, is increasing in [1, 2]. Then
the value of kis .

14.
cubes of two parts is minimum.

15. Show that f(x) = eX, x # O is a strictly decreasing
function.

OR
Show that the function f(x) = x2 - [x], x € [1, 2) is
strictly increasing, where [-] denotes the greatest

integer function.

16. A beam of length | is supported at one end. If W
is the uniform load per unit length, the bending

moment M at a distance x from the end is given by

M:%Ix_%wxz_ Find the point on the beam at which

the bending moment has the maximum value.

GA Il Type Questions (3 marks)

17. Akite is 120 m high and 130 m of string is out. If the
kite is moving away horizontally at the rate of 52 m/sec,
find the rate at which the string is being pulled out.

OR
Prove that the function given by f(x) = cos x is
(a) decreasingin(0,)
(b) increasingin (m, 27t) and
(c) neitherincreasing nor decreasingin (0, 2m)

1-x+x2

18. If the function f(x):ln[ 2) is decreasing in

1+Xx+x

o o . .
(—7,7) ,then greatest integral value of acis .

19.
and at x =2, then find a and b.

(2 marks)

Divide 64 into two parts such that the sum of the
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- 20. x and y are the sides of two squares such that

y =x - x2. Find the rate of change of the area of second
square with respect to the area of first square.

((-Zase Based Questions (4 marks)

21. Rohan, a student of class XII, visited his uncle’s flat
with his father. He observe that the window of the
house is in the form of a rectangle surmounted by a
semicircular opening having perimeter 10 m as shown

in the figure.
)’}1
<«—X 1M —>
Based on the given information, answer the following
questions.

(i)
(ii)

Find the area (A) of the window.

Rohan is interested in maximizing the area of
the whole window, for this to happen, find the
value of x.

(L—A Type Questions (4/6 marks)

22. An airforce plane is ascending vertically at the rate
of 100 km/h. If the radius of the earth is r km, how
fast is the area of the earth, visible from the plane,
increasing at 3 minutes after it started ascending?
Given that the visible area A at height h is given by

h
A=2mr>— .
r+h

Show that

increasinginR.

23. f(x):2x+cot*1x+log(\/1+x2 -x) s

i 24. Anopenbox with square base is to be made of a given

quantity of card board of area, c2 Show that the

3
maximum volume of the box is - _ cu. units.
63

25. Two men A and B start with velocities v at the same
time from the junction of two roads inclined at 45° to
each other. If they travel by different roads, find the

rate at which they are being separated.
OR

A kite is moving horizontally at a height of 151.5 m. If
the speed of kite is 10 m/s, how fast is the string being

If f(x) = a log x| + bx? + x has extreme values at x = -1

let out, when the kite is 250 m away from the boy who
is flying the kite? (the height of boy is 1.5 m.)



Application of Derivatives

Detailed B<{o]R8x ) [0]\}

1. () (@:
15t July.
Price =%(300 - 3 x x) =%(300 - 3x)
Quantity = 80 quintals + x(1 quintal per day)
= (80 + x) quintals
(i) (b): R(x) = Quantity x Price
= (80 + x) (300 - 3x) = 24000 - 240x + 300x -3x2
= 24000 + 60x - 3x2
(iii) (a) : We have, R(x) = 24000 + 60x - 3x2
= R({Xx)=60-6x = R’(x)=-6
For R(x) to be maximum, R’(x) =0and R”(x) <O
= 60-6x=0 = x=10
(iv) (a) :
after 10 days.
So, he should harvest the onions after 10 days of
15t July i.e., on 11t July.
(v) (c): Maximum revenue is collected by Shyam’s father
whenx =10
- Maximum revenue = R(10)
= 24000 + 60(10) -
2. (a):Let h be the depth of the cylindrical tank.
V be the volume of cylindrical tank
=nr2h = n(10)2h = 100nth
Differentiate V with respect to t, we get
Rate of change of volume,

W _ 10029
dt dt

Let x be the number of extra days after

= 314=100x% Z—h (Z—V—3l4(glven))

dh 314 314 314

= — _— m/h.
dt 100n 100x3.14 314

3. (c):Let xis the side of an equilateral triangle and A is 3

its area, then

V3, dA J— X
A=—x‘ =
4 a4 2at

Atx=20cmand E:Zcm/s

aA_ £2202 204/3 cm?/s
dt 4

4. (b):f(x) =sinx-bx+c
= flx=
Hence,cosx<b=b>1
5. (d):Since, f(x)

cosx-b<OforallxeR

=tan~1(sin x + cos x)
f'(x)= %(cosx—sinx)
1+(sinx+cosx)

\/Ecos(x+£)
-\ 4
1+(sinx +cosx)?

f(x) is increasing, if f’(x) >0 = cos(x+%)> 0

Shyam’s father will attain maximum revenue

3(10)2= 24000 + 600 - 300 = 324300
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= —E<X+ <E:> —71]:<X<E
2 77472 4 4
6. (b):Letf(x)=x%-62x%2+ax+9.
Then, f’(x) = 4x3 - 124x + a.
It is given that f(x) attains its maximumat x = 1
f(1)=0=4-124+a=0=a=120
7. (d):cfx)=-x3+4ax2+2x-5
f/(x) = - 3x2+ 8ax + 2
Since, f(x) is decreasing, V x, therefore
f'(x) <0
= -3x2+8ax+2<0
From above, it is clear that decreasingness of f(x) will be
depend on the value of a and x.
OR
(c) : Given,s = 3t2- 8t + 5 and v:gzét—B

The body will be stopped when velocity is zero.

= 6t-8=0= t:%s

8. Let P be the perimeter of the circle.

P=2mr
dpP dP)
= =2n = | = =2
dr (dr =6 T
9. Here, f(x) =b(x+cosx)+4=f(x)=b(1-sinx)<0

[ f(x) is decreasing on R]

= Now,sinx<1VxeR = 1-sinx>0VxeR
b should be negative. Thus, b € (-, 0)
OR

If f(x) attains a local minimum at x = ¢, then f’(c) =
f”(c) > 0.
10. We have, f(x) =
= f’(x)=cosx-a
For increasing function, f’(x) > 0 = cosx > a

0 and

sinx-ax+b

i Since, cosx e [-1, 1]

= a<-1 = ae(-,-1)
The values of a for which the function f (x) = sinx - ax + b
increases on R are (- oo, -1).
11. P(x)>0
P'(x) = 2a.x + 4ax3 +... = 2x(a, + 2a,x2 +...)
P'(x) =0 = x=0,since the second factor is positive.
P(x) has minimum at x = 0 and P;, = do.

12. Letr be the radius and C be the circumference of the
circle atany timet.

ﬁ_ =0.5 cm/sec]

C=2mr = 21 f-2n><05 [
dt

= £=n cm/sec
dt
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13. Given,f(x)=x2+ax+5= f'(x) =2x+a
Sincexe [1,2]=1<x<2

= 2<2x<4 =2+as<2x+as<4d+a
Since, f(x) is increasing in [1, 2]

= fX=20 = 2+a=20= a=-2
—k
Minimum value of g is -2 ey =k=4

14. Let one number be x and other be 64 - x.
Now, let z = x3 + (64 - x)3

% _32+364-x2(-1)

’dz =0
dx

= 3x2=3(64-x)2
= x2=x2+4096 - 128x

=—4096 = x=32

2 d?z
5 =6x+6(64-x) = —

. =384>0
X

x=32

Thus, zis minimum when 64 is divided into two equal parts
i.e., 32 and 32.

15. Wehave, f(x) =e* . f’(x)= el/x(_—zl)
X

Also, — d’z
dx?

-1
Forallx#0,e*>0and — <0
X

f'(x) = (+) (-) = -veforallx#0
f(x) is a strictly decreasing function for x # 0.
OR
We have, f(x) =x2 - [x] =x2 - 1
[-xe[1,2)=1<x<2 .. [x]=1]

f'(x) =

Now,xe [1,2) = 1 < x<2

= 2<2x<4=2<f'(x)<4

Thus, f’(x) > Ofor all x e [1, 2).

Hence, f(x) is strictly increasing on [1, 2).

16. We have, M_’l—w—X
2 2
2
a_1_ d9M_ W
dx 2 x2
For the critical points of M, dM =0.

dx

= L—WX=O = x:L
2 2w

2

d‘M
Clearly, d—zz—W<O for all values of x
X

Thus, M is maximum when x = I/2W.

Hence, the required point is at a distance of [/2W from the

supporting end.
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- 17. We have, y? = x2 +(120)? B X Clkite)
N 2y dy _ 9, X dx B
dt dt 120 m ‘5‘(\0 ’
= dy_xdx
dt ydt A
= Ay _gpX [-.-d—X=52]
dt y dt
Putting y = 130 in y2 = x2 + (120)2, we get x = 50.
dy _52x30 .4 m/see
dt 130
OR
Here, f(x) = cos x

i =  f'(x)=-sinx
{ (@) Sinceforeachxe (0,7),sinx>0

= -sinx<0Vxe (0,n)

= f’(x) <0.So,fis decreasingin (O, 7).

(b) Now foreachxe (m,2n) sinx<0i.e,-sinx>0

= f’(x) >0.So,fis increasingin (r, 27)

(c) Thus, from part (a) and (b), f is neither increasing nor

i decreasingin (0, 2m).

‘ 2
18. Given, f(x):ln[l_x+x J

1+ x+x2

o Lax+x? [(@x+x3)(2x-1)-(1-x+x°)(2x+1)
- f(X)_l—x+x2[ (1+x+x2)? ]
2 2 2
f,(x)=1+x+x 2(x*-1) _ 2(x“-1)

1=x+x2 (Q+x+x22  (A=x+x3)1+x+x3)

For decreasingf’(x) <O
= x2-1<0=xe(-1,1)

Now( (;(;J (-1,1) 2 oa=7=[a]=7

1 19. We observe that f(x) is defined for all x # 0.

Now, f(x) =alog|x| +bx2+x = f'(x)= & +2bx+1
X
It is given that f(x) has extreme values at x = -1 and x = 2.
f'(-1)=0andf’(2) =

— -a-2b+1=0 and % +4b+1=0

= a+2b=1and a+8b=-2

Solving these equations, we get:a=2and b =-1/2.
20. Given x and y are the sides of two squares such that
y=x-Xx2
Let area of the first square (A;) =
and area of the second square (A,) = y2 = (x -
di d 20y IX dx

dt dt

x2)2
Now,

Also, A2 (x x2)2
dt  dt

_ 2 ax dx dl _ _ 2
=2(x-x )(dt 2x- dt) dt(l 2x)2(x—x“)



Application of Derivatives

dx 2
)_E-(1—2x)(2x—2x )

dA, _(dA,/dt
dA;  (dA,/dt) 2y 3%
dt
:(1_2X)2X(1_x):(1—2x)(1—x)
2x
=2x2-3x+1

21. (i) Given, perimeter of window = 10 m
X +y+y+ perimeter of semicircle = 10

= X+2y+ n-%:lo (i)

1 (x 2
A=xy+ —n(—)
2 \2

( X nx) 1TEX2|: X TX
Y L P
2 4

2

From(i),y:S————]

2 4 2 4

2 2
(i) Wehave, A=5x—2__T%_
2 8

= x(4+m)=20 = x= ——

2
CIearIy,M <0atx :ﬁ
dx2 447
22. ltis given that the plane is ascending vertically at the
constant rate of 100 km/h.
@:100 km/h
dt

= Height of the plane after 3 minutes

= 100><i=5 km. [Using h = vt]
60
5 h
Now, A=2nrc——
r+h
dh d
(r+h)=——h—(r+h)
= d—A:2nrzi(L):2nr2 dt _ dt
dt dt\r+h (r+h)?
(r+h)@—h@ » . B
- dt dt [-.- radius r = constant]
(r+h)?
3
— dA_ 2mr” dh
dt  (r+h)? dt
dA_ 2n® oo 200mr° dh
Z At (+hp  (r+h)? [".Ezloo km/h]

We have to find j—? when t = 3 minutes and at t:%
" have h=>5km.

131
h, we
_ 200mr3

(%"
dt Jiz3  (r+5)

23. We have given,
f(x)=2x+cot  x+log(v1+x? —x)

kmZ/h

= f’(x)=2+( -

1)+ 1 x[ 1 -2x—1]
1+x? W1+x2—x) \2v1+x2

1 1 (x—V1+x?)
=2- >+ :
1432 (W1+x2=x) V1+x2
QP S
1+x% {1+4x2
2422 -1-V14x%  142x2 —1+x2
1+x2 1+x2

For increasing function, f’(x) >0

14+2x2 —y1+x2

1 20 = 1+2x2>V1+x2

= (1+2x)221+x2 = 1+4x*+4x2> 1+ X2
= 4x*+3x220 = x%(4x2+3)=0
which is true for any real value of x.

Therefore, f (x) is increasing in R. (Hence proved.)

24. Let the length of the side of the square base of an
open box be x units and its height be y units.
Then area of the cardboard used = x2 + 4xy

= x2+4xy=c?(given)

L oy ()
y= 4x
i Since, volume of the box (V) = x2y
2 C2—X2
Vex2. .
= X i (Using (i) ,
1 2 2 X
:ZX(C -x*) —
:%(c2x—x3) (i)

On differentiating (ii) with respect to x, we get

V_12 32
dx 4 .. iii)
Put ﬂ:o = 2=3x%
dx
2
= x2=Z
3
c
= X=— (taking positive sign)
NG gp g
Differentiating (iii) with respect to x, we get
2 -
div—l(_éx)zjx

dx2 4 2
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d?v 3 ( c )
=z =] —1|<0
dx? atxe S 2\J3
NG
C

Hence, volume (V) is maximum at X:ﬁ'

Maximum volume of the box,

1 2 C C3 . ..
V) =12 & _ ¢
()x=% 4[C J3 3J§J (Using (ii))
L1630 ¢
T4 33 63

25. Let two men start from the point C with velocity v
each at the same time.
Also, Z/BCA = 45°

A D B

As, A and B are moving with same velocity, so they will
cover same distance in same time.
So, AABC s an isosceles triangle with AC = BC
Also,draw CD L AB
Let at any instant, the distance between them is AB
Consider AC=BC=xand AB=y
In AACD and ADCB,

ZCAD = 2CBD

ZCDA = 2CDB = 90°

ZACD = «DCB

[.AC=BC]

or AACD=%><4ACB

1 T
= 4ACD:§><45° = AACng
InAACD, sin™ = 2D

8 AC

[.-AD=y/2]
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. T
= y=2x-sin—
Y 8

On differentiating both sides with respect to t, we get

ﬂ—Z- . T odx
]
oy X
dt

a8 dt
V2-42 [':s'nn: 2—\/5}

:2~sin£v
8

=2v-

i
8 2

2
=\/2—\/§v unit/s,
which is the rate at which A and B are being separated.

OR
We have, height (h) = 151.5m,
Speed of kite (v) = 10 m/s
Let CD be the height of kite and AB be the height of boy.
Let DB=xm=EAand AC=zm

~
d—x =10 m/s /
dt

From the figure, we see that ,ﬁ?
EC=CD-DE
=1515-15=150m

and AE=BD=xm

Inright angled ACEA, 15m
AEZ + EC2 = AC? B = b b

= x2+(150)2=z2

Differentiating it with respect to t, we get

151.5m

2x-0’—x+0:2z-E = 2zgz2x%

dt dt dt dt
. dz_x dx
Cdt oz dt

- Whenz=250m, x2 +(150)? = (250)2
| = x2=(250)2-(150)2

= (250 + 150)(250 - 150) = 400 x 100
x=20x10=200

= (E) =@x10 ( d—X=10m/s)
dt),_osom 250 dt

i Hence, the required rate at which the string is being let
| outis8m/s.

‘_*_'
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N
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Topics—>
; Yy,
Weightage Atract

» Topic 7.10is highly scoring topic.
» Maximum weightage is of Topic 7.10 Some Properties of Definite Integrals.
»  Maximum VSA type questions were asked from Topic 7.8 Fundamental Theorem of Calculus.

» Maximum LA | type questions were asked from Topic 7.10 Some Properties of Definite Integrals.

QUICK RECAP

Indefinite Integral
& Integration is the inverse process of differentiation.
ie., diF(x):f(x) :>If(x)dx=F(x)+ C, where Cis the constant of integration.
X

Integrals are also known as antiderivatives.
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< Some Standard Integrals Integrals Substitution
> _[dx =x+C, where ‘C’ is the constant of | ff(ax+b)dx ax+b=t
integration —
1 [Fg0)g (x)dx 80 =
> jx”dx: +C, wheren# -1 -
n+1 Jf(x) flx)=t
> Je"dx=e"+C f(x)
> Jaxdx= @ +C, wherea>0 f (FO0)"f (x)dx f(x) =
log.a —
f(px+q WWex+ddx px +q = Alex + d) + B
> J’ldxz|oge|x|+ C,wherex#0 px+q Find 'A' and B b}/ equating
X orj dX coefficients of like powers

> jsinx dx=—cosx+C of x on both sides.

> _[cosx dx=sinx+C 3 I;d’(

(px+g)NVex+d  or
> _[sec2xdx=tanx+C f 1 4 cx+d=t?

X
2
Jex+d

[ 2 jcosecZX dx=-cotx+C (X" +axtr)yox+
> '[secx tanx dx=secx+C 1 1

—2dX pXJ,-q:—
| 2 J.cosec x cotx dx=—cosecx+C | (bx+g)Nex” +dx+e t

> _[ =sinIx+C=-cosx+C, wherel|x|<1 1
J1—x2 _—dx
1ox I(px2+q)VCx2+d

> J dX2 =tan"x+C=-cot1x+C

x:% and thenc +dt?=u?

1+x px+q
| B,
b [——= _dx=seclx+C=-cosec’ix+C, ax? +bx+c
[ 2
xVx“-1 where |x| > 1 J pX+q (px+q)= Ad (ax®>+bx+c)+B
or

> Jtanxdx = log|sec x| + C=-log|cos x| + C Jax? +bx+c
> ICOtX dx = loglsinx| +C » Integration using Trigonometric Identities
> _[secx dx = log|secx +tanx| +C When the integrand consists of trigonometric

functions, we use known identities to convert it
into a form which can be easily integrated. Some
of the identities useful for this purpose are given
below :

(i) 2sin (2) (1—cosx)

=log +C

X T
tan| —+—
(2 4)

> jcosecxdx = log|cosec x - cot x| + C

=log tan2|+C
. . (i) 2cos? (5)=(1+cosx)
& Properties of Indefinite Integral 2
_[f’(x)dx:f(x)+C (iii) coszg—sin25=cosx
(ii) _[f(x)dx:_[g(x)dx+C, where f and g are indefinite (iv) 2sinxcosy=sin(x+y)+sin(x-y)
integrals with the same derivative. (v) 2cosxsiny=sin(x+y)-sin(x-y)
(iif) f[f(x)ig(x)]dx: ff(x)dxijg(x)dx (vi) 2 cosxcosy =cos (x+y)+cos(x-y)

(vii) 2 sinxsiny =cos (x - y) - cos (x +y)

(iv) J.k~f(x)dx:kjf(x)dx, k being any real number. > Some Special Substitutions

Methods of Integration Expression Substitution

< Integration by Substitution .
2 2 X =asinb or acosd

The given integral jf(x) dx can be transformed into

another form by changing the independent variable x | Va2 +x2 or (a?+x?) x=atan6boracotd
to t by substituting x = g(t). P e




Integrals
x2 g2 X =asecO or acosecO
a—x a+x
— or ,— X =acos20
a+x a-x
X a-x .
— or [ —= X =asinZ0 or a cos20
a-x X
— 2 2,
X a+x X =atan“0or acot“0
a+x X
= 2 02
a—x X—b X=acos?0+bsin?6
X—-b a-x
or J(a=x)(x—=b)

> Integrals of Some Particular Functions

a+x
a—x

+C

dx— Iog

a®-x?
(ii) j#dx=sin‘1(i)+C
Va? -x? a
1
(iii) J.mdx:log‘x+xlx2_02‘+C
21 > dx:log‘x_'_«/X?_'_aZ ‘+C
X“+a

1 1
x*—a 2a

Z2+C
x+a

1 1 X
(vi) dx==tan 1 Z+C
jx2 +a? a a

& Integration by Partial Fractions

> If f(x) and g(x) are two polynomials such that
deg f(x) > deg g(x), then we divide f(x) by g(x).

- M:QuotienHiRemamder
3(x) 3(x)
> If f(x) and g(x) are two polynomials such that the

degree of f(x) is less than the degree of g(x), then
f(x)

we can evaluate J.%X))dx by decomposing —-
g(x

g(x)

into partial fraction.

Form of the Rational Form of the Partial
Function Fraction

px+q A B
—————a#b A
(x—a)(x—b) x—a b

px+q A B

2 [VEPIEY

(x—a) X=a (x-a)

(x-a)® x=a (x-a)* (x-a)’

px2+qx+r A B C
(x—a)(x—b)(x—c) Xx—-a Xx-b x-c

pxX2 +ax+r A, B C
(x=a)*(x-b)

px% +qx+r A Bx+C
(x—a)(x? +bx+c)’ X=a  x*+bx+c

where x2 + bx + ¢ can not be
factorised further

« Integration by Parts
If uand v are two differentiable functions of x, then

du
J'(uv) dx= [u -J‘vdx]—j{&jvdx} dx .
In order to choose 15t function, we take the letter
which comes first in the word ILATE.
| - Inverse Trigonometric Function
L - Logarithmic Function
A - Algebraic Function
T - Trigonometric Function
E - Exponential Function

> Integral of the type
Jer (Fo+F0adx=e"flx)+C

Integrals of Some More Types
2
IVa -X dx——\/a —X +02 sm’l( )+C
(ii) I‘/X _%Iog‘x+\/x2—a2‘+c

2

(iii) '[sz +azdx=g\/x2 +a? +(17Iog‘x+\/x2 +a® ‘+C

2dx—— 2_g?

i Definite Integral

< Let F(x) be integral of f(x), then for any two values of
the independent variable x, say a and b, the difference
F(b) - F(a) is called the definite integral of f(x) from a to

b
b and is denoted by ff(x)dx .

Here, x = aiis the lower limit and x = b is the upper limit
of the integral.

Fundamental Theorem of Calculus

« First Fundamental Theorem : Let f(x) be a continuous
function in the closed interval [a, b] and let A(x) be the
area function. Then A’(x) = f(x), for all x € [a, b].

Second Fundamental Theorem : Let f(x) be a
continuous function in the closed interval [a, b] and

()

b
F(x) be an integral of f(x), then ff(x)dx:F(b)—F(a).
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Evaluation Of Definite Integral By Substitution (il J:f(x)dx =j:f(x)dx+Jff(x)dx ‘wherea<c<b

< When definite integral is to be found by substitution, 3

b b

change the lower and upper limits of integration. If (iv) _[a f(X)dX=ja fla+b—x)dx
substitution is t = f(x) and lower limit of integration is . .

a and upper limit is b, then new lower and upper limits (v) -[o f(x)dx=_[o fla—x)dx

will be f(a) and f(b) respectively. o

(Vi) [ fx)dx= i f(=x)=—f(x)

Some Properties of Definite Integrals | foad= 2[*xdx, it F-x)=f(x)
0

b b
() [, foadx=] riet (vii) J;af(x)dx: [ e [ Fi2a-x)dx
(i) [ FOadx=— "Flxe 2

(Vi) [ )= zif(x’dx’ 2a=20=f0)

In Particular J:f(x)dx=0 5 0 0, iff(2a—x)=—f(x)




fi=) BRAIN MAP
'@

)
® Methods for Solving L
\ ~/
Using Integration by Parts /—

If u and v are two differentiable functions of x, then

Jom oo fo - &2 fo <

r

f
® Definite Integrals
N

-

In order to choose 1% function, we take the letter which comes first in

\"4 the word ILATE.
. I — Inverse Trigonometric Function,
Definition /— L — Logarithmic Function, A — Algebraic Function,

T — Trigonometric Function, E — Exponential Function,
For any two values a and b, we have

[2 /%) dx = [F(x) + €]¢ = F(b) - F(a) — Using Partial Fractions /—
If fix) and g(x) are two polynomials such that
Y deg f{x) = deg g(x), then we divide f(x) by g(x). (
. f(x) . Remainder
—— Fund tal Th f Calcul ORI o emainder
undamenta eorem o alculus /L 9 (%) Quotient + )

First Fundamental Theorem : Let f{x) be a continuous
function in the closed interval [a, b] and let A(x) be the area Using Substitution
function. | /;

Then A4’(x) =f(x), for all x € [a, b].
Second Fundamental Theorem : Let f{x) be a continuous
function in the closed interval [a, ] and F(x) be an integral of

The given integral J f(x) dx can be transformed into another form (
by changing the independent variable x to ¢ by substituting x = g(7).

)— Properties [
f,

\ . b _ a . a B
® Indefinite Integrals ® Ja f(x)dx jb f (x)dx In particular ja f(x)dx=0
b c b
N /

. L f(x)dx :J'a f(x)dx+L f(x)dx,where a < ¢ < b
\4

x), then J.f(x)dx :[F(x)]g =F(b)-F(a)

b b
Definition ) J'a f (x)dx L f (a+b - x)dx
/ a 0 JF f(=x)=—f(X)
If F(x) is any anti-derivative of f{x), then most general . J f(x)dx=
antiderivative of f{x) is called an indefinite integral and denoted by -8 ZJO f(x)dx ,if f(—x)="f(x)

J f (X)dx = F(X) + € or An integral which is not having any upper 2a a a
° .[o f(x)dx:J. f(x)dx+J- f (2a—x)dx
0 0

and lower limit is known as indefinite.

1
v . J.iz - dX:Iog‘X+\/X2—aZ‘+C, Putting x = a sec 0
Some Standard Integrals /— VXt -a

1 .
. . I — dX:IOQ‘X+\/X2+a2‘+C, Putting x = a tan 6
. J‘x”dx=:(H1+C, wheren# -1 o Jexdx=eX+C VXt +a
x . dx——log +C By partial fraction
. J.aXdX= a + C, wherea>0 ) -[Xz—a 2a X+
log,
1. . _ 1 at+x . .
+ | =dx=loge | x|+ C, wherex#0 + |sinx dx=-cosx+C . I dx 7| og +C, a> x, By partial fraction
X a?—x2 2a a—x
. Jcosx dx=sinx+C . Iseczx dx =tanx+C 1 1. 4x
. J dx==tan""—+C, Putx=atan 0
2 X% +a? a a
. J.cosec x dx=-cotx+C -Jsecx tanx dx=secx+C
dx sin~ ( )+C Putx=asin®
. Icosecx cot x dx =—cosec x+C J‘\/
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= Previous Years’ CBSE Board Questions =

7.2 Integration as an Inverse Process
of Differentiation

MCQ

1 ,[ secx
secx—tanx

dx equals

secx +tanx +c¢
-(secx + tanx) + ¢
(2023)

(a) secx-tanx+c (b)
(c) tanx-secx+c (d)

(1 mark)
2

sin“ x—cos x
2. Find: J'—dx
sinxcosx

3. Write the antiderivative of (3\/;+%) (Delhi 2014)
X

(Al12017)

4. Evaluate: [cos™ (sinx)dx (Delhi 2014)

dx
5. Evaluatezj.ﬁ
sin“ xcos” x

(Foreign 2014, Delhi 2014 C) @
sin? x—cos? x

sin XCOS2 X

m (2 marks)
7. Find:JVl—sian dx,%<x<§

6. Find: j dx (Delhi 2014 C)

(Delhi 2019)

.9 N
8. Evaluate: [S0S2X* 25Xy, (2018) (Ay)

COos™ X

7.3 Methods of Integration
mMCQ

9. je5'°gxdx is equal to

5 6

(a) X?+c (b) %+c

(c) 5x*+C (d) 6x°+C (2023)
10. IXZ e dx equals

(a) le"3 +C (b) lex4 +C

3 3

© e +C @ Lo +c (2020

11. jde isequal to
cos? (xe¥)
(a) tan(xe)+c (b) cot(xe¥)+c
(c) cot(e)+c (d) tan[e*(1+x)]+c

(2020) (Ap)

(1 mark)
12. Find: (2020)
e
13. Find: js'” X4 (A1 2014C)
COS X
m (2 marks)
. dx
14. Find: (Term Il, 2021-22) (Ev)
J.\l4x—x2
m (3 marks)
15. Find: j& (Term Il, 2021-22 C)
sin(x—2a)
(Term 11, 2021-22)
17. Find: I— (Term 11,2021-22)
x2+1(x2+2)
(4 marks)
18. Integrate the function C,OS(XM) with respect to x.
sin(x+b)
(Al2019)
19. Find dee, (Delhi 2016)
5-cos20-4sin0
20. Evaluate: j sin(x-a) ;. (Foreign 2015)
S|n(x+a)
6
21. Evaluate: jwa:x (Delhi 2014)

SIN™ X-COSs™ X

7.4 Integrals of Some Particular

Functions
I (1 mark)
22. Find: [ dx (2020)
9-_4x2
23 Fincl-j dx . (2020)
+4x
m (2 marks)
24, Find: [ 52X (Delhi 2019) (Ap)
IVtan xX+4
25. Find: [ 9% (A1 2019)
'[ V5—4x— 2x2
26. Find: j— (Delhi 2017)
X“+4x+8
27. Find: j— (Al 2017)
5-8x—-x
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MBS (3 marks)
X
28. Find: je—dx (2023)
\/5—4ex—e2"
(4 marks)
29. Find | X (Delhi 2016) (Ay]
3 3
a —X
30. Find [(Vtanx +</cotx)dx (A12015,2014) (Ap)
31. Evaluate: j—zdx (Delhi 2015C)
2x2 +6x+5
xX+3
32. Find [——222_dx (Al 2015C)
JV5—4X—2X2 i
X+2
33. Evaluate: | ————dXx (Al 2014)
J‘\/x2+5x+6
5x-2 ~
34. Evaluate: | —————— (Delhi 2014C)
j 1+2x+3x>
WY B (5/6 marks)
35. Evaluate: j;‘ldx (A1 2014)
COS X+SIn X
36. Evaluate: '[ 5 1 5 a dx
sm x+5|n XCOS™ X+CO0S X
(A1 2014) (An]
7.5 Integration by Partial Fractions
m (2 marks)
x+1
37. Find [—2=dx. 2020
" -[( +2)(x+3) ( )
MBS (3 marks)
2
38. Find: jz—d (2023)
+6x+12
(4 marks)
2 a
39. Find: [— % (Term I, 2021-22) (An] |
jx2+1)(3x +4) (B

x°+1
40. Find: dx
st—x
3x+5
41. Find: | ——
I X% +3x-18

X% +x+1
—
(x*+1)(x+2)

2cosx

42. Evaluate: J

43. Find:
J.(l—sinx)(1+sin2x)
2x

44. Find: |[———~——dx
I (X% +1)(x% +2)?

(2020)

(Delhi 2019) (Ay]

(2019, Al 2015)

(2018)

(Delhi 2017) (Ap)
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7.6 Integration by Parts

MCQ

45, Find : | cosb do (A1 2017)
3 (4+sin?0)(5—4cos?0)
2
46. Find: j—zdx (Al 2016)
X +X
47, Find: [LCFD0C+4) (Foreign 2016) (ip)
. FIN J.m oreign
48. Find: j— (Delhi 2015)
sinx+sin2x
52 .
49. Evaluate: —dx (Foreign 2015)
J‘(x +4)(x +9) 3 @
50. Find: j— (Delhi 2015C)
(x=1)%(x+2)
' 51. Find: [ (Al 2015C)
(X2 +1)(x-1)
2 n
52. Evaluate: [—2— dx (Delhi 2014C)
Jx2+1)(x 244) (b
3
53, Find: dex (A1 2014C)
| +3x°+
WIS (5/6 marks)
54. Find | %"*1 X (Delhi 2014C)
(x+1)°(x+2)

55. I (xlogx+1) is equal to
(@) log(e*logx)+c (b)

(c) xlogx+e+c (d)

X

(a) +C (b)

x+1
() elog(x+1)+e+c

X

e
—+c
X

elogx+c

(2020) (Ap)

(x+1)]dx equals

X
eX——+c

x+1

(d) e‘log(x+1)+c (2020C)
(1 mark)
57. Find: jx“ log x dx (2020)
m (2 marks)
58. Find: j"l’fg"x)f dx. (Term II, 2021-22) (i)

59. Find:J-sin‘ (2x)dx

60. Find: [x-tan™"xdx

(Delhi 2019)

(A12019) (Ev)
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m (3 marks)

61. Find: [e*-sin2xdx (Term 11, 2021-22) |
(4 marks)

62. Find: J.sec3 xdx (2020)
63. Find: j xsin 1Xd (Foreign 2016)

1-x2

2
64. Integrate the following w.rt. x: X =3X+1

2
(Delhi 2015)

Iogx

2 (Al 2015)
(x+1)

65. Find: j

66. Evaluate: Jezx -sin(3x+1)dx

67. Find: [2—2 be e (Delhi 2015C) (An)
(x+1
-1
68. Evaluate: j Xcos de (Foreign 2014)
1-x2
WM (5/6 marks)
2 2
69. Find: [XX +1['°g("4+1)‘2'°g"]dx (Al 2014C)
X
sin 1\/— cos™~ \/—
70. Find: dx, xe[0,1] (Al 2014C) (An)
jsm 1\/—+COS_1\/— ( )-

7.8 Fundamental Theorem of Calculus

MCQ

71. J |x- 2' dx, x # 2 is equal to

(a) 1 by -1 () 2 (d) -2
(2023)
4
72. J(e“ +x)dx is equal to
0
(a) 15+€8 (b) 16—68
2 2
e®-15 -e®-15
(c) 2 (d) > (2023)
/8
73. jtanz (2x)dx is equal to
4-— 447
@ 5 b
4- 4-1 ~
© == @ —= (2020) (Ap)

n/4
74. J sec? xdx is equal to
-n/4

(Foreign 2015) |

89. Evaluate: J

CBSE Champion Mathematics Class 12

(a) -1 (b) O R
© 1 (d 2 (2020)(U
(1mark)

3
75. Evaluate: j 3 dx (Delhi 2017)

(Delhi 2014) (Ay)

76. Evaluate: J
9+x2

/2
77. Evaluate: Je"(sinx—cosx)dx
0

(Delhi 2014)

78. If f(x)= jtsmtdt then write the value of f(x).

(A1 2014) (Ap)
a
1 T ..
79. Ifj dx==, find the value of a. (Al 2014)
5 4+x 8
/4
80. Evaluate: ftanxdx (Foreign 2014)
0
/4
81. Evaluate: jsin2xdx (Foreign 2014)
0
T
82. Evaluate: dx (Al 2014C)
!Vl—xz
2x3—1
83. Evaluate: j —dx (Al 2014C)
1 X
(2 marks)

1
84. Evaluate: szexdx
0

(Term Il, 2021-22)

2
85. Evaluate j[%-ziz]e“dx. (2020) (Ap)
1 X

(2020)

1
86. Find the value of jtan‘1 (1_—2)(2)dx.

1+x—x

| (4 marks)

/2
87. Evaluate: J x? sinx dx
0

7.9 Evaluation of Definite Integrals by
Substitution

(1mark)

88. Evaluate: j

(Delhi 2014C)

(A1 2014)

x+1

e2

dx

. (Al 2014)
A xlogx
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90. Evaluate: xe"zdx (Foreign 2014)

,_\ Ot—r

tan. de (Al 2014C)

91. Evaluate: J

m (2 marks)

92. Find: J~1+:anxdx
—tanx

(A12019) (Ev)

SAIl [jE& marks)

m2 1-sin2x
93. Evaluate: _[eQ" —— ldx
1-cos2x
/4
/2
94. Evaluate: JVsinxcossxdx
0

(4 marks)

/3 .
95. Evaluate : dex

vsin2x
/6

(2023)

(2023)

T
96. Evaluate j e2x -sin(§+x)dx. (Delhi 2016)
0

/4

97. Find: | dx (Al 2015)
o cos® x+/2sin2x
NI (5/6 marks)
et sinx+cosx
98. Evaluate: J— X (2018)
5 16+9sin2x

et sinx+cosx
99. Evaluate: _—
5 9+16sin2x

(Foreign 2014, Delhi 2014C) (Ap)
7.10 Some Properties of Definite
Integrals
MCQ

100. In the following question, a statement of Assertion (A)
is followed by a statement of Reason (R). Choose the
correct answer out of the following choice

V10-x
\/_ 10-x

Reason (R) : J'f(x)dx jf(a+b x)dx

Assertion (A): J dx=3

(a) Both ( A) and (R) are true and (R) is the correct
explanation of (A).

(b) Both (A) and (R) are true, but (R) is not the
correct explanation of the (A).

(¢) (A)istrueand (R)is false.
(d) (A)is false, but (R) is true.

(2020C, Al 2014C) (Ev)

. 110. Evaluate:

(2023)

141
(1 mark)
/2 1
101.Evaluate: J—Smdx (Term 11, 2021-22C)
0 1+cot”“ x
3
102.Evaluate : j|2x—1|dx (2020)
2
103.Evaluate: J.ledx (2020)
4 |
104.Find the value of [lx-5ldx. (2020) (An)
(2 marks)
: /2 443si
105.Evaluate: J.Iog(ﬂ)dx (2021C)
5 4+3cosx
X (3 marks)
2n 1
106.Evaluate: | PG (2023)
ol+e
X2
107.Evaluate: J. dx (2023)
<, 1+5%

4
108.Evaluate : j {Ix]+13=x|}dx (Term I, 2021-22)
1

Jx

109.Evaluate: | —————dx (Term 11, 2021-22) )
':,l‘\/;+\/4—x @
(4 marks)
X

— 5 —dx (Term 11, 2021-22)
9sin“ x+16cos” x

N O=——a

111.Evaluate: j Ix3 — xldx

(Term Il, 2021-22, 2020, Delhi 2016)

a a
P 112, Provethat'[f(x)dx:jf(a—x)dx, hence

T .
evaluate jL”’; dx. (Delhi 2019)
O1+cos X
OR
T xsinx »
Evaluate: |2 —dx (Delhi 2017) (Ap)
01+cos X

a a
113.Prove that jf(x)dx:jf(a—x)dx and hence evaluate
0 0

1
jx2(1—x)” dx. (A1 2019)
0
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3/2
J | x sinmx | dx
0

114.Evaluate: (Delhi 2017)

xtanx

secx+tanx
(Al 2017, Foreign 2014, Delhi 2014C)

T
115.Evaluate: '[

4
116.Evaluate : j{|x—1|+|x—2|+|x—4|}dx
1

(Al 2017)
w2 sin® x
117.Evaluate : j_—dx (Al 2016)
) SINX+COSX
OR
Showthat: [_Sin°x . 1
J‘S|nx+cosxd \/Elog(\/i+1)
(A1 2014C) (Ap]
3/2
118.Evaluate : j | xcosmx |dx (A1 2016)
0
119.Evaluate:: X dx (Foreign 2016)

1+sinasinx

4 O—=

120.Evaluate: [ (cosax-sinbx)2dx  (Delhi 2015) Ev]

—T
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/2
121.Evaluate: J

-/2

/2

COSX ix (Foreign 2015)

1+€*

dx . ~

122.Evaluate: | ———— (Delhi 2015C)
!; 1++tanx @
/4

123.Evaluate : j log(1+tanx)dx (Al 2015C)
0
K xtanx

124.Evaluate : j—dx (Delhi 2014)
o Secx cosecx
T 4xsinx

125.Evaluate : j —dx (A 2014)
01+cos X

W.NIBS (5/6 marks)

2 Xsinxcosx

126.Evaluate: | ——==—"0dx (Delhi 2014)
o sin” x+cos” x
/3 dx

127.Evaluate: | ———— (Delhi 2014)
j1+VCOtX

/6

128.Evaluate :

. (Foreign 2014)

T
'([a cos x+b25|n X

= CBSE Sample Questions =

7.3 Methods of Integration
m (2 marks)

1. Find I;dx.

cos? x(1—tanx)?

(2020-21)

7.4 Integrals of Some Particular
Functions

(2 marks)
sin2x

V9—cos?* x
7.5 Integration by Partial Fractions
(2 marks)

x+1

2. Fin dj (2020-21)

3. Find: f dx. (2021-22) (An)

(x2+1)x

m (3 marks)

(x3 +x+1)
(x*-1)

4. Find dx (2022- 23) (Ev)

4
5. Evaluate: [Ix-1ldx (2022-23)(Ev]

0

Find J‘ X +1
(x2 +2)(x? +3)

7.6 Integration by Parts
(1 mark)

7. Find Je" (1-cotx+cosec?x)dx.

(2 marks)

8. Find f _logx
(1+Iogx)2

(2020-21) (Ap)

(2020-21)

(2021-22) ()

7.10 Some Properties of Definite Integrals
(1 mark)

T
2 N
9. Evaluate: J.xzsinxdx (2020'21)@
T
2
(2 marks)
1
10. Evaluate:jx(l—x)"dx (2020-21)
0
(4 marks)
2,3 a2
11. Evaluate: | [x*~3x* +2x(dx (2021-22) (An)
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Detailed g{o]88ap[(e] S

- Previous Years’ CBSE Board Questions -

1. (b): Let i=j&dx

secx—tanx
J- secx(secx+tanx) __[ sec? x+secxtanx dx
(secx—tanx)(secx+tanx) sec? x—tan?x

:fsec xdx+_[secxtanx dx [+ sec?x—tan®x=1]

=tanx+secx+c

2
2. We have, dex

SINXCOSX .0 2

_,[ sin® x J- cos“ x
sinxcosx sinxcosx
:J-tanxdx—J.cotxdx

. 1
=In|sec x| -In|sin x| + C =In|———
sinxcosx
2
=In|—————|+C=In|2cosec2x|+C
2sinxcosx

3.  The antiderivative of 3x/;+i

NM
1 1/2 -1/2
= 3x/;+—)dx=3x dx+ | x " “dx
J(axs - o =sfx2an |
32 172

X X
=32—+2—4C =2x(x+1)+C
AT =2xVx+2x+C (x+1)+

4. We have, '[COS’1 (sinx)dx _ J' cos! [cos(g—x)]dx

2
=I(E—x)dx:EX—X—+C
2 2 2

5. WehaveJ.

J-(sm 2 x+c0s? x)

sin XCOS2 X

dx

sm XCOS X

=J.(sec2 x+cosec?x)dx =tanx - cotx+C

sin? x—cos? x

6. We have, dex

= Isecz xdx—jcoseczx dx

=tanx+cotx+C

7. Let I=J-(\/1—sin2x)dx

=_|.\/cos2 X+sin? x—2sinx cosx dx =ij(cosx—sinx)dx

. b4 b4
Since, ~<x<=,sowe get

4 2
l:J.(sinx—cosx)dx

= —(cosx + sinx) + C

8. > dx

cos2x+2sin? x
et 1= j cos“ x

_Jcoszx—sin2x+2$in X

COS2 X

dx

143

cos? x+sin? x 1 2
=J.72dx :J > dx=Jsec xdx
cos“ x cos“ x
=tanx+C

9. (b):Let I=[e*'8* dx

=Ie'°gx5dx =jx5dx [+ €98% —x]

Xé

=—+C
6

3
10. (a):Let|= szex dx

| Putx®=t = 3x%dx=dt

1= fetdt Lot icted
3 3 3
X
11. (a):Let::jde

2 X
Put xe* = t cos”(xe”)

= (xe*+e)dx=dt

L= e"(x+1)dx=dt

I= j Jsecztdt=tant+c=tan(xex)+c
cos?t

12. Letl= j

2x dx
3\/x2+1
Putx2+1=z= 2xdx=dz
(-1/3)+1

f ()3 J_m (1/3)+1 e

=g(x2 +1)73 +C
6

13|_t’J‘smx :.[ :inxz

Cos™ X COS™ X:-COS™ X

dx

= _[tan(’ xsec? xdx

Puttanx =t = sec2xdx =dt

7
I=J-t6dt=t—+C =1tan7x+C
7 7

dx dx
14. -
| J-\/4x—x2 ‘[\/4—(X—2)2

Put x - 2 =2sinf i)
= dx=2cos0do

_J~ 2cos6 do

J4-(2sin6)?
Now, 4 - (2sin8)? = 4 - 4sin20 = 4(1 - sin20) = 4cos20
J~ 2cos0do J‘2C059 do

V4 cos? 0 2cos6
=sin! (X—;z)+c, [From (i),0=sin"! (%)]
where cis an arbitrary constant.

=0+c

sinx

15. Let I= J‘islnx 2]

iPutx 2a=t
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= x=2a+t=dx=dt
’:J‘sm(F+2a)dx
sint
:J-(sintc0520+costsin2c1)
sint
=t cos2a+sin2alog |sint| + ¢
= (x - 2a) cos2a + sin2alog |sin(x - 2a)| + ¢

dx = j(c052a+cott~sin2a)dx

dt dt
Pute+1=t = edx=dt = dx——x —_—
eX t-1
dt t—(t-1)
|= = dt
J‘(t—l) J t(t-1)

J—dt J. dt=log(t—-1)-logt+C

X

=loge* —log(e* +1)+c=log +c

e*+1
2x
——dx
J (X2 +1)(x%+2)
Letx2+2=t= 2xdx=dt
2x Cpodt (A-t+t)dt
J( e -

x2+1)(x2+2) *=) -t (1)t
(t-1)dt | 1 1
ot e 1 ——j?dt+'|‘(t_1)dt

=-log|t| +log|t- 1] +log C

(x +1JC
x%+2

where Cis an arbitrary constant.

-1 +logC=log

t
=log|—]

cos(x+a) ijcos(x+b+a—b)
n(x+b) sin(x+b)
_J~cos(x+b)cos(a—b)—sin(x+b)sin(a—b)
sin(x+b)

18. Wehavej dx

dx

cos(x+b)
=cos(a—b)f sin(x+b)

=cos(a - b) log sin(x + b) - x sin(a - b) + C

Commonly Made Mistake e

2 Usingformulafor cos (A+ B) =cosAcosB-sinAsinB
and cos (A-B) =cosAcosB+sinA+sinB

dx—sin(a—b)jdx

(3sin6-2)cosO
5-cos?0—4sind
(Put cos20 =1 -sin20)

19. Let I= do

= J.Mde _zj-?isede
4+sin?0-4sin® 4+sin”0—4sin®
=3I, - 2l,(say) ()
Now, I; ZJssz&de
4+sin“6—-4sind

Put sin20 = t= 2 sinB cos do = dt

_ij _lj
Y2l gntoave 20 (VE-22
Put Vt—2=u=+t=u+2

3 _J-sm x(1 cos X)d J-cos x(1

CBSE Champion Mathematics Class 12

= Ldt=dusdt=2(u+2)du

2t
’1‘_[ u+2) J~

=Iogu—g+C1=Iog(\/f—2)—
u

L
Jt-2
2 ¢ i)
sin6—2

coso
Also, I, = | —————d8

2 j4+sin29-4sine

Put sin@ = m= cos0 db = dm

dm dm
"2 :J.4+m2—4m:'[(m—2)2

-1 -1
— C — C cee
m—2+ 2 sin9—2+ 2 - i)

From (i), (ii) and (iii), we get

|=3log(sin6—2)—— 6 +— 2 +
sin6—2 sin6-2

where C = 3C; - 2C,

= |=3log(sin6-2)-

+C;

=log(sin6-2)—

’

4
sin6—2

+C

20. LEt’=JSm(x_a)dx:jsm(x+a_2a)dx

sin(x+a) sin(x+a)
_J-(sin(x+a)c0520—cos(x+a)sin20 )dx
- sin(x+a)

cos(x+a)
sin(x+a)
t = cos(x+a)dx =dt

= I= cos2aJ.dx 5|n2j
Put sin(x+a)=
. dt

= I=cosZajdx—5|nZGJ—
t

= |=xcos2a-sin2alog|t| +C
= |=xcos2a-sin2alog|sin(x+a)|+C

sin® x+cos® x

21, Letl= J.idx

sin? x-cos? x

SII’]6X C056X
- j . —dx+ j —dx
Sln X-COS™ X

Sln X-COS™ X
4 4
sin™ x COS X
j dx+ j dx

COSZX sm X

sin x)

7, dx

COS2 sin

= [tan2x dx - Jsin2x dx + [cot2x dx - fcosQX dx
= [(sec?x - 1)dx - [sin?x dx + [(cosecx - 1) dx - [(1 - sin?x) dx
=tanx - x + (- cotx) - x - x+ C=tanx - cotx - 3x+C

22. Letl=

Z_x?
4

= 1 dixz lsin71 1 +C = Esin_l (zix)_{_c
2 5e , 2 s 2"

23 Letf= [Bp dc 1p o

j\/942 J\/




Integrals
1 gt (2X)+C—1t (§)+c
43 3 6 3

2
24. Let [= j Sec X

\/tan X+4

Puttanx=t = sec2xdx=dt

= It _ioglt+Vi214]+C
Vt2 +4
=Iog|tanx+\/tan2x+4|+C

25. Let I= j

‘%J dx 1 J dx
27 17 Rl T ==
5—1—2x—x2 V2 (\/ZT—(X+1)2
2
g (xHL g[ﬁ ]
—\/Esm [\/7]+C \/Esm 7(x+1) +C
2

26. Wehavej J. 3 dx
X2 +4x+8 * x2+4x+4+4
=J.7ix Zzltanfl(—x+2)+c
(x+2)7+(2)* 2 2

X— X

:J' dx :J dx
5+16-16-8x—x> < 21—(x+4)?

J‘ dx ‘x/_+x+4‘
(V21)% —(x+4)? ‘\/_ X— 4‘
a+x

dx 1
—Ilo +C
|: '[a2 —x2 2a Sla—x ]

X
28. Let I:J‘eidx
\J5-4e* _ex

Puttinge*=t= e*dx =dt, we get

sinx+cosx
=2

V5-4x-2x2 */_J/ _2x—x2
2

l:.[ dt :J dt :J dt
J5-at—t2 T \Jo_(t2+at+a) 732 _(t+2)

X
=sin 1(t )+C = (LZ}C
3 3

Jx
29 Let ’:J‘ﬁdx

Putx¥?2=t = %xl/zdx=dt

2 dt
j/s _2 §j [a¥2)2 —t2

3/2
2[ . 4 t _2| . 1 x
=§|:S|n 1(@)]+C _3|:5|n (03/2 ):|+C

32. Let l=j

=

30. Letlzj( tanx +~/cotx)dx

/SInX COSX SInX+COSXd
COSX sinx «/smxcosx

g [ SIHCOSK g _ g [ Sinxrcosx_g,

V2sinxcosx Vsin2x+1-1

P _[ sinx+cosx

—_—dx
1-(1-sin2x)

_2 sinx+cosx dx
| J'\/l (sin® x

+cos? x—2sinxcosx)

dx

1—(sinx—cos><)2

Putsinx—cosx—t:>(cosx+sinx)dx=dt

I:J_J =\2sin"tt+C

Jﬁ

=/2sin? (sinx—cosx)+C
+2

31. Let |= fidx

2x2 +6x+5

Let x+2=A[di(2x2+éx+5)]+B
: X

= Xx+2=A4x+6)+B
Equating coefficients of x and constant terms, we get
| 4A=1=>A=1/4and6A+B=2=B=1/2

j 4x+6
dxt o[
2x%2 +6x+5 29 2x%+6x+5
:Zlog‘2x +6x+5‘+zjd7)(5
X2 +3x+>
:%Iog‘2x2+6x+5‘+%j%
2 3x+-—242
4 4 2
:llog‘2x2+6x+5‘+1j’d7x
4 4 3V (1Y
x+—=| +[=
(3] +(2)
x+3
=1Iog‘2x2+<’>x+5‘+1tan‘1 _2\c
4 2 1
2

=%Iog‘2x2 +6x+5‘+%tan‘1 (2x+3)+C
x+3

—dx
V5-4x-2x2

Letx+3= A:(5 4x-2x%)+B=A(-4-4x)+B
On comparing the coefficients of like term, we get
aA=1s A:—%and—4A+B:3:> B=2

x+3=—£(—4—4x)+2

-1 (~4—4x)+ 2

I_'[ V5-4x-2x2

145



146
_ -1 -4-4x 1
S/ k2 | ————dx
'[\/5—4x—2x2 J\/5-4x-2x2
= —%q +2l, ()
—4—-4x
where [, =
! J‘\/5 4x-2x2

Put5-4x-2x2=t= (-4 - 4x)dx = dt
I :j%:jr”dt:zﬁﬁucl

=2V5-4x-2x%> +C, ...(iil)
dx 1 dx
and I, = =
2 J‘\/5—4x—2x2 \/EJ. §—2x
2

=1 j*
e

From (i), (ii) and (iii), we get

I = —%2 5—4x—2x> +2~%sin’1 [\E(x+1)]+c
whereC=C; +C,

= I:—%\/5—4x—2x2 +/2sint [\/g(x+1)]+c

2x+5 —-=
2dx

33. Let |- J‘Z

el

;J'(x +5x+6)"V2(2x+5)dx— —_[

x? +5x+

Vx? +5x+6

Putx2+5x+6=t = (2x+5)dx=dt
1 ~1/2 1 dx
_fJ.t dt—§j7+c

5\2 (12

br3) -3)

2 2
(3 e -5

X+— [ x+= ) - =

2 2 2

2
=\/x2+5x+6—%logx+g+\/x2+5x+6
[Concept Appiied (€]

px+q

2 In
Jax2+bx+c

112 ¢
=—————log

+C
21 2

+C

substitute px+q= A; (ax? +bx +c)+B.

34. Let I= j Lzzdx
1+2x+3x

Let 5x—2:Adi(1+2x+3x2)+B:A(2+6x)+B
X

On comparing the coefficients of like terms, we get

6A=5:>A=§and2A+B=—2:>B=_T11
§i(1+2x+3x )— 1
|= J‘éd 3 dx
- 2
1+2x+3x

=%Sin,1 (%)Jrcz i)

CBSE Champion Mathematics Class 12

Jd(1+2X+3X )dx_E dx
1+2x+3x2 3 ) 14+2x+3x?
7|0g|1+2X+3X |—7J.ﬁ
XS+ =X+
3 3
= 2log|1+2x+3x2 |——j
6 J2 2
(et ) +(7)
3 3
5 1 -1 3
="log|1+2x+3x%|-— 7tan — 4C
6 el | 9 V2/3 V2/3
5 2 11 -1 3x+1
="log|1+2x+3x“| tan ( )+C
6 SJE V2
4
35. LetI=[—, | 2 dx
cos? x+sin® x 1+tan™ x

:I(tan x+1)sec? de

1+tan? x
Puttanx= t:>sec2xdx— dt

=[S j i

Put t—%—y:>(1+ 1 )dt dy
t

_ jdiyzi an™
y2+(2)? V2
1 (tanx cotx)

=$ta NG

1
2
2

1+
dt
(t—l) +2
t

()

1

36. Let I= j —— —dx
5|n x+5|n XCOS™ X+CO0S " X

_J- sec? xdx B (1+tan x)sec xdx
tan® x+tan? x+1 tan® x+tan? x+1
Put tanx =t = secZx dx = dt
1 1
1+ 1+
2 2 2
I:f41+; 1d-j Eodt =[—L—at
2
T+t + t +1+r2 (t—%) +3

w5 (%)
——— =——tan" | = [+C
y2+(3)? V8 V3
)
S\t 1 _1(tanx—cotx)+
+C=—tan""| ————— KC
3 V3 V3

(x+1) "
(x+2)(x+3)

Thus, I:_[

-1
3

37. LetI=J'

tan

(x+1) A B

Also let, = +
(x+2)(x+3) (x+2) (x+3)

= x+1=Ax+3)+B(x+2) (i)



Integrals

Putting x = -3in (i), we get
-B=-3+1=-2=B=2
Putting x = -2 in (i), we get
A=-2+1=-1

e -1 1
|= I(X+2)dx+2j.(x+3)dx

= -log(x+2) + 2log (x + 3) + C

s
Answier Tips ()
2 Form of rational fraction to the partial fraction.
px+q A B

(x+a)(x+b) x+a x+b

2

:J-x2+6x+12 (6x+12) | Jox-[212 6x+12

X°+6x+12 X% +6x+12

dx-12 | —
'[x +6x+12

=X_3Jx2+6x+12
:x—SJde—HI dx

x2 +6x+12 x? +6x+12

2x+6
=x-3 dx-18 | ————
Jx +6Xx+12 Ix2+<sx+12

=X- 3’1_ 18’2
2x+6

Consider, |, = J‘idx
2
+6x+12

Putx?2+6x+12=t = (2x+6)dx=dt
11=J%:'og|t|+c= log [x?*+ 6x + 12| + Cy
dx

and ’2:jx2+6x+12

dx 1 3
'[(x+3 ANl (X\%) “

l=x—3|og|x2 +6x+12|+6x/§tan*1 (X—H}C

V3
X2
39. Let I= j—2dx
(x2 +1)(3x% +4)
Letx?=y
2
So, X = y
(x> +1)(3x2+4) (y+1)(3y+4)
A B A(3y+4)+B(y+1)
y+1 3y+4 (y+1)(3y+4)

= y=A(@y+4)+Bly+1)
= y=(3A+B)y+(4A+B)
Equating the like coefficients, we get

3A+B=1and4A+B=0
On solvingwe getA=-1,B=4

Solj[ — 4 ]dx
x?+1 3x%+4

Let

=—J 12dx+%j 14dx
1+x x2+§

=—tan~! x+i><§tan*1 (@}C
3 2 2

=—tan! x+itan‘1 (g}c

NE)
2
20. Let | x3 +1 _ (x+1)(x —x+1)d
¢ J’x —x j x(x? -1) *
J-(x —x+1 [ ]
x(x-1) x(x—
Consider, # é B
x(x=1) x x-1
1 A(x-1)+Bx
x(x=1) x(x-1)

= 1=A(x-1)+Bx
Onsolving,wegetA=-1,B=1

1 -1 1

x(x=1) x x-1

I:J.(1+i—1)dx:x+|og|x—1|—|og|x|+c
x-1 x

3x+5 o 3x+5 "
x? +3x-18 (x+6)(x-3)

41. Let I= j

3x+5 _ A B
(x+6)(x=3)  (x+6) (x=3)
= 3x+5=A(x-3)+B(x+6)
14

Puttingx=3in(i),weget9B=14 = B:?

Putting x = -6 in (i), we get ~-9A = 13 = A:%

13¢ 1 14, 1
=— dx+— X
9 J(x+6) 9 J(x-3)

= EIog(x+ 6)+174Iog(x -3)+C

x?+x+1 "
(x2+1)(x+2)

X2 +x+1 _Ax+B  C

(X2 +1)(x+2) x?+1 x+2

42. Let I= j

= X2+x+1=(Ax+B)(x+2)+C(x2+1)

Put x =0, 1 and -2 in (iii), We get
1=2B+C;3=3(A+B)+2Cand 3=5C
= C=§,B=1andA=g
5 5 5

From (ii), we get

(2 1) 3
+x+1  \5%*"5) 3
(X2 +1)(x+2)  x*+1  x+2

12x+1+3 1

5 X +1 5 x+2

2x+1
. I—fjxxil i[—dx
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el i

=%[Iog|x2 +1|+tan™? x]+

glog|x+2|+C1

43. Letl= [ 20X g
(1-sinx)(1+sin” x)
Putsinx=t = cos xdx =dt
1 .
s l=2|————dt (i)
J(1—t)(1+t2)
1 A +Bt+C
T(1-t)(1+t2) (1-t) (1+£2)
= 1=A(1+t3)+(Bt+C)(1-1t)
= 1=A+At2+Bt-Bt2+C-Ct

Now

= 1=(A+Q)+t)A-B)+t(B-C) |
On equating coefficients of like terms on both sides, we
get
A+C=1,A-B=0=A=8B
B-C=0=B=C
A=B=C

Caslplent

2 2 2

1 1 1 t 1

. = + +
(1-t)(1+t?) 2(1-t) 2(1+t?) 2(1+t?)
Put above equation in (i), we get

1
1=2 dt dt dt
[J2u—t) +J2UA¢2) +Jm1+ﬂ) ]

dt t dt
_'(1—ﬂ+ju+¢2) +Iu+¢%

=-40g(1—t)+A%Iog(l+—ﬁ)+tan‘%ﬂ-+c

=-lo;

=-log(1 - sinx) + log(1 + sin®) 2 + tan™1 (sinx) + C

V1+sin? x

=log——+tan~
1-sinx

44. Let 1= j

g(1-sinx)+ % log(1 +sin®x) + tan~Y(sinx) + C

(sinx)+C

2x
7dx
(x2 +1)(x% +2)?
Putx?=y = 2xdx=dy
’=.[ & 2

(y+1(y+2)

1 A B C
- = 4 4
(y+1)y+2)* y+1 y+2 (y+2)?

= 1=Aly+2)2+B(y+1)(y+2)+Cly+1) (i)
Puttingy =-1,in(i),weget 1=A

Puttingy =-2,in(i),weget1=-C = C=-1

Puttingy =0,in (i),weget 1=4A+2B+C

1-4+1

Let

= B= :—1

1 1 1
=[] —-——- dy
j[y+1 y+2 (y+2F]

=log(y + 1)

- log(y +2) + 1
y+2

1 1 _(t) 1 1
| =——X—tan +-—x——ta

CBSE Champion Mathematics Class 12

= log (Y+1 )+—1 +c
y+2) y+2

2
=|0g(x +1J+ 1 .

[ y=x]
xX2+2) x%+2

coso
— > dae
(4+sin“0)(5—4cos“ 0)
=J 2cose ~ do
(4+sin“0)(1+4sin“0)
Let sin® =t = cosO do = dt
l=j4——7?3———77dt
(4+t°)(1+4t°)
1 _At+B  Ct+D
(4+t2)(1+4t%) 4+t? 1+4t2

(Using partial fractions)
1=(At+B)(1+4t?) +(Ct+D) (4 +1t?)
= At + B+ 4At3 + 4Bt2 + 4Ct + Ct3 + 4D + Dt?
=(4A+C)t3+ (4B+D)t2+ (A+4C)t + (B+4D)
On comparing the coefficients of like terms, we get

45, i=j

Consider,

4A+C=0 ()
- 4B+D=0 (i)
L A+4C=0 (i)
B+4D=1 (iv)
Solving (i) & (iii), we get
A=0andC=0
Solving (ii) & (iv), we get
B= iandD—i
15 15
_ 1 _-1/15 4/15
L (4+2)(1+4t%)  4+t2 14412
1 1 4 1 1
BRI AR T K
+t Z+t2

15 2 2

1

=——tan? (£)+£tan‘1 (2t)+C
30 2/ 15

:gtan*1(2sin6)—itan*1 (ﬂ}rc
15 30 2
2

46. Letl= dx= X dx
i Jx4+x '[(xz—l)(x2+2)
Let x2=2z
x? 3 z

(21 (x2+2) (z-1)(z+2)
Using partial fractions, we have
_z _A.,B
(z=1)(z+2) z-1 z+2
= z=A(z+2)+B(z-1)

whenz=1,we getAzé

and when z = -2, we get B:%

N ey

) (x +2)



Integrals

1/3 2/3
= dx+ dx
J(x2—1) j(x2+2)

10 1 2
—fJ‘XZ_ldx+

1
z d
3Jx2+(J§)2 *

+2><itan (L)+C
x+1l 372 V2
V2

+—tan~ ( )+C
3 72
Concept Applied @
a

1 1 X—
) J‘md)(:zlog m

1

3

1 x-1
=—X—

3 2

1

6

log|—

x-1

lo
gx+1

+C

(X2 +1)(x? +4)

d
(x2 +3)(x2-5) *

47. Ltfj

Letx2=t
O+ +4)  (t+1)(t+4)
(x2+3)(x2-5) (t+3)(t-5)
_t245t+4  7t+19
T(t+3)(t=5)  (t+3)(t=5)

7419 _ A B
(t+3)(t-5) t+3 t-5
= 7t+19=A(t-5)+B(t+3)

27

Puttingt=5,wegetB =

Puttingt=-3,wegetA= %
t?45t44 1 27
(t+3)(t-5) 4(t+3) 4(t-5)

(X2 +1)(x2 +4)
S A A AL L7 g
(x% +3)(x%-5) * I

Y ———
49 (x2+3)

27 1
+

ERIEC

5
+C
x+J§

x5
x+5

=X+

N (f)*zx 205°

X

PN (J—) P

48. LetI= J

=X+ +C

—dx
5|nx+5|n2x

1 1
:J. - . X :j - dx
sinx+2sinxcosx sinx(1+2cosx)

sinx
Z_[.z—dx

sin“ x(1+2cosx)
Let u=cosx = du=-sinxdx
Also, sin?x = 1- cos?x = 1 -u?

-1
I=[———d
j(1—142)(1+2u) !
= -1 du
(1+u)(1-u)(1+2u)

149

- Using partial fractions, we have

il A B C

 rul—wde2n drw o T2

= -1=Al-u(1+2u)+B(1+u)(1+2u)+C(1+u)(1-u)
Putting u=1,wegetB=-1/6
Putting u=-1,wegetA=1/2

Putu=—%,wegetC=j

3
. 1 1 1 4
" (1+u)(1-u)(1+2u)

T201+u) 6(1-u) 3(1+2u)

1 1 4
= ':I[z(uu)_6(1—u)_3(1+2u)]d”

1 1 4
=—log(1+u)+—log(1-u)———log(1+2u)+C
5 og(1+u) 5 og(1-u) 32 og(1+2u)+Cy

:%Iog(l+cosx)+%log(1—cosx)—%log(1+2cosx)+C1

2

49, Letl=[—2X 4
© jx 24+4)(x%+9) *
2
Putx2=y.Th X =Y
f ubxe Ty Then (x2+4)(x%>+9) (y+4)y+9)
ro—= B ()

(y+4)(y+9)_y+4 y+9

= y=Aly+9)+B(y+4) (i)

Putting y = -4 and y = -9 successively in (ii), we get
A= -4 andB= 9

5 5
Substituting the values of A and Biin (i), we get

y  _-4/5. 9/5
(y+4)y+9) (y+4) (y+9)

x2 49
(x2+4)(x*+9) 5(x*>+4) 5(x%+9)

2

= [— X 4
j(x2+4)(x2+9) *

=

-4 1 9 1
=— dx+— dx
5 J(x2+4) 5'[(x2+9)
4><1tan*1( )+9><1tan (5)+C
2 2) 5 3 3

5
= ﬁtan*1 (1)+§tan’1 (5)+C
5 2) 5 3

50. Letl=j X

————dx (i)
(x=1)“(x+2)

Using partial fraction, we have

(x=12(x+2) X-1 (x=1)2 x+2
= x=Ax-1)(x+2)+B(x+2)+C(x-1)2 (i)

On comparing the coefficients of X2, x and constant term in
(iii), we get0=A+C,1=A+B-2C,0=-2A+2B+C
Solving these, we get

A=2p-1c-_2

9 3 9
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From(ii),weget; gi 11 2.1
(x=1)?(x+2) 9 x-1 3(x—1)2 9 x+2
2¢ 1 2¢ 1
=5 [ ———dx+= _Z
9Jx-1dx+3j PR R e
=3 gIog\x 1\—1 %—Iog\x+2\
2 Ix-11 1 1
=— J Cl
9 Clx+2l 3 x-1
51. Let I= J‘zidx
(x“+1)(x-1)
et X _A+B C (i)
(x2+1)(x-1) x?>+1 x-1
= x=(Ax+B)(x-1)+C(x2+1) (i)

Comparing coefficients of x2, x and constant terms, we get

0=A+C,1=B-A0=-B+C
Solving these, we get

:—E,C:1 and B:1
2 2 2

From (i), we get
1
xS0
(x2+1)(x-1)  x2+1 "2
1 x 1 1 1 1
24241 2 X241 2 x-1
1¢ 2x d 1 dx 1 dx

Lo l=—= += +=|—
4)x211 0 27241 20x1

1
-1

1 1, _ 1
= I:—Zlog|x2+1|+§tan 1x+§log|x—1|+C1

2

52. Let I= J‘idx
(x +1)(x +4)

Putx?=y

x? y
(x2+1)(x% +4) Ty +1)(y+4)

y A B .
t— = +—
€ (y+1)(y+4) y+1+y+4 ()
= y=Aly+4)+Bly+1) ...(ii)
Puttingy =- 4 and y = - 1, successively in (ii), we get
A:_—1 andB=i

3 3
From (i), we get

y _ -1 N 4

(y+1)(y+4) 3(y+1) 3(y+4)

- x? _ 1 4
(x2+1)(x2+4) 3(x2+1) 3(x%+4)
’j x__—l dx +ﬂ dx

(x +1)x +4) 3/x241 3

So,

X% +4
=_—1><tan*1 )<+i><1tan*1 (£)+C
3 3 2 2
=_—1tan_1 x+gtan‘1 (£)+C
3 3 2
3

53. Let I= J‘idx
x*+3x2+2

54, Letl= j

= I=e‘logx+c

CBSE Champion Mathematics Class 12

Put x2 =t:>xdx=%dt

1 t .
_E‘[t2+3t+2 _EJ(t+2)(t+1)dt (i)
et t __A . B
(t+2)(t+1) (t+2) (t+1)

= t=A(t+1)+B(t+2)
Putt=-1,-2init,wegetA=2,B=-1

ot 2 1 i

C(t+2)(t+1) t+2 t+1
17 2 1

From (i and (i) we get ’_ZJ[(t+2)_(t+1)]dt

:%[2Iog|t+2|—|og|t+1l]+C

@5

=—tan

:%[2I0g|x2+2|—log|x2+1|]+C

1X
PEE
a

X% +x+1
x+1)2(x+2)

x? +x+1 A B c
fzi_’_ > +—_
(x+1)?(x+2) x+1 (x+1)? x+2

= X2+x+1=Ax+ 1x+2) +Bx+2)+Clx +1)?
Put x=-1,-2,0successively init, we get
B=1;C=3;A=-2
From (i), we get

X2ex+1l -2 1 3
(x+1)2%(x+2) x+1 (x+1)? x+2

Integrating both sides w.r.t. x, we get
2

(i)

:J' X +x+1
(x+1)?(x+2)
1 1 1
=-2 d dx+3 d.
J.x+1 X+J(X+1)2 X+ Jx+2 X

=—2Iog|x+1|—i+3log|x+2|+C1
x+1

55. (d):Letl= [ (|ogx+1)dx
X

(- Jer T+ (x)ldx=€*F(x)+c)

56. (d) :Let I—j 1[1+(x+1)|og(x+1)]

=_[e" [ﬁ+log(x+l)]dx
Itis of the form je" [F(x)+f"(x)dx],

where f(x) = log(x + 1) and f’(x):i
x+1
So, I =e*log(x+ 1)+ C

[Concept Applied (&7]

>[I0+ (xldx =e*flx)+c



Integrals

5
1 x°

57. Letl= |x*logxdx = joex. X _[2.X 4

J ogx-— —[x o

5 5
X 1 4 _ 1 5 X
=—logx—=|x"dx = =x’logx——+C
5loex—5 ] 5% 98755

logx-3

58. LtlJ- dx

(Iogx
Putlogx=t=x=ef = dx=eldt

_rlt=38 ]ty _[t,3 -4t
I_j[tT]e dt _je t dt—3jt eldt
=t 3t +3 J‘t*4etdt—3jt*4etdt+c
=t3et+c=(logx)x+c
59. Let I=J‘sin*1(2x)dx=.|‘1-sin*1(2x)dx

o

=sin! (ZX)X_J[\/— I
1-4x2
:Xsin_l (2X)—J.ﬁdx
1-4x

.1 dt .
=xsin"r(2x)+ | — (Putting 1-4x2=t = -8xdx=dt)
J4Jf & |

1(2X)+ ( )1/2

7 T2x)+

=xsin~ +C =xsin”

%\/1—4x2 +C

60. Letl= _[x~tan‘1 xdx

Onintegrating by parts w.r.t. x, we get

|=tan! xjxdx—j{dd—x(tan_1 X)dex}dx

2 2
Ctpan-l A X 1 x
=(tan™" x)— J - dx

2 J(1+x?)
)dx

1
1-—
( 1+x2

dx+

x tan™ x_l
2 2

xtan Tx 1J'

t 1
=w—£ +=tan"1x+C

2 2 2

=%(1+x2 ytan™! x—%+C

61. Let I:J-exsin2xdx 1)

= [sin2x e* —2'[cos2x e"dx]
=[e" sin2x —2'.‘eX cos2x dx]
:[e" sin2x—2[cos2xe" +2Isin2xe"dx]:|

= [|=eXsin2x - 2eXcos2x - 41+ C
e¥sin2x - 2eXcos2x + C

(From (i)
= 5]=

= I:%(eX sin2x—2e* cos2x) +

(G1Ne)

X

& (sin2x—2cos2x)+C,, where C; = % isanarbitrary

constant.
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: N
W o Tips (7

ax

) _[e“x sinbxdx = [asinbx —bcosbx]+C

e
a® +b?

62. Letl= jsec3xdx = Jsecxseczxdx

= secxtanx—jsecxtanx-tanxdx
(Applying integration by parts)
secxtanx—_"secx(sec2 x—1)dx

= secxtanx—J‘sec3 xdx +J.secx dx

=secxtanx-I+In|secx+tanx| +C;
= 2l =secxtanx+In|secx+tanx|+C,

C
= %(secxtanx)+%In\secx+tanx\+C (Where,Czé)

= _[sec x dx =loglsecx +tanx|+C

xsin™ x
63. Let = dx
V1-x2
_ 1 X _ i .1 X
=sin xj\/mdx J'[dx(sm X)J‘\/mdx]dx

(Applying integration by parts)

X dx
V1-x?

Firstly, let us evaluate the integral f
Putt=1-x2=dt=-2xdx.

LS L S O PR
fﬁdX— 2'[\/?— Vt=—J1-x
|=sin™ x )
Ao

=—\/1—x sin” x+'[dx=—\/1—x sin"tx+x+C

64. Letlj 3X+1d

V1-x2
2 2
—X +3x—1)dx =_J-(1—x )+3x-2

_

B J V1-x? 1-x2

ie,l=— J.\/ﬁdxﬂ'ﬂ
j\/ﬁdm J'\/lxd 2j\/1x

:—dex+%2m+25in‘1x+c
:—[gﬁ+%sin'1 x]+3\/m+25in‘1 x+C
:—%ﬂ+gsinflx+3ﬂ+c

[ Commonly Made Mistake (&)

2 Remember the formula for

J\/a —X dxand-[\/_

dx

3x+2
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logx

65. Let I= j dx:j(x+1r2 Jlog x dx

x+1

On integrating by parts, taking log x as first function, we
have

-1 -1
I=(X+1) X_j(x+1) idx
-1 -1 x
_—logx J dx :—Iogx_'_-[[l_ 1 ]dx
x+1 x(x+1) x+1 X x+1

=— logx+|ogx log(x+1)+C
x+1

:—loﬁﬂog(L}C
x+1 x+1

66. Let I:J-e2" sin(3x+1)dx

Onintegrating by parts, taking e* as first function, we have ‘

2x
=e j sin<3x+1)dx—j(%. j sin(3x+1)dx)dx
X

e [-cos(3x+1)] B
3
_,2x
¢ cosbox#l) cos(3x+1)+g e2* cos(3x+1)dx
3 3
2

_2x
= M+g[e2" Jcos(3x +1)dx

3 3
_J(%(e2x )-Jcos(3x+1)dx)dx:|

J2e2x _ [—cos(sx +1)] dx

—e?*cos(3x+1)

:—+362X sin(3x+1) —ﬁ.[ez" sin(3x+1)dx
9 9

3
_p2X
—Z€ cosiaxvo) cos(3)(+1)+ge2"sin(3x+1)—il+C1
3 9 9
2x
= I+ﬂI:LS<3X+1)+Ee2"sin(3x+1)+C1
9 3 9
2X
131_—e”" cos(3x+1) cos(3)(+1)+ge2"sin(3x+1)+C1
9 3
2x
:1[7_6 COS(3)(4-1)+gezxsin(3x+1)+Cl]
13 3 9
9 2X[2sm(3x+1) 3cos(3x+1)] iC
13 9 131
15 . 9C,
=—3e *[2sin(3x+1)-3cos(3x+1)]+C Where,C:F
67. Let I= j" +1 eax
(x+1)
=J'e [(X -1)+ } "
(x+1)?
2_
Je | XL 2o
(x+1)° (x+1)
_ Jex-[x—_1+ 2 z]dx N0
x+1 (x+1)
Take f(x)= x-1
x+1
N f,(X:(x+1)~1—(x—1)~1_ 2

(x+1)2 N (x+1)2
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. By using the formula, we get
3I=f¥UWHf%MMX=€ﬂM+C

-1
68. Let = JXC°S Xd

V1-x2
Putcosx=0=x=cos0=dx=-sin0 do
= |= Le(9)(—sin6)d6

V1-cos?9
= Iz—jecosede
d
= —I=6J.cos ede—J(d—eeJcosede)dG

(Applying integration by parts)
—Izesine—.[sinede
-I=06sin6+cos6+C

=
=

= [=-[0V1-cos?0+cosb]+C
= I= —[\ll—x2 cos_1x+x]+C

2 The value of sin (-0) is -ve and value of cos (-0) is +ve.

[.2 2 1
x“ +1[log(x“ +1) 2Iogx]dx

69. Let I=
J i
2
\/x2+1log(x :1)
X
= dx
| —
2
Put X +1_t:>x2—i
x2 t-1
= 2xdx= t = dx= 1~ 1
—1)? 2x (t-1)?
_ 1 = 1 B dt
2 (t-1)° 2(t-1)%?

AlSO, VX2+ = i_‘_l: L
V-1 \I -1
/ —dt
|= =
j 1/(t 1)? (t 1)%/2

J«f logtdt

i On |ntegratlng by parts, taking log t as first function, we have

3/2 3/2
S L, gt—jt— 1olt]JrC
21372 3/2't

:—%ﬁyﬁoy;jﬁmdQ+c

|_\

S| 7. Iogt—§t3/2]+c

a2 N2 9 o N2
1 (X +1] ,og(x +1]_g(x +1) ]+C
3 L X2 X2 3 X2
Sln \/— COos 1\/_
sin 1\/—+COS_1\/_

dx,xe[0,1]

70. Let |= j

We know that sin~t+/x +cos™t &:E



Integrals

= sin? x/;zg—cos*1 NM

g—2cos_1 NN

e

=J1-d —%Jl-cos_1 Vx dx

A SV W S
=X T[[X Cos X J.X m 2\/;

=x—ﬂl:xcos‘1 \/;+1j1 /L dx]+C
b 2JN1-x

Put x = sin20 = dx = 2 sin 6 cos 6 dO

dx]+C

[ sin2
:x—ixcos’lx/;—gj > 2 -2sin6 cos0de+C
b TY V1-sin“0

—x— Y xcost \/;—g'[ SN0 5 in6 cos0d+C
b1 nJ cosO

=x—ﬁxcos_1 &—gj(l—cos26)d6+c
T T

=x—ixcos_1 \/I—E[e— SIn2e:|+C
T T 2

:X—ﬁxcos’1 X —E[O—Sinecosehc
T T

—x—ﬁxcos_l«/;—g[sin_lx/;—\/;\/l—xhc
s

T

[Concept Appiied (€]

2 cos20=1-2sin%0
= 2sin20 =1 - cos20

71. Letl_jlx 2| i
1

j —x- 2)d_j “Ledx=[-xTy = -[1-(-
4

1]=-2

2x 27

72. (a):Let l:J.(e2X+x)dx =[e +X—:|
0 2 0

2

/8 /8

73. (a):Let I= J tan? (2x)dx = J (sec?(2x)-1)dx

0

(1tan2x x) 1tan2( )—E 1ta rr
2 8

2 8 2
1n_4-n
2 8 8
/4
74. (d):Letl= j sec? xdx= [tanx]“n/4
—-n/4

—tanE—tan(——) 1+1=2
4 4

4 8

| 3
75. We have, j3"dx:[
2

= JF(sin2x)dx=—%[cos(n/2)—c05(0)]=

153

3
3 " 3®-32 18
log3], log3 log3

76. _[7 -15]=F
I9+x x2 +32 3 ()

By second fundamental theorem of integral calculus,
we have

3

j d"2 —F(3)-F(0)=ftanT1—tan 0] ZE[E_O]:L
09+x 3 3L4 12

N
CAnswer Tips (7]

1 _1(X)
=) x=—tan 7| —
Jor e gtan (2

/2
77. Let = .[ e* (sinx—cosx)dx

0
/2 /2
= I e* sinxdx— j e* cosxdx
o o

- Oniintegrating Il integral by parts, we get

/2 2 /2
I = Ie" sinxdx—| {e* cosxlo - — I e* (—sinx)dx
0 0

/2 /2
= J e* sinxdx—[e™2.0-e% 1] J. e*sinxdx=1
0 0

78. By the first fundamental theorem of integral calculus
f'(x) = ijxtsint dt =xsinx
dxJo

a

T b 1 X T
= J. 3 dx:—:>[—tan_1—] ==

X +22 8 L2 2o 8
= 1t~’:ln71g:E tan’lgzﬁ

2 2 8 2 4
= %ztan——1:>a 2

n/4

- 80. We have, Jtanxdx [Ioglsecxl]"/4

—Iogsec IogIsecOI—Iong/_I log|1]

n/4 1
J. tanxdx=§log2
0

81. We have, Jsiandx:—%[cos2x]=F(x)

By second fundamental theorem of integral calculus,
/4
o s
wehave J sin2x dx = F(Z)—F(O)
0

N =
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dx:[sin_1 x]%)

1

1
82. Wehave, | ——
£\/1—x2

=sin11-sint0=2_0="
2

2 2112 2 2

1 1
84. J.xzexdx =[x2eX ]é —2jxe"dx

=e-2[xe* —e ]0 e-2(0—-(-1))=e-2
2
1 1],
85. Letl= ||=——=|e“*d
€ J[X 2x2:|e *

1
Putting2x=y = 2dx=dy
Whenx— 1,then y— 2
and whenx— 2,then y—4

4 4
=1 [2_22}% - J[l_lz]eydy
22 Yoy LYy

= |I= [ey,1]4_1 4_162_£(£_1)
ylo 4 2 2\2
1
86. Letl= J‘tan‘l(l_izxz)dx
1+x—x

jta [1+x(1 x)]dx

1
I=J.[tan_1(1—x)—tan_1x]dx ()

1
I:J.[tan‘lx—tan_l(l—x)]dx (i)

{Using properly If(x)dx = J.f(a—x)dx}
0 0

Adding (i) and (ii), we get
1
2I:J‘[tan’1 (1-x)—tan I x+tan T x—tan"t(1-x)]dx =0

/2
87. LetI= J X< sinx dx
0
On integrating by parts, we have

/2
j 2x(—cosx)dx
0

[x (- cosx)

CBSE Champion Mathematics Class 12

2 n/2 /2

:—n—.0+0+2 J xcosxdx=2 _[ xcosxdx
i 4 O

0
Again integrating by parts, we have

/2
I= 2[[xsmx]"/2 jl-sinxdx]
0

:2{g~1—0—[—cosx]g/2} =2[g+(o—1)]= -

88. Letlj 1
X+

Putx2+1=t = xdx:%dt

i Whenx=2,thent=5andwhen x=4,thent=17

ldt 1 1 (17)
If—fl =llog17-log5 fl
j llogt]s’ =~ llog17-log5] =log|
2
e
89. LetI:J- dx
exlogx

Putlogx=t = 1dx:dt
X

Whenx=e,thent=loge=1
and when x = e? thent =loge?=2loge=2
2
Iz'[%:[log t]f =log2-logl=log2
1
1

90. Let I= J‘xe"2 dx
0

Put x2 =t = xdx = %dt.

: When x =0, thent=0and whenx=1,thent=1.

1

17, 1, 1
I1==[etdt = 1==letly ==(e-1
2‘([ el 2( )
1tan x
91. Let I= j
0
{ Puttanlx=t= dx dt

1+x2
When x =0, then t =0 and when x = 1, then t:%

/4 n/4 2 2

I= J.tdt:[ltz] :1.[(5) _o]:L

0 2 o 214 32
sinx
0 0 (1+—)

92. Letl:'[wdxzj'ﬂdx
(1-tanx) ( smx)
-7 -n(1-

4 2\ cosx

0 .
B J- cosXx+sinx
CcosxX—sinx
—T

4

dx

- Put cosx - sinx = t = —(sinx + cosx) dx = dt



Integrals

Whenx=0,thent= 1whenx— thent V2

1 V2
. I:J d— Jﬁ—[logt]l =log2 - Iogl—llogZ
nt 2

[Concept Appiied (€]

= j'ff(x)dx = —j'f(x)dx
b b

/2
93. Let I= je”(

1-sin2x )dx
/4

1-cos2x

Put 2x=t = dx:%dt

(1 2$|nt/2cost/2)dt
2sin?t/2

(1 cosec? £—coti)dt
2 2
=1 Je ( cot— +1cosec i)dt‘
2 2 2
= I:[Eet (—coti)]n ( Jex[f(x)+f’(x)]dx:e"f(x)+c)
2 2 /1ns2

; |: ( ) " ( 7 )] ; " en/z
~ t t* =— O =
2 e CO 2 co 4 2( +e ) 2

/2
94. Let I= j Jsinx cos® x dx
0

u
|T

/2
= I= J sinx (cos? x)? cosx dx

/2
= I= J Jsinx (1-sin? x)? cosx dx

0
Putsinx=t = cosxdx =dt
Whenx=0,t=sin0=0

Whenx=mn/2,t=sinnt/2=1

1 1
I=J\/?(1—t2)2 dt =J\/?(1+t4—2t2)dt
(0] 0

1 1
:'[(x/f+t9/2—2t5/2)dt =|:ﬁ+ t11/2 _2t7/2]
3/2 11/2 7/2 o

0
g+£_i 154+42-132 64
3 11 7 231 231
n/3sinx+cosx o3 sinx+cosx
95. Letl= | ——dx = | —————dx
J \sin2x H-L\/l—(l—sinZX)

155

n/3 .
SINX+COSX

[ sinrcosx g

/6 J1-(sinx—cosx)?

Put sin x - cos x = t = (cos x + sin x)dx = dt

When x=E,thent=@
3 2

Ly

1-

and when, x—g thent= =—a

M

o
J dt =[sin~ t]_a—25ln o=2sin" (@)
SaV1-t? 2

T
96. Let I=Je2" sm( +x)dx
0

CPut Bax=tox=t-L —dx=dt
4 4

When x =0, t:% and when x =, t:%

5n/4 Z(t—E) 5n/4
I= J. e 4sintdt =e ™2 J. et sintdt
/4 /4

. 51/4  5n/4 o2t
=e /2 (smt 2 ) - '[ cost7dt
/4 4
e T2 [E(esmz L sinf)
2 4 4
2t 5m/4  5m/4 o4
—(eTcost) - J e45intdtj|
/4 /4
_e 2 [1(;1651:/2 _ien/2 )

2\2 NG
e
1 1

1
= Jyol=——[e?™ 1 1]+ —[e2" 1]
‘ 4 22 42
5 (2"+1)[1 ] 1 5 -1 2n
= = 1|l=———[e?" +1] = I=—F=(1+€"")
4 22 42 52
/4 /4
97. Letl= [ —; o = dx
o COS”X 2sin2x 0 cos® x~/2-2sinxcosx
n/4

dx
) 12 -[ 7 1 1
cos "2 x-sin2 x 0 cos2 x-tan2 x-cos2 x

ZI

15/4
sec X

2jcos 4 x+Jtanx 2Jm

Put tan x = t = sec?xdx = dt

When x =0, then t = 0 and when x=% ,thent=1

1}(1+t2)dt 1 3

_ t2t2dt
A 2!( +12)

172,527t
=1|:t7+t7:| :1[24_3]:14_
1/2 5/2)y 2 5

I=
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/4 .
98, Let = J' smx+c.osx
5 16+9sin2x
Putsinx-cosx=t
= (cosx+ sinx) dx = dt
and 1-2sinxcosx=t2= 1-sin2x=1t2

When X_Zt sm——cos— i— 1

4 42 2
Whenx=0,t=sin0-cosO=-1
/4 . 0
sinx+cosx =J- dt
5 16+9sin2x 4 16+9(1-t2)

0
.[25 9t2 _[1( ) P —9~2X5{I08
3 3

=%[Iog 1-(log 1—Iog4)]=%log4

1
* 7

a+x

dx= —Iog +C

99. L(:"t’:-[ft/4sinx+c.osx N

0 9+16sin2x
Putsinx-cosx=t
= (cosx+sinx)dx=dt
Also,1-2sinxcosx=t2==1-sin2x=1t2

When X=Z,t=0andwhenx=0,t=—1

.
: _'[79 .
J9+16(1-1)

_]" dt _1.[0 dt

“J25-16t2 16 —1(§)2_tz
4

1 4 [IO ‘5/4+t]0 1 [IO 1o (1)]
., a0l 98789

~16 2x5 Sls/a—t
=i[log 1-log1+log 9]=—Iog9

100. (a): Let = J vi0-x (i)

\/— 10-x X
ZT J10-(10—x)
2
8

J10- x+\/10 (10-x)

a

b b
X |- '[f(x)dx=ff(a+b—x)dx
a

I 10— x+\/—
Addlng(l)and ii), we get

ol Iﬁa J1I0—x +x

= 1=tg-2)=%_3
2 2

8
d ='f1 dx:[x]g
2

Hence, both assertion and reason are true and reason is
the correct explanation of assertion.

= |I= ‘([Iog(

CBSE Champion Mathematics Class 12

n/2

1
P 101.Let 1= | —————dx
‘ '([ 1+cot”? x
2 .
= I—n/ sin”” x dx
0 sin®2 x+cos”? x
/2 sin®’? (E—x)
2

dx

0 sin

- l:j 5/2(1t
2

0

3
102.Let!= |2
1

3 2
= J(Zx—l)dx:[zi—x]
1 2 1

=[(32-3)-

x—1|dx

(12-1)]

2
103.Let | = j Ixldx

-2
0

2
| = J(—x)dx+jxdx=|:—x— —]
-2 0
=2+2=4
4
104.Let = j\x—S\dx
1
4 X2 4
—j(x—5)dx=[—7+5x]
1 1
_—E+5(4)+7—5_ -8+20- 5+1_7+l )
2 2 2 2
/2 .
105.Let 1= | Iog(m)dx
o 4+3cosx

/2

3

[(9-

4+3sin(ﬁ—x)
2

4+3cos(£—x)
2

dx

—x)+cos5/2 (E—x)
2

(i)

|: }f(x)dx:]af(a—x)dle
0 0

/2 5/2
cos”“ x
= = 5/2 57 X
| 5 €OS”CX+sin”* x
Adding (i) and (ii), we get
/2 .

" sin*2 x+cos”? x
2’:J 5/2 57 X
Osin X+c0s”“ x

/2
= 2l_j1dx 2=t = 21=

3) -

T T
- = l:i
2 4
(1-1]=6

a
{Using property If(x)dx =

Jo

4+3cosx
4+ 3sinx

0

a

(i)

(i)

ff(a—x)dx

0

()
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Adding (i) and (ii), we get
/2

m2 (4+3sinx ) (4+3cosx)
= j log . - clx
3 4+3cosx/ \4+3sinx
/2
= jlogldx =0=1=0

2n
106. Let I= J'
0

1+esinx

2n

1
= Iz_[de [ Jf(x
—J

2 .

~ T gsinx

- sinx
pe " +1

Adding (i) and (ii), we get

2n
]dx: j 1-dx
0

1+e—SII’1X

sinx

2n
2l= J[1+esinx
o\1l+e

1 27 1
= I=§[X]O §><2TC T
2 2
107.Let I= j dx
51+5%

b b
Using property : jf(x)dx

a

. /2
20= pog(w)dﬁ | m(m%
5 4+3cosx 0 4+3sinx

(i)

=Jf(a+b—x)dx

2 _ 2 2
I= % = 1= dx
1457 $14+57%
2 X 2 ..
N ,ZJ‘ 57X dx (i)
5, 5% +1
Adding (i) and (ii), we get
2x,2 2
lej'wdx
5 5%+1
2 372 16 8
= [ x2dx=| X —8+8 —==
= 2| Lxdx [3]_2 ( )= 6 3
4
108. Let I=j{|x|+|3—x|}dx
X+3-x, 1<x<2 3 1<x<3
, <x<
| x|+|3=x|=3 x+3-x, 2£x<3:{
2x-3, 3<x<4

X+x-3, 3<x<4

4
I= jsdx+j(2x 3)dx =[3x]5 + [-3XL

-(9 -3)+ (16 12-9+9)
=6+4=10

2

; 3
- 109.Let l:jﬁdx
+vV4-x
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x (i)

b b
f — x+\/— i) | _lf(x)dx:!f(a+b—x)dx
Addlng()and (i), we get
o= J\/—+\/4 X
f«/ﬂ

= 2l_j1dx = 21=[x]3
1

= 20=2=1=1
X
i 110.Let I= —dx (i)
| JO 9sin? x+16cos? x
(t—x)dx

I=[

0 9sin? (n—x)+16cos? (t—x)
(Using [ roax :j:f(a—x)dx)
_ (mexjdx (i)

095|n x+16cos? x
Adding (i) and (ii), we get

21=J- mdx
0 9sin? x+16c0s2 X
1
9sin? x+16cos? x
1
9sin? (m—x)+16cos? (n—x)
3 1
- 9sin? x+16cos? x

. I_nJ'TE/Z dX
0 9sin x+16co0s? x

2a a
(Usingjo f(x)dx=2jof(x)dx,iff(2a-x):f(x)

Consider f(x)=

fln—x)=

=f(x)

/2 2
= Isz-n sec” xdx (Dividing N" & D" by cos2x)

0 9tan’x+16

Puttanx=t=sec?xdx=dt

: Whenx=0,t=0;x=m/2,t=00

N =nJ'°° dt _m(e dt
09t2+16 970 .2 16
9
:Eg[ta -1 St] (tan oo—tan‘lo) =—
9 4 41 12

2 2
111.Let I= j|x3—x|dx - .[Ix(x—l)(x+1)|dx

0 1 2
J X3 —x)dx— jx —x)dx+J(x3—x)dx
-1 1

(0] 1 2
=[ﬁ_ﬁ] _[ﬁ_ﬁ] +[ﬁ_ﬁ:| :£+§+2=—
4 214 1l4 20 Llas 24 4 2 4
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112.Inthe R.H.S. integral, put (a - x) = t, so that dx = -dt.
Now, whenx=0,thent=a

andwhen x=a,thent=0

a 0 a a
j f(a—x)dx:—Jf(t)dt: j f(t)dt =jf(x)dx
0 0

Hence, Jf(x 'T(a X)dx
0

.. (i)

Let /= ]E Xsinx
01+cos x

Ji’i[;i'il"x*
0

T

I (m—x)sinx

2x

= dx

) 1+cos
Adding (ii) and (iii), we get
msinx
2l= | ——
'(|).1+cos2x
Putcosx=t = -sinxdx=dt
Whenx =0, then t= land Whenx=n,then t=-1

-1
—nd
ndt ZJ

2 20=
::%[tarri tl =§[tan* (1)-tan ! (-1)]

2
1 1+t
_E[E_(_E)]_ﬁ
214 \ 4 4"
113. Inthe RH.S. integral, put (a - x) =

Now, whenx=0,thent=a
andwhenx=a,thent=0

dx

1+t2

t, so that dx = -dt.

a 0 a a
j f(a—x)dx:—'[f(t)dt: j f(t)dt = j F(x)dx
0 a 0 0

a

Jf(a—x)dx
0
1 1

Now, jx2(1-x)" dx=‘[(1—x)2(1—(1—x))” dx
0

Hence, Jf(x)dx:
0

[using (i)]

1 1 1
j(l x)? x"dx = J(1+x2—2x)x”dx :j(x”+x”+2—2x”+1)dx
0 0 0

1
Xn+1

1 1 n+3 1 n+2 1
x”dx+Jx”+2dx—2jx”+1dx=[ :| +|:X ] —Z[X ]
5 5 n+1 o n+3 o n+2 o

1 1 2

n+1 n+3 n+2’
3/2
114.Let I= J | x sinmx |dx

Il
O ——

WhenO<x<1= 0<mx<m = sinnmx>0

When 1<x<g:>rc<rcx<377t = sinax<0

xsinmx,ifO<x<1

o Ixsinnxl= . . 3
—x5|nnx,|f1<x<§

i) |

i)

CBSE Champion Mathematics Class 12

1 3/2

g I=stinnxdx— j xsinmx dx

COSTX
—dx
n

(i)

0 1
_ 1 1 3/2 3/2
:[ xcosnx] +Jcosnxdx +[xcosrcx] _.[
b1 o5 T n 1 1
. 1 . 3/2
:E_O_I_[sm;rx +0_( 1)_[5|n;tx]
T T 0 T T 1
2 0—(_—f21)+0:g+i2
T T T
T xtanx
115. Let Iz‘[idx
Osecx+tanx
sinx
¥ T .
:J‘ COSX :J‘ Xsinx dX
5 1 +smx 01+5|nx
COSX COSX
_‘T(n—x)sin(n—x)d
_o 1+sin(rt—x)

b b
Using the property jf(x)dx = If(a+b—x)dx

a

(m—x)sinx
1+sinx

= I=

O—3a

dx

Adding (i) and (ii), we get

2l j Tcsmx
1+smx
sinx
1+sinx

T
_TC
)

0

- - )dx
1+sinx

T
J.dx— Tos
Lo 0 +sinx

i

1
5[ (=
L 0

T

L 0

=g[n—(tanx—secx)g] =g[1t—[(

T .
_ 7w 1+sinx—
2
0

sinx

Cos™ X C052X

a

1dx

1+sinx

T n T1-
dX:l _2l:[X]O_'([ COSZX

P

(n—O)—J (sec? x—tanx-secx)dx

1-sinx

|

0-(-1))-(0-

4
116. Let :=j(|x-1|+|x—2|+|x—4|)dx

1
Also, let f(x) =

[x=1]+|x-2|+|x-4|

We have three critical points x = 1, 2 and 4.

f(X)={(X_1)_(X_

2)—-(x—4)if1<x<2

(x=1)+(x=2)-(x—4)if2<x<4

—x+5if1<x<2
. flx)= )
x+1if2<x<4

4

~fio

1

X)dx = jf dx+}f( )dx
2

()

dx}

1)1]=g[n—2]



Integrals

2 22 7
(-x+5) dx+f x+1)dx = [—%+5x] +[X—+x]
1

]
A

+12-4= 16—2 _2
2 2
2 sin? x
Let I:j

5 SinX+cosx

n/2 sin? (E—x)

= = J 2
. [T T

0 5|n(——x)+cos(——x)
2 2

dx

/2
COS2 X

= = J. _
o Cosx+sinx
Adding (i) and (ii), we get

m2 sin® x cos? x m2 1
ZI=J - +— dX:>2I=J.7
sinx+cosx sinx+cosx o Sinx+cosx

/2 1
= 2= I > dx
5 2tan(x/2) +1—tan (x/2)
1+tan2(x/2) 1+tan2(x/2)
/2 2
N 1+tan“(x/2) dx
0 2tan§+1—tan25
2 2
/2 sec2 X
= 2I= 2 dx
0 2tan +1- tan2x
2
Puttan——t:>sec = dx dt
2 2
When x =0, then t=0and when x:g,thent=1
1 1
1
-([2t+1 t? If)z (t-1)?
J2it- 1]
= 21:2>< |: ‘
‘\/— t+1‘
J_ 1]}
= 2l=—1log| —
{ x/_+1
imgﬁ*l
J—+1 V2 V21
1 (V2 +1)?
= 2|l=——logq———"—"——
V2 T |(V2-1) (V2 +1)
= 2l=—log(¥2+1)? |og(J§+1)
J— 2
= Iog(x/§+1)
V2
a2
= sin2A:% and cos2A=W
1+tan“A 1+tan“ A

i)

T

[

159

3/2
Let I= _[ | xcosmx|dx
0

© When 0<x<% = 0<TCX<% = cosmx>0

When1<x<§ = E<7:x<3—7E = cosnmx<0
i 2 2 2 2

xcosmx,if 0< x <%

" |xcosmx|= 3
—XCOSTX,if —<x<—
2 2
1/2 3/2
I= J Xxcosmxdx + j —(xcosmx)dx
0 1/2
i X cosnx Y2 . cosmx /2
i = I=|—=sintx+ —| =sinmx+—
‘ b o T n° 12

(Applying integration by parts)

a0} o-a] [22-jm oo

G M)

X

let I=|———
1+5|n0c5|nx

n—X

mdx |: '([f(x)dx ='([f(a—x)dx}

¥
T X
. . X_ . .
1+sinossinx O1+smoc5|nx

T
T dx-l = 2I=j L

m
Ot——3a O—3a O+—3

1+sinasinx 01+sinocsinx

= 2’:7[ %dx
: 1+S|nocsmx
n
i d
| = nJ ( 2tanx/2 )X
‘ 0l+sino| ——————

1+tan’®x/2
i n 1+tan® X
= 2l==n 2 dx

0 (1+tan2 i+sinoc><2tan5)
2 2

X
sec?”
2

1+tan? +sinoc><2tan§)
2 2

I= dx

I

Put tan%:t =>sec2%dx=2dt
Also, whenx—0,t— tanO =0;

when x — T, t — tan g:

_7‘[ 2dt
2 t2 +2tsino+1
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j —dt
o(t+5|noc +Ccos“ o

b4 _q(t+sina
= I= tan | ———
cosa, cosa. /o

[tan "t eo—tan I (tana)| = 1= T (E—a)
cosa. coso\2

T

120.Let I= j (cosax—sinbx)2 dx

-7

= =

n
= J (cosZ ax +sin? bx—2cosaxsinbx)dx
—T
T b T
= _[ cos? axdx + J sin®bxdx—2 _[ cosaxsinbx dx

-7 -7 -7
T T
= 2[Jc052 axdx+J'sin2 bxdx]
0 0
0, if f(x)isodd

_‘[,f(X)dX "2 jf(x)dx, if f(x)iseven

T[ T
_7 _[ 1+cos2ax X+J' 1-cos2bx N
0 2 0 2

T

T
= _[(1+cosZax)dx+I(1—c052bx)dx
0

0

T T T
=2J‘1-dx+“-c0520xdx—jcos2bxdx
0 0

1, . 1, .
=(2x)5 +%( sin2ax)g —%(sm2bx)g
sin2a1t_sin2bn

=27+
2a 2b

e *dx

/2 /2 COSX
121.Let| = j = ji
1+e* 1€ 1

dx

/2 _ /2 /2
" cosx(e* +1-1) T " cosx
J — dx = J cosx dx— J —
—n/2 e +1 —n/2 €t

Now, put x = - zin 2" integral,
odx=-dz
T

Alsowhen x="" thenz=" and when x=" thenz=—_"
2 2 2 2

/2 -7/2
cosz

I= J cosx dx+ I
—-n/2 /2

dz

e’ +1
2 cosx
= 1= [sinxI™2, -
/2 X411
—n/Ze +

= I= [sinE+sinE]—l =2l=2=1=1
2 2

dx

/2 /2
122.Let I= jdi’(:f dx
o 1++/tanx sinx
1+, ——
CcosXx

: 2 VCOSX
2= j

CBSE Champion Mathematics Class 12

n/2

o l—j veosx__ (i)

cosx ++v/sinx

a
By the property, Jf(x)dx='[f(a—x)dx ,we get
0

/2 cos(E—x)
2

R Ak

Jsinx X (i)

sinx ++/cosx
Addlng (i) and (ii), we get

I= dx

N Vsinx :ldx
Vsinx +vcosx sinx ++/cosx

/2
jldx [x]&/% = E - =X
4
/4
123.Let| = j log(1+tanx)dx

0

By using '[f(x)dx :If(a—x)dx, we get
0 0

/4

= J Iog|:1+tan(E—x)]dx
4
0
n/4 /4
= J Iog[1+1_tanx]dx = j Iog( 2 )dx
1+tanx
0 0
/4

1+tanx
= J [log2—log(1+tanx)]dx

/4 n/4
=log2 J. 1-dx— J log(1+tanx)dx =Iog2[x]g/4—l

| b i
= 2l=lo 2[——0]:”:40 2
g 2 8 g

tanA-tanB
° tam(A_B)_1+tanAtanB
| T xtanx
124.Let I= j 2R dx 0
Sec X cosec X

Using _[f X)dx = jfa x)dx, we get

= ]E (mt—x)tan(m—x) ]E T—Xx)tanx (if)
sec(n x)cosec (m— x) { Secxcosecx
Addlng()and (i), we get
ol j|: xtanx (Tc—x)tanx ]dx
secxcosecx Secxcosecx

tanx T sinx/cosx
—n.l.idx =nj/7dx
0secxcosecx 0 1 1
COSX Sinx



Integrals

b1

n . 2
=njsin2xdx—njﬂdx=n[x_s'nzx]n:ﬁ - =T
5 0 2 2 2 b 2 4
Ta
125.Let I=[-2220K xsinx (i)
1+cos x

I=]t~4(1t—x)sm(n X)
5 1+cos?(n—x)

dx [By using jf(x)dx:jf(a—x)dx]
0 0

= J‘4(n X) smx )

1+cos? x
Adding (|) and (ii), we get

Hence, 2| =4n J.&dx

1+cos X

Put cos x = t:>smxdx— -dt
Also,when x =0, thent=1and whenx=m, whent=-1

-1 1
_ 1
l=2nj dtz =2n_[ zdt > =2ﬂ:[tan*1t]_1
1 1+t St
=2n[tan t1-tan"1(-1)] :2n|:£—(—£):|:1‘[2
. 4 4
Xxsinxcosx .
126.Let I= [ "0 dx ()

0 sin™ x+cos™ x
n/2 (——x)sm(——x)cos(ﬁ—x)
j 2 dx
. T 4T
0 sin (— x)+cos (——x)
2 2

——x sinxcosxdx

o'—.m\:l
/—\

cos? x+sin® x
Adding (i) and (i), we get

ZJ

Dividing numerator and denominator by cos*x, we get

sinxcosxdx

SII’I X+COS X

21=L

/2
nnj tanxsec? xdx
2 o 1+tan® x

Put tan2x = t = 2tanx secxdx = dt
When x =0, thent=0and whenx = g ,thent=c

- 2
— t]o _rr_r
8j 1462 872716
/3
127.Let I= Jsinx (i)
-[1+x/cotx -[ sinx + cosx
. 1/2
/3 [sin(—+——x ]
= I= 3_6
n/é[sin(n/3+n/6—x)]1/2+[cos(rc/3+7c/6—x)]1/2
- ’_n/?’ [sin(1t/2—x)]1/2 dx
6 [sin(1t/2—x)]1/2 +[cos(n/2—x)]1/2
/3
= 1= [ oK (i)
e Vsinx +~/cosx

2.

= 2= jldx XIe 1_1[E_E]z>l=

.~ Adding (i) and (ii), we get

i

sinx ++vcosx

b

sinx +cosx
/3

n/6

2L3 6 12

/6

[Concept Avpiicd (€]

T
128.Let I= j
0

- Adding (i) and (ii), we get ==

Let f(x)=
= fln—x)=

= fln—x)=

;

b
:Jf(a +b—x)dx

a

b
) jf(x)dx

a? cos x+b2 sin? x

(m—x)dx

cos? (n—x)+b? sin? (t—x)

- e
Using j‘f(x)dx = jif
0 0

(mt—x)dx

cos? x+b?sin? x

-
(i)

T
'c[a cos x+b2 sin? x

1
a? cos? x+b?sin’ x
1
n—x)+b?sin?(n—x)

1
=f(x)
x+b? sin? x

a?cos?(

02 COS2

2a
Byusmg‘[f(x )dx = 2J.f(x )dx, if f(2a—x)= f(x)]

- /2 dx /2
I==]2 =l=n
2[ '([ azcoszx+bzsin2x] '([ a?

Put tan x = t = sec?xdx = dt.
Also,when x=0, then t=tan0=0.

and when x=

1.

Put1-tanx=t = -sec2xdx =

=&
t

E, thent= tanzz oo
2 2

2
0 (g) +t2
b

b, _
il}tan 1(%)] == f[tan co—tan” 10]—
o

y_\ N
CBSE Sample Questions

1
Let I=|——————
'[cos2 x(1-tanx)?
dt
1

+C
1-tanx

t 2 1
- ——Jt dt =?+c=

sin2x

V9—cos* x

Let |= j

161

(i)

(a—x)dx

..(ii)

sec? xdx

+b%tan® x

2ab

(1)
(1)
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Put cos?x =t
= -2cosxsinx dx =dt= sin2x dx = -dt (1)
2
Lol= I =-sin~ £+c:—sin_1 €0 Xlic (1)
/32 t2 3 3
2
3 Let )2(+1 =A;(+B+C=(AX+B);(+C(X +1) (1/2)
(x“+1)x x“+1 X (x“+1)x
= x+1=(Ax+B)x+C(x2+1)
By equating the like coefficients, we get
B=1,C=1,A+C=0
Hence,A=-1,B=1andC=1 (1/2)
The given integral =J._;+1 dx+J1dx
x“+1 X
2x-2 -1 2x
dx+|=dx =—F dx+ dx+ | —dx
x2+1 '[ '[x 241 jx2+1 '[
(1/2)
=_?1Iog(x2+1)+tan*1x+log|x|+c (1/2)
x3+x+1) 2x+1
4. letl= 7d = —_— 1/2
e J D X -[(X+(x—1)(x+1) (1/2)
. 2x+1 . .
Now resolving DD into partial fractions as
2x+1 _L i x(A+B)+(A-B) (1/2)
(x=1)(x+1) x-1 x+1 (x=1)(x+1)
CaIcuIatmgA dBweget,
2x+41 3 1
(x=1)(x+1) 2(x-1) 2(x+1)
Now, I = (x +x+1d J-( 2x+1 de
(x2-1) (x—-1)(x+1)
:j(x+ 5 1 )d (1)
2(x—1) 2(x+1)
2
=%+%Iog|x—1|+%log|x+1|+c
5 |
X L og k-1 (x+ 1)1+ C (1)
2 2
[Concept Appiied (€]
px+q A B
> -ax-b) (x-a) x-b)
4 1 4
5. We have, J|x—1|dx=J-(1—x)dx+J.(x—1)dx (1)
0 0 1
2t 2 4
:[X_X} +[x_x} (1)
2]y L2 1
=(1—f) +(8—4)— (1—1) Liailos (1)
2 2 2
2
6. Leti= j"iﬂ X
X% +2)(x% +3)
Now, put x2 = y to make partial fractions.
2
e, X+l y+l A B (1/2)
(x?+2)(x?>+3) (y+2)y+3) y+2 y+3 f

= y+1=Ay+3)+Bly+2) - (i)

CBSE Champion Mathematics Class 12

(1/2)
Comparing coefficients of y and constant terms on both

! sides of (i), we get

A+B=1and3A+2B=1

Solving, we getA =-1,B=2 (1)
x2+1 -
L= X = dx+2 X
'[ 2+2 )(x +3 '[xz '[x2+3

1 ,1( X J 2 ,1( X )
=———tan = |+=tan"!| = +C (1)
V2 V2 ) 3 NE)
7. Let Iz.[e" (1—cotx+cosec?x)dx
:Jexdx+JeX((—cotx)+cosec2x)dx

=e* +e*(—cotx)+C

=eX1-cotx)+C (1)
8. Wehave,J logx dx:J.logx+1_1dx
(1+Iogx)2 (1+Iogx)2
=j 1 dx—j 1 dx (1/2)
1+logx (1+logx)?
= 1 xx—J‘ —1 2><1><xdx
1+logx (1+logx)* X
—jizdx%: +c  (1%)
(1+logx) 1+logx
9. .© f(x) = x3sinx is an odd function.
/2
J. x? sinxdx=0 (1)
-7/2

1
10. Let 1=jx(1—x)" dx
0

1 b b
= I=I(1—x)[1—(1—x)]”dx [ jf(x)dx:jf(am—x)dx]
0 a a

(1/2)
1 1 n+l n+2 1
= I:I(l—x)x”dx:J(x” x™)dx = |= {X _X ]
0 5 n+1l n+2
(1)
= I:[(L—L)—O}# (1/2)
n+l n+2 (n+1)(n+2)
- 11. The given definite integral
:J‘_zllx(x—l)(x—Z)ldx
=% Ixte-10x-2ldx+ [ Txtx-1)(x-2)ldhcr
“Ja 0
[x-n0e2iac (1)
=_J_01(x3 -3x? +2x)dx+J‘;(x3 —3x% +2x)dx
—ff(x3—3x2+2x)dx (1/2)

0 1 2
4 4 4
X X X
:—[——x3 +x2] +[——x3 +x2] —[——x3 +x2]
4 1 L4 o L4 1

1 11

1
4= 2
YR (2)

9
4




Self Assessment

(Ease Based Objective Questions

(4 marks)

1. An Integration is the process of finding the anti-

OR
1
Evaluate : J-{e" +sin%x}dx

derivative of a function. In this process, we are 0
provided with the derivative of a function and asked (a) 1_ﬂ+2\/§ (b) 1+g_2J§
to find out the function (i.e., Primitive) T On F
Integration is the inverse process of differentiation. 4 22
Let f (x) be a function of x. If there is a function (c) 1+;_ - (d) None of these
3(x), such that - (g(x) = f (x), then g(x) is called an 772 .

dx 4, j cosxe®™dx is equal to
integral of f (x) w.rt. x and is denoted by Jf(x)dx 5
= g(x) + ¢, where c is constant of integration. (@) e+1 (b) e-1

2 _ 2

Also, the given integral jf(x)dx can be transformed (c) e*-1 (d) e*+1
into another form by changing the independent x3 .
variable x to t by substituting x = g(t) >. IX+1dX is equal to
Consider, I= Jf(X )dx = J.f t) g’(t)dt (a) X+x2 +x3 log|1-x|+C
Based on the above information, answer the 2 3
following questions. ‘ (b) x+£—£—log|1—x|+c
. 4x+6 2 3
(i) Evaluate: J. dx 2 3

x*+3x (€ x=2 X _jog|1+x|+C
(a) Blog|x+3x%+C (b) 3log|x2+3x|+C 2 3
(c) 2loglx2+3x|+C  (d) logldx+6|+C d x—ﬁ+£—log|1+x|+C

2 3

1+cosx
——dx

X+sinx

log |x + cosec x|

log |x+cosx|+C

(if) Evaluate: J

(a)
(c)

dx

6. |If 7=alogll+x2|
I(x+2)(x2 +1)

(b)
(d)

log|x+secx|+C
log [x+sinx|+C

1
+btan~t x+=log|x+2|+C, then
(ifi) Evaluate: J. (x+1)° 3 5 gl |
x( X%+ -1 2 1 2
=— =— b = — = ——
(a) loglx]+2tan"ix+C (b) 2tan'x-log|x|+C @ a 10'b 5 b a 10'b 5
(c) loglx]-2tan"tx+C (d) None of these 1 2 1 2
2 (C) k== (d) GZ—,bzf
(iv) Evaluate : J.tan x dx 10 5 10 5
(a) tanx+x+C (b) tanx-x+C 1-x ¥
() tanx+x2+C (d) None of these 7. _[ex (1+x2 ) dx is equal to
dx
(v) Evaluate: | ———— X _eX
J‘sinzxcoszx (a) 1i >+C (b) 1+e 5+C
| X X
(a) -2cot2x+C (b) 2cot2x+C X _e¥
(c) cot2x+C (d) None of these (c) m+c (d) m+c
(I\—/Iultiple Choice Questions (1 mark) )
(\7$A Type Questions (1 mark)
/4
2. J m is equal to 8. Evaluate: Jcos3xe'°g5inxdx
-n/4
3
(@ 1 (b) 2 () 3 d) 4 9. Evaluate: Jl x?logxdx
1, _
3 jtin 12X ox 10. Evaluate: [sin™" xdx
5 1+x OR
7'52 71:2 T TCZ
(@) — (b) — () — d = Evaluate :j —dx
32 32 16 16 X
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1
11. Evaluate :j

X dx
0 \I:|.+X2

dx

T
12. Evaluate:j1 X,
o 1+sinx

C§A | Type Questions (2 marks)

13. Evaluate:j%dx
+4cos” x

14. Evaluate: J~1+cosx dx
1—-cosx

/2

15. Evaluate: jx/l—sin2xdx
0

/4
16. Evaluate: J.x3sin4xdx
-n/4

OR

a
If J%dx =E, then find the value of a.
o1+4x 8

CS—A Il Type Questions (3 marks)

17. Evaluate: de

‘[\/x2+4x+3

18. Evaluate: | xlog(1+2x)dx

sin( tan x

1
]
0

19. Evaluate: j

20. Evaluate: J[sin(logx)+cos(logx)]dx

Detailed g{o]88ap(e] VS

4x+6

x% +3x

dx

1. (i) (c): Let ::j

_2J‘ 2X+3

X +3x
Putx2+3x=t

= (2x+3)dx=
dt
~1=12—==2logltl+C
J‘ : ogltl+
=2log|x2+3x|+C

(i) (c):Let 1= iiz_?;:dx

Putx+sinx=t
= (1+cosx)dx=dt

I:J‘%

2. (a):Letl= j

CBSE Champion Mathematics Class 12

OR

COSX—COS2X

Evaluate : J‘m dx

21. Evaluate: J5|n2xc052x

V9—cos* 2x
C(Ease Based Questions

22. Let f be a continuous function defined on the closed
interval [a, b] and F be an antiderivative of f, then

b b
[ Fdx=[F(x)1; =F(b)-F(a)

(4 marks)

This result is very useful as it gives us a method of
calculating the definite integral easily. Here, we have
no need to write integration constant ¢ because if,
we will write F(x) + ¢, instead of f(x), we get

be(x)dx=[F(x)+c]g =F(b)+c—F(a)-c=F(b)-F(a)

Based on the above
following questions.

information, answer the

1 /4
(i) Evaluate: jxe"dx (ii) Evaluate: j2tan3xdx
0 0
CL—A Type Questions (4 / 6 marks)
2x-1
23. Evaluate:| ————d
VAt oD 2 x=3)
. 6 6
24. Evaluate:‘[wm
sin“ x cos” x

3
25. Evaluate:J(Ix|+|x—1|+|x—2|)dx
0

OR
Evaluate : X
j (2x+1)2
=log|t|+C
=log |x+sinx|+C
2 2
fi) (a):Let = [UED g o [XH1E2X g
x(x? +1) x(x2 +1)
=J(1+ 2 )dx =log|x|+2tan"x+c
X x%+1
(iv) (b): jtanzxdx = j(seczx—l)dx
=tanx-x+c
dx 4
(v) (a):Letl= = dx
J-sinzxcoszx I4sin2xcoszx

= 4Jcosec2 2xdx =-2cot2x+c¢

n/4 dx ) 1\:./[ 4 dx

- 2
B /41+C052X _ /42(:05 X



Integrals
1 /4 /4
=§ J sec? xdx = J sec? xdx
—-n/4 0

Using property for even functionf(x),

j f(x)dx = 2jf(x)dx

—a

=[tanx]¥* = [tanz tanO]

1
3. (b): Wehave,l= J‘tan de
) 1+x2
Puttan lx=t = dx dt

1+x2
Whenx=0,t=0andwhenx =1, t:%

1t n1x t 4 2
. I_Ia d_Jtdt [ ] I
) 1+x2 2 1o 32

OR

1
(d) : We have, ’=J{ex +sin%x}dx
0

4 T 4 4
=[ex]é+—[—cos—x:| =e-1-——+—
[0] \/—TC T

4. (b):Let I= J cosx e dx
0

Substitute sinx=t = cosxdx =dt
x—0 = t—=0
andx—m/2 = t—1

1

Iz'[etdtz[et]ézel—eoze—l
0

5. (d):Let [= J‘—dx

:I((xz—x+1) ot 1))dx _J(x —x+1)dx— J.Ct(l

3 2
X——X—+x—log|x+1|+C
3 2
6. (c):Wehavegiven
dx

J(x+2)(x2 +1)

=alog|1+x?| +btan_1x+%log|x+2|+C

Taking, I= Jm

1 A  Bx+C
= +
(x+2)(x*+1) X+2 x?41
[using method of partial fraction]

1=A(x>+1)+(Bx+C)(x+2)
1=Ax2+A+Bx2+2Bx+Cx+2C

=(A+B)x2+(2B+C)x+A+2C
A+B=0,A+2C=1,2B+C=0
By solving all three, we get

Lu il

Azl,Bz—EandC:g
5 5 5
1 E
A dx zlj f 5 5
(x+2)(x>+1) 5 x+2
1 2
=—|—F=dx—= dx+= dx
5'[X+2 5"‘1+x2 5J‘1+x2
gIog|x+2|——olog|1+x |+§tan x+C
b=g and a:—i [By comparing]
5 10
1-x V
7. (a):Wehave,!= j ( Z)dx
1+x

e e el 2

1+x )2

Above integral is of the type fe (f(X)+f (x))dx

Solutionis e f(x) + C

= eX 1 +C
: 1+x2

8. Wehave, I:J‘cos3 xe'°g5i"de:Jcos3xsinxdx

Putcosx=t= -sinxdx=dt

COS4 X

4

+C

4
= I=—J.t3dt=—tz+C=—

3
2
9. Lx log x dx

~Joone( ]
3 ]3

= 9log3— 0——[)(
g 3

X3

-—dx
3

><\|—\

3_7
1

‘ 10. Letlzjl-sin_lxdx

=(sin~ x -xdx+C’

jﬂ

Putl-x2=t2 = -2xdx=2tdt

| :xsinflx—‘[(_ttdt)+c =xsin  x+V1-x% +C

OR

X

Let I= dx
jx4 -1

Substitute x2 = t:> 2xdx dt = xdx—fdt

t 1

J —+C
2042 1 2 2 t+1

. X—a
[Usmg IX2_02 2a| ia +C:|

:%[Ioglxz —1|—Iog|x2 +1[1+C

1
X

P 11, Let I=|——dXx

‘([\/1+x2

165



166 CBSE Champion Mathematics Class 12

Substitute 1+ x2=t2 n/4

[5|nx+cosx]0 +[~cosx—sinx]"/?

=  2xdx =2tdt = xdx = tdt /4
‘ 1 ( 1 1 )
-0-1+| 0-1+—=+—
f% (12 =31 "5 22
1 =23/2-2=2(+/2-1)
12. Let I= j -0 n
+5|nx 4
a 16. LetI= j x sin® xdx
Using property jf(x)dx:jf(a—x)dx ,we get -n
4
0 0
_ Tex in X (i Now, let f(x) = x3sin*x, then
01+sin(n—x) ¢ 1+sinx f(=x) = (-x)3 (sin (-x))* = -x3sin*x = —f(x)
On adding (i) and (ii), we get So, f(x) is an odd function.
F| (1-sinx) i %
2l= dx =n|——MMM——— i .
n-[1+sinx X -([(1+sinx)(1—sinx) X Hence, Jx35|n4xdx=0
-
¥ . —
nJ‘ (1=sinx)dx [~ cos2x =1 - sinx] 4 OR
5 cos? x
T a
'[sec x—tanx-secx)dx =n[tanx]; —n[secx]; We have, j#dxzﬁ
0 o ol+ax? 8
—n[tann—secn—tan0+sec0] | ¢ 1 1% 1
= 2/=m[0+1-0+1]=2r Taking [ <dx=g [
" l=n 04| —+x 0 x2+(—)
4 2
sinx
13. Let |= | ————dx
J‘3+4c052x :%[tan‘1 2x15 :%tan‘1 2a—0:%tan‘1 2a
Substitute cosx-t = —sinxdx-dt 1
l:_J‘ __7J' Since, Etan‘12a=g = tan‘12a=%
3+4t2
+t? = 20=tan%=1 = a=1/2
1 2 -1 2t 1dX 1 X 17 L 2x+1
=——.——tan" —=+C . =—tan" 12 - Letl= /7
4 V3 V3 [ X% +a? atan (0)+C] J x*+4x+3
| d
1 _1(2cos><) Let2x+1= A( (x? +4x+3))+B:A(2x+4)+B
=———tan +C
2V3 J3 o
Equating the coefficients of x and constant terms, we get
14. LetI:J.1+COSde 2A=2and4A+B=1 = A=1and B=-3
1-cosx
) X = '[ 2x+1
2cos’ 2 2 X Vx? +4x+3
= I= j dx Icot de
26in2 X J- 2x+4 X_J dx
X \/x +4x+3 \/x2+4x+3
= lzj(cosec f—l)dx=—2cotf—x+C
2 2 :J' 2x+4 dX—3J dx
/2 Vx?+4x+3 Vix+2)? —(1)?
15. Let I= | v1-sin2xdx
] =2\/x2+4x+3—3|og‘(x+2)+\/x2+4x+3‘+C
/4 n/2 1
I\/ cosx—sinx) dx+J (sinx—cosx)?dx 18. Letl:Jong(1+2x)dx
n/4 0
--When0<x<™ inxand 27 ) X
. en <x<z,cosx>smxan Iog(1+2x X
2 1+2X 2

T T .
whenz<x<§,5|nx>cosx [Integration by parts]



Integrals

2

1
1 2 1 X
=—[x“log(1+2 - d
2[X og( Xlo (J;1+2x X
X
~Laioga-o)-| [| X2
2 & 0 2 1+2x

1Iog(i——_"x dx+ 2-[

2 1+2x

2 Jo

1 - —
1 X2 +112(2X+1 1) .
20 (2x+1)

1
=—log3-=
20875

1 1
=1Iog3—1[1—01|+1‘[dx—1 1 X
2 2|2 47 471+2x

1 1 1
:Elog3——+z[x]é —§[|og|(1+2x)|]g

Q.

. -1
19. Let l:j%r‘z")dx
1+x

Puttan ix=t =

T dx=dt

sin(tan™1x) .
|=|———dx=|sintdt=—cost+C
'[ 1+x2 J.
= I=—cos{tan"1x)+C
20. Wehave,l=J.[sin(logx)+cos(logx)]dx
Put logx = t, x = et = dx = eldt
. I=J.(sint+cost)etdt

Consider, f(t) = sint
= f’(t) = cost
Integrand is in the form et(f(t) + f'(t))

Iz‘[et (sint+cost)dt=e! sint+C=xsin(logx)+C

OR
Let I:J-cosx—c052xdx
1-cosx
26in"X.sin UsingcosC—cosD:25inC+DsinD_C
(—2 2,4 2 2
.9 X
1—1+2$|n2§ and cosA=1-2sin?2
sinﬁ
=_[ 2 dx
. X
sin=
2
3sin£—4sin3£
- I 2 24 [+ sin3A = 3sinA - 4sin®A]

. X
sin—
2
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:3jdx—4jsin2%dx

:SJ-dx—4J‘1_c205de
=3 [dx—2[dx+2[cosxdx
:J‘dx+2J.cosx dx=x+2sinx+C

S|n2xcos2x
V9-cos 2x

Put cos?22x =t = - 4sin2x cos2x dx = dt

21. Wehave,l= J

“Lantiic
3

il

:_—1sin*1 cos” 2x +C
4 3

22. (i) Here, Jxe"dx=xje" -dx—J(%(X)-J‘exdx)dx
=xe* —jl~exdx

P =xe-e=e(x-1)

= F(x)
1
Now, [xe*dx=F(1)-F(0)
0
=e(1-1)-€e°(0-1)=0+1=1
(i)  We have, IZtanSde
=j2tanxtan2xdx
:j2tanx(sec2x—1)dx

:2'[tanx sec? xdx—2'[tanxdx

2
i =2[tar2| X]—Z[—Iog\cosx\] =tan?x+ 2 log |cos x|

/4
Now, J‘ 2tan® x=F(n/4)—F(0)

tan? —+2Io
( 4708

cos4) (tan? 0+2loglcos0l)

:(1+2Iog%

-log2

)—(0+2Iog1) =1+2(_71Iog2)—0

(2x-1) "
(x=1)(x+2)(x-3)
By using partial fraction, we get

2x-1 __A N B . C
(x=1)(x+2)(x-3) (x=1) (x+2) (x=3)

= 2x-1=AKx+2)(x-3)+B(x-1)(x-3)
+Clx-1)(x+2)

23. Let I= j

Substitute x = 1, we get
2-1=A(1+2)(1-3)

= 1=-6A = A:—%
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Substitute x = 3, we get
6-1=C(3-1)(3+2)

= 5=10C = C:%

Now, substitute x = -2, we get
-4-1=B(-2-1)(-2-3)

= -5=15B = B:—%

Y
’ 64 x-1

x+2

—J—dx

=—%Iog\(x—1)\—glog\(x+2)\+alog\(x—3)\+C

=—Iog\(x—1)\1/6 —Iog\(x+2)\1/3 +Iog‘\/(x—3)‘ +C
=Iog‘x/x—3‘—Iog‘(x—l)l/é(x+2)1/3‘ +C

| Yx-3 |,
(X_1)1/6 (X+2)1/3

6
24. Let |= J-sm X+Cos XdX
sin XCOSZX

=log

_J(sinzx)3
sin? x-cos? x

_J-(sin2 x+coszx)(sin4x—sin2 xcos® x+cos? X)

- 2

sin? x-cos? x

[ -a®+bd = (a+b)(a —ab+b?)andsin?x+cosZ x = 1]

sin® x cos* x sin? xcos? x
=j —dx+ j —dx -j dx

Sln2XCOS X sm X-COS™ X Sin2X~C052X

+(cos? x)®

dx

dx

:Jtan xdx+Jcot2xdx—J1dx
=‘[(sec2 x—1)dx+J(cosec2x—1)dx—J1dx
= Iseczxdx+Jcosec2xdx—3de
= I=tanx-cotx-3x+C
3
25. LetI=J.(|x|+|x—1|+|x—2|)dx

flx) = Ix| + Ix = 1] + x - 2|

CBSE Champion Mathematics Class 12

- WhenO< x<1,then
P =x-(x-1)-

(x-2)
When 1< x< 2, then
fx)=x+(x-1)-(x-2)
When 2 < x < 3, then

=x-Xx+1-x+2=-x+3

=x+x-1-x+2=x+1

fiX)=x+(x-1)+(x-2)=3x-3
-x+3, 0<x<1

o f(x)=9 x+1, 1<x<2
3x-3, 2<x<3

3
I:J(|x|+|x—1|+|x—2|)dx
0

1

2 3
N l=J(—x+3)dx+_I(x+1)dx+_2[(3x—3)dx

0

2 1 r2 72 2 3
:[_x+3x] +[X+x:| +[3X—3x]
2 o L2 1 2 2

ARG G HG )

_§+[4—§]+[2—0]=§+4—§+2=£
2 2 2 2 2 2 2
OR
2x
Letl= [ 4
(2x+1)?

Put2x=t:>dx=%
t+1
=40 e

=1 te’
4 (t+12

—J ( )dt
t+1 (t+1)?

L -
(t+1)

]dt
t+1)

If f(t)= 1

2x
_1e +C
4 (2x+1)

’



CHAPTER

Application of Integrals

8.1 Introduction 8.2 Areaunder Simple Curves

Analysis of Last 10 Years’ CBSE Board Questions (2023-2014)

16 B MCQ
i VSA
14 SAI
i HsAll
T 12 WAl
£ 10 LA
2
3 8
5
3 67
£
=}
Z 4
2_
0 ;
8.1 8.2
Topics —>
Wei N,
eightage A tract

» Maximum weightage is of Topic 8.2 Area under Simple Curves.
»  Maximum LA Il type questions were asked from Topic 8.2 Area under Simple Curves.

» No MCQ and VSA type questions were asked till now.

QUICK RECAP

& Area of the region bounded by the curve y = f(x), x-axis and the linesx=aand x = b (b > a) is,

Area under Simple Curves

b b
Area = jy dx= If(x) dx
a a Y

y =f(x)

X <5= ——>X
\L)\({/a X
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& Area of the region bounded by the curve x = gly), y-axis | & Areaof the region bounded by the curve y = f(x), some

andthelinesy=aandy=b (b >a)is, | portion of which is above the x-axis and some below
b b the x-axis is,
Area= |xdy= d
JX y Jg(y) y Area = J.f(x Ydx +ff X)dx
a a
YA Y’
y=b
X=a
i x=3gly) X< |
y=a 0
X < 0 >X mc x%b
Vy’ Y'Vv




R

ﬁf@

b
Area = Jydx y 1
y=flx
APPLICATION OF a
b .
INTEGRALS =_[f(x)dx (where b > a) X O\l/ x=a x=b
a )/
b
e e
x=
b ' a
= [g()dy (where b > a) * 50
» ’
c b
Area =|[ f(x)dx|+ [ f(x)dx
a Cc
y
[y
X O\L | x
y b
Points to be Remember /
. . 8a2 .
The area of a region bounded by y* = 4ax and y = mx is — squni ts.
3m
) The area of a region bounded by y? = 4ax and its latus rectum is SL squni ts.
3
2 y2
Area of an ellipse S t5 = 1 is tab squni ts.
a” b
. .. (b2 - 4015)3/2 .
The area of a region bounded by y = ax? + bx + ¢ and x-axis is ————" squ nits.

6u2
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= Previous Years’ CBSE Board Questions =

8.2 Areaunder Simple Curves

m (2 marks)

1. Sketch the region bounded by the lines 2x + y = 8,
y = 2,y = 4 and the y-axis. Hence, obtain its area
using integration. (2023)

2. Usingintegration, find the area bounded by the curve

=4x,y-axisandy = 3.

(2021C) (Ev]

3. Using integration, find the area of the region .
i 17. If the area between the curves x = y2 and x = 4 is

bounded by the line 2y = -x + 8, x-axis, x = 2 and x = 4.

(2021C) (V]
m (3 marks)
4. Find the area of the following region using
integration.
{(x,y) :y2<2xandy > x - 4} (2023) |

5. Using integration, find the area of the region
bounded by y = mx (m > 0),x = 1, x = 2 and the x-axis.
(2023)

6. Usingintegration, find the area of the region
{oy)iy?sxsyl (Term Il, 2021-22) (Ev]

(4 marks)

7. Usingintegration, find the area of the region
{(x, y) : 4x* + 9y> < 36, 2x + 3y > 6}.
(Term Il, 2021-22) (Ev |

8. Using integration, find the area of the region

bounded by linesx-y+1=0,x=-2,x=3and x-axis.

(Term Il, 2021-22) (Ev)

9. If the area of the region bounded by the curve

y2=4axandthelinex=4ais % sg. units, then using

integration find the value of a, where a > 0.

(Term II, 2021-22) (Ev)

10. Find the area of the region bounded by curve 4x> =y
and the line y = 8x + 12, using integration.

(Term Il, 2021-22) (Ev)

11. Find the area bounded by the curves y = |x - 1| and
y = 1, using integration. (Term 11, 2021-22)

WY BN (5/6 marks)

12. Using integration, find the area of the region
bounded by the circle x2 + y2 = 16, line y = x and
y-axis, but lying in the 15t quadrant. (2023)

13. Findthe area of the following region using integration:

{y) iy <Ixl+2,y>x%}

(2020)(E) |

14. Using integration, find the area of a triangle whose
vertices are (1,0), (2, 2) and (3, 1). (2020) (Ev)

15. Using integration, find the smaller area enclosed by
the circle x2+y2 =4 and the line x +y = 2. (2020) (Ev)

16. Using integration, find the area of the region in the
first quadrant enclosed by the x-axis, the liney = x and
the circle x2 +y2 = 32.

(2020, NCERT, 2018, Delhi 2014) @

divided into two equal parts by the line x = a, then find
(2020C) (E]

18. Using the method of integration, find the area of the
region bounded by the lines 3x - 2y + 1 =0,

2x+3y-21=0andx-5y+9=0. (2019) (Ev)
19. Find the area bounded by the circle x2 + y2 = 16 and the

line vBy=x in the first quadrant, using integration.
(Delhi 2017)(Cr )

the value of a using integration.

20. Find the area enclosed between the parabola
4y = 3x? and the straight line 3x - 2y + 12 =0.

(Al2017,2015C)
21. Usingintegration, find the area of the region bounded

by the linex - y + 2 =0, the curve x=\/)7 and y - axis.
(Foreign 2015)

22. Find the area of the region in the first quadrant
enclosed by the y-axis, the line y = x and the circle

x2+y? = 32, using integration.(NCERT, Delhi 2015C) @

23. Find the area of the smaller region bounded by the

2y2

ellipse X,y Y_1.
9 4

=1and theline X Yo
3 2

(Foreign 2014) @

24. Usingintegration, find the area of the region bounded
by the curves:

=|x+1]+1,x=-3,x=3,y=0 (Delhi 2014C)

25. Usingintegration, find the area bounded by the curve
x?=4yandthelinex=4y-2. (Delhi 2014C)

26. Using integration, find the area of the region in the
first quadrant enclosed by the x - axis, the liney = x

and the circle x2 +y2 = 18.
(Al 2014C)
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= CBSE Sample Questions =

8.2 Areaunder Simple Curves

(1 mark)

1. Find the area bounded by y =
linesx=-1andx=1.

BEY (2 marks)

2. Find the area of the region bounded by the parabola
y2=8x and the line x = 2. (2020-21) (Ev)

m (3 marks)

x2, the x- axis and the
(2020-21) (V)

3. Find the area of the region bounded by the curves |

X2 +y2=4, y=+/3x and x-axis in the first quadrant.
(2020-21)

Detailed B<{o]R8x ) [0] 5

A y N
Previous Years’ CBSE Board Questions

1. Fromthe graph, ABCD is the required region.
y

N
A

e
s

z
o
=2
[+5)
=
1]

Q.)
'—-
VR
“<

N———
Qo
<
|
| =
©
|
S
Qo
<

=%x10 =5sq.units

y? = 4x
3y2 YA
2. Required area =J'—dy y =3 <—
04 (2.25,3)
3 X ——— X
] o °
=|-—=| =-—s5q. units.
121, 4
yY

4. Find the area of the ellipse x2 + 9y? = 36 using

integration. (2020-21) @

(4/5 marks)

5. Make a rough sketch of the region {(x, y): 0 < y < x2,
0 <y=x0<xzs 2}and find the area of the region
(2022-23) (v
6. Using integration, find the area of the region in
the first quadrant enclosed by the line x + y = 2, the
parabola y? = x and the x-axis. (TermIl, 2021-22) @

using integration.

7. Using integration, find the area of the region
{(x,y):0<y <3x,x2+y2<4}. (Termll, 2021-22)(Cr)

Required area

1 x+8 —x? ¢
= j( )dx: ——+4x| =5sqg.units
2 4 H

2

i 4. Wehave, y2< 2x (i)
andy>x-4 . (i)
y
y=x-4
Nl (8,4)
2..
, (4,0)
g ON2/4 ¢ 8 *
2t 5
v Y 2= 2x

Here, the shaded area represents the required area.
4 4 y2
Required area = J(y+4)dy '[—dy
-2

2
4 4
2 3
2 L, 2131,

[t aep (o) (2]

=30 - 12 =18 sq. units
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y - Required area = ar(AABC) + ar(ACDE)
> x21 X%“mx o 3 2 TYgq,2 7P
= j(x+1)dx + _[ (x+1)dx= |:X+x] +[X+x:|
-2 -1 2 2| L2 -1
x x 1 9 1
° =§—1—(2—2)‘+{§+3—(§—1)} :%+8 =%=8.55q.units
4a
9. Given, area =2'[\/4axdx=2i36
g 0
We have, y = mx Y 4a 256
From the figure it is clear that required areais the shaded | —  4./g J‘\/;dX:i
region. 3 y
2 2 2 3/2 256
Required area = fmxdx:[mx] _4m_m_3m sq.units. | N [ ] ,
1 2 1 2 2 2 y? = 4ax
6. Onsolving x = yand x = y2, we get > §\/E(4a)3/2:@ 5 -
= Y 3 3 X< 0 >X
= yly-1)=0 X=y N a2:§x 3
= y=0andy=1 1) ) 3 " 8x2x4
Required area = area 1y % x=y 2_ — (.. x=4qa
of shaded region = a=4=a=2(ra>0) Y
1 5 10. Thegraph of givenregionis
= [ty—y*)dy X s X
0 1 YA
1 (3,36) f =
— ﬁ_ﬁ —1_1—15 unit 11 Y iz
273 236 4
YA
7. 9**3
Yse\ (0,2
4x2+9y?=36
o (3,0) X
X < 5 > X »
3
Required area = J(8x+12—4x2)dx
|
vY 3
Required area =[4x2+12x—fx3]
3 14
3 ] 2 3
36—4x 6—-2x 2
= - dx == [(V9—x2 —(3—x))dx
g( 3 ( 3 )J 3£( 3=} :36+36—36—(4—12+%) 44—% %sq units
3
2
=2|:(1x~/9—x2 +95in—1x)+x_3x] 11. Givencurve,y=|x-1|andliney=1
3[\2 20 3) 2 7, | ,
3n A
——3——(75 2) sqg. units
2 & y=1-x T3
8 4 | N
A Ay A Ax\’ 2 */,+
+/ <€ 1 »y=1
E(3,4)
S
& X35 1o 1 32 3 °%
» _1 +
D(3,0) X
\/
M
x=3
_|x-1,ifx-1>0
- Wehave, y_{—x+1,ifx—1<0




Application of Integrals

Required area = area of shaded region

2 1 2
= fl dx—{[(l—x)dx +I(x—1)dx
0 0 1

=[xI3- ([x—)(z:|1 +|:X2—x]2
0 2,127

:2—(1—1+2—2—1+1)
2 2

|
|

=2- (1 ;) 2-1=1sq.unit

2

12. Given,x2+y2
y=x ..(ii)

=16
and x=0

From equation (i) and (iii), we get

x=0andy=%4

Equation (i) and (iii) intersect at (0, 4) and (0, -4).

From equation (i) and (ii), we get

x=+2+/2 and y=i2x/§

Required bounded region is shown in the figure.

y y=x
A0, 4) .
C (242,242)
X 00,0) X
x2+y2=16
y

Let A be the required area.

A = Area of AOBC + Area of region CBAC

22 4
= J. ydy+ I \/16—y2 dy
0 2V2

2 2 2

2722 16
=[y—] +[X\/16—y2 +—sin~
0

=4+8><E—4—8><E=2nsq.units
2 4

13. The graph of givenregion is

if x>0
—x+2 ifx<0

We have, y:{x+2

2
Required area :2J(x+2—x2)dx
0

1([
4

o

(i)
..(iii)

:2[X+2x—"]
‘ 2 3 o

175

2

2 3

=4+ 8—g qu units
3 3

14. The graph of given region is

YA
o) C(2,2)
11 B(3,1)
X<l aLo s 35 4 X
yY
1-0
i Equation of AB, y— O_ﬁ(x 1)
= 2y=x-1= y—Xz—1
. 1-2
Equation of BC, y—2=ﬁ(x—2)
= y=-xt+4
2-0

i Equation of AC, y—O:ﬂ(x—l)

= y=2Xx-2
Required area

—j[zx 2- ( 5 )]dx+j[( X+4)- ( > )]dx

= J(3x—3)dx + j(—3x+9)dx
1 2

2 7P? 2 3
:3[X—x] +[_3X +9x]
2 1 2 2

:3(2—2—1+1) (—z+27+6 18)
2 2

=§+§=3sq.units
2 2

15. The graph of givenregion s

A
41y A Ay=4

L —]

a 4
According to question, 2_[& dx= 2[& dx
0 a

2 2 4
N 5[)(3/2]325[)(3/2]0

= g¥2=8-g%2
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= 2a%?=8

= aS/Z =4—= g= (42)1/3

= a= (16)1/3 = (2)4/3

16. The given curves are

x2+y?2=4 (i) and x+y=2 (i)
Y

B(0, 2)

A(2,0)

=[x 4-x?
2 2 2 2
=0+2sin1(1)-4+2-0

=2 ~g—2:(n—2)sq.units.
xNa®-x* a® . _4(x
= JVa —x dx——+?sin‘ (—)+c
a

17. The given equation of the circle is x2 + y2 = 32 and the
lineisy =x.

These intersect at A(4, 4) in the first quadrant. The
required area is shown shaded in the figure. Points B(4, 0)

and C(4x/§,0).

x2+y2=32

\[\A(4 4)

4,0) C4\/—O)
y=x// Y’

7

Required area = Area BACB + Area OABO

X<

// 3\

42 42
= j yldx+J§y2dx = J V32—x2dx+_[§xdx
4 4
42
= | \/(4\/5)2—x2dx+_|';xdx
4

442 4
_| w82 +325in‘1(X J +|:X2]
2 2 42 2 Jo

G

=16-5—(8+16-5)+8=16(5—E):4n sq.units
2 4 2 4

= 4\/?(0 +16sin11— (4—+165m

. 19. We have curves, y =

CBSE Champion Mathematics Class 12

18. Thegraph of givenregion s

2x+3y-21=0

12543567 X

X/ : +
/
v

Required area

: (3x+1 x+9) 6(21—2x X+9
__[ dx+_[ -——
3

3 5
3 6
|:3x ] |: x2 X2 9 ]
=|— +H IX———————X
4 2 10 5 | 3 10 5 &
13 39 65 13

=—+-—=—="-sq.units
5 10 10 2

2. (i

and x2+y2=16 (i)

Curves (i) and (ii) intersect at (2+/3,2)and (=2+/3,-2).
Required area = Area of region OBAO

= area of AOBC + area of region BCAB
23 4

X 2
= f —dx+ J 16—x“dx
0 V3 243
, 123 4
=|—F= V16-x? +—S|n =
[M ] [ (4)]2@
Y
\3y=x
/ X B(213,2)
, L ) A4,0)
X 9 C(2N3,0) X
X2 +y?=16
v
3 —2\/§+8( J 23— 8n 12“3 8r %squmts

Commonly Made Mistake e

2 Remember difference between the formula for

_[\/a2 —x%dx and J.\/x2 —a?dx.

2

20. Given equations are yz% (i)
and 3x-2y+12=0 =3"7;12 (i)
Solving equations (i) and (ii), we get

3x® _3x+12
4 2




Application of Integrals

y=3x2 @12

(-2,3)

o
3x-2y+12=0

v
= X*-2x-8=0=(x+2)(x-4)=0=x=-2,4
Whenx=-2=y=3
Whenx=4=y=12

4
Required area = f (3X+12—§x2 )dx
) 2 4
4
3
=[3x2+6x—X:|
4 41,

=[3><16+6X4_ﬁ]_[ﬁx4—6x2+§:| = 27 sq. units.
4 4] L4 4

21. Wehavecurvesx-y+2=0and x=,fy .

= y=x2% whichis a parabola with vertex at origin.
From the given equations, we get
X-x2+2=0=>(x-2)(x+1)=0
=x=20rx=-1=x=2
Whenx=2,y=4

So, the point of intersection is (2, 4).

[ x#-1,xis positive]

A

X'« / o)

v

v
2 2 2

. Required area =j(x+2)dx—_[x2dx =_[(x+2—x2)dx
0 0 0

2
2 3
:[x+2X_X]
2 3

:2+4—§:qu.units
3 3

22. The given equation of the circleis x2 + y2 = 32 and the

lineisy = x.
These intersect at A(4, 4) in the first quadrant. The
required area is shown shaded in the figure. Points B(0, 4)

and C(0,4+2).

e
7z
7’
(

x2+y?=32 /7 BF=%A(4,4)
X ©af
//y X

_4V2x0
2
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Required area = Area BACB + Area OABO
42

3 = j xldy+j:x2dy
4

42
= I \/32—y2dy+‘|.:'ydy
4
442
= [ \(av2) —y2dy+ [y dy
4
5
:{yxlsz_yz 32 1( y )]4 2+[y2T
4 2o

+—sin
2 2

1

+7

2

42

+165in'11—(%+165in'1iJ

2
=16-5—(8+16.5)+8=16(5—5)=4n sq.units
2 4 2 4

[Concept Applied (€]

2 Areaof the region bounded by the curve x = gly), y-axis and
thelinesy=aandy=b (b >a)is,

(4%-0)

b b
Area = Jx dy= jg(y) dy
a a

2 2
23. Wehave 2 +Y_—1_()and X+¥ =1 (i)
9 4 3 2

" . x2 y2
Curve (i) is an ellipse of the form —2+b—2:1 .
a
That means its major axis is along x - axis. Also this ellipse
is symmetrical about the x - axis.

Y
A
2 2
XY O\A0,2)
9 4
> B(3,0)
X< \O » X
X Yo
+2 1
v
Y

23 23
Required area :f‘[ (3% -x2d —f‘[(?)—x)dx
30 30

=3[5\/ﬁ+35w1 (X)]S _2[(3—x)2 ]3

3|2 2 3/ 3L -2 1o
2 9 4 ) ( 9 4 ) 1
= — — - +=|n2_
3[(0+25|n (1) 0+25|n (0) 3[0 9]
3n .
=—-3 s@. units.
> q. uni
24. Here,y=|x+1|+1
_ x+2 if x=>-1
YTl Zx i x<-t
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We know draw the lines:y=0,x=3,x=-3and
y=x+2ifx>-1

y=—-xifx<-1

Lines (i) and (ii) intersect at (- 1, 1)

1 3
Required area = I(—x)dx+ I (x+2)dx

-3 -1

27t 1,2 51 1
21512 »

=4+4+8=16sq.units.

25. Thegivencurveisx?=4y

The givenlineisx = 4y - 2 (i)

Y
A
X2 =4y
x=4y-2
-1 l 58(2,1)
" 4)A :
X< L o M2o >X
(-1,0)

v
v

Putting 4y = (x + 2) from (ii) in (i), we get (x + 2) = x2
= X2-x-2=0=>x-2)(x+1)=0=x=2,-1
Puttingx=2in (i),wegety=1

Puttingx=-1in (i), we gety = %

Thus the points of intersection of the given curve and line
are A(—l,%) and B (2, 1).

Required area

2 2 2 2 2 1 2
(2 [ [ 5a -

x

1 1 1
==[4-1]+=[2+1]-—[8+1

8[ ]+2[ +1] 12[ +1]

3 3 3 31 17 3[3 .
==+ ==Z|Z4+1-=| ==| = |=Zsq.units

8 2 4 2[4 2] 2[4] 8

26. The given equation of the circle is x> + y? = 18 and the
lineisy = x.
These intersect at A(3, 3) in the first quadrant. The

required area is shown shaded in the figure. Points B(3,0)

and C(Sx/E,O).

()
..(iD)

CBSE Champion Mathematics Class 12

Y

e
7z
7’
7’

2 2 _ s
X“+y 18/4??\(3‘3)
, oLz N
X Z X
v @Vqsﬁ,m ”

Required area = Area BACB + Area OABO

3V2 3v2
= £ yldx+'|.o3y2dx = £ \/18_x2dx+_[§xdx

:9.5_(2_}_9.5)_'_
2 \2 4

7
; :3J‘2\l(3\/§)2—x2dx+-“§x dx
3

32 273
X X

—_— + —_
in11-[ 33061 L |, Lo_

+9sin™"1 ( 2 +9sin ﬁ)+2(9 0)

9 (n n) 9on .
—=9| ——— |=— sq.units
2 2 4) 4

xV18-x* 18 . 4
2 2

34/2x0

N
[Answier Tips ()

2 Area of the region in the first quadrant enclosed by

-

2.

3.

02

. . . . T
x-axis, the line y = x and circle X2 + y2 = a2 is —

CBSE Sample Questions
1
Required area, A= sz dx
21
A212d 2ra] 22 it (1)
= = gX X—§[X ]0—§sq.un| S
Required area Y x=2
2 N — y2=8x
~=2[VBxdx (1) (2,4)
0
2 "’
=2x2\/§jx1/2dx X o) 2 X
2 gT -
—42 [*XS/Z] (1/2)
35 v
=§\/§[23/2—0]=ﬂx2«/_ _32 sg.units (1/2)
3 3 3
Solving y=~/3x and x2+y? = 4, we get
x2+3x2=4
= x2=1 =x=1 (1/2)



Application of Integrals

w3

X 112 X
x2+y2=4
v (1/2)
1 2
Required area = \/§fxdx+j 22 x2 dx (1/2)
2
=§[x2]é+ X 22 _x2 +25in‘1(5) (1)
2 2 2)|,
£+ 2><E—£—2 r —sq units (1/2) |
2 2 2 6 3
4.  Givenequation of ellipse is
x2+9y?2=36
(0,2)
(-6,0) 6,0
kS | 60
N
(0,-2)
v
6 2
Required area = 4-[ 36-x dx (1/2)

(1/2)

"3
4 . (1)
—18><——0 =127 sq. units
5. The graph of given region is;
YA A
7+ x=2
6..
571 P
N
4..
3..
y = X2 27
1..

X < —t—t+—+—+>
—76543211 12 3 45 67
-2+
-3+
-4+t

VAl \

f 6% —x

3%
6

[ —x% +18sin” (Z)] (1)
O i

(1%)
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The points of intersection of the parabola y = x2 and the
liney=xare
x2=x
= x(x-1)=
= x=0,1 (1)
So, point of intersection is (0, 0) and (1, 1).
1 2
Required area = szdx+jxdx (1)
0 1

sq.units (1%)

1 2
x° X713 11
= —| +|—| ==4—="2
3 2 3 2 6

0 1
6. By solving x +y =2 and y2 = x simultaneously, we get
the points of intersection as (1, 1) and (4, -2). (1)

(1)

Required area = The shaded area

:J;x/; dx + ff(2—x)dx (1)
20 Lot I 21 7
:§[X3/2]0+ 2= | =3*3" & squareunits, (1)

7. Bysolving y=+3xandx?+y? =4, we get the points of
intersection as (1, \/§)and(—1,—\/§) . (1)

54 %
(1)
Required area = The shaded area
:J;\/gxdx+-|.12\/4—x2 dx
2
zﬁ[xz](l) +1|:X\/4—X2 +4sin7! 5] (1)
2 2 214
Jz— 1[2 —V3-2x= ]

=23—nsquare units. (1)




Self Assessment

((Ease Based Objective Questions

(4 marks)

1.

A child cut a pizza with a knife. Pizza is circular in
shape which is represented by x2 + y2 = 4 and sharp
edge of knife represents a straight line given by

x=+3y.

»

Based on above information, attempt any 4 out of 5

subparts.

(i)  The point(s) of intersection of the edge of knife
(line) and pizza shown in the figure is (are)

(@) (Lv3).(-1,-v3)
(b) (V3,1),(-V3,-1)
(€) (+/2,0),(0,4/3)
(d)  (—3,1),(1,-3)

(if)  Which of the following shaded portion represent |

the smaller area bounded by pizza and edge of
knife in first quadrant?

(a)

(iii) Value of area of the region bounded by circular
pizza and edge of knife in first quadrant is

(a) gsq.units (b) gsq.units

(c) gsq.units (d) 7 sq.units

(iv) Area of each slice of pizza when child cut the
pizza into 4 equal pieces is

(@) msq.units (b) g sg. units

(c) 3msq.units (d) 27 sq.units

(v) Areaofwhole pizzais

(@) 3msq.units (b) 2msq.units

(c) 5msq.units (d) 4msq.units
(I\—/Iultiple Choice Questions (1 mark)

2.

Find the area enclosed between the curve x* + y* = 16
and the coordinate axes in the first quadrant.

(@) 4msqg.units (b) 8msq.units

(c) 2msq.units (d) 127 sq.units

The area between the curve y = 4 + 3x - x2 and x-axis

IS

125

(a) qu.units (b) %sq.units

(c) 12—5 sg. units (d) none of these

The area bounded by the curve 2x2 +y2=2is

(@) msq.units (b) 2= sq.units
(c) gsq.units (d) 2msq.units

The area of the region bounded by the parabola
y =x2+ 1 and the straight line x + y = 3 is given by



Application of Integrals

1

(a) j (3—x2)dx
-2
1

(b) I{(x2+1)}—3xdx
-2
1

() j {3—x—(x2+1)}dx
-1

1
(d) f {3—x—(x%+1)}dx
o

6. Theareaboundedbyx = |y| and linex =2, is

(@) 4 sq.units (b) 5sqg.units
(c) 1sq.unit (d) 3sq.units
7. Arealying between the parabola y? = 4x and its latus |
rectumis
(a) 1 sq. units (b) 2 sg. units
37" 37"
(c) % sg. units (d) % sg. units

OR

The area by of shaded region in the given figure is g,
then mis equal to 3

@ 3 (b) 4 © 1 (d) 2
(\—/SA Type Questions

8. Find the area enclosed between the graph of y = x°
and thelinesx=0,y=1,y=8.

9.  Find the area bounded by the curve x2 = 4y + 4 and
line 3x+ 4y =0.

10. Calculate the shaded area of given figure.

A

X

:—+1
Y73

The area bounded by the x-axis, the curve y = f(x)

and the linesx=1,x =bis equal to Vb2 +1-+/2 for all

b > 1, then find the function f(x).

CS-A | Type Questions

' 11. Find the areabounded by the curve y = x| x|, x-axis and

(1 mark)

| CL—A Type Questions

181

(2 marks)

thelinesx=-3 and x = 3.
12. If the area above x-axis, bounded by the curves

y=2x=0andx=2is , thenfind the value of k.

log,

2
13. Find the area bounded by the curves y = [Z4+2],

y=x-1andx=0above x-axis ([-]denotes the greatest
integer function).

OR
Find the area bounded by the curve y = sec2x,y =0
and | x|= T
CS-A Il Type Questions (3 marks)

14. Find the area of the region bounded by y? = 2x+ 1 and
x-y=1.

2y2

- 15. The ellipse X—2+ = 1 is divided into two parts by

P

the line 2x = a. Find the area of the smaller part.
16. Iftheliney=mxdivides the areaenclosed by the lines

x=0,y=0, x=g and curve y = 1 + 4x - x2 into two

equal parts, then what is the value of m?

OR
Find the area bounded by the lines y = ||x| - 1| and
the x-axis.
@ase Based Questions (4 marks)

17. Consider the following equation of curve y = cos x

and thelinesy=x+1andy=0.

Based on the given information, answer the following

questions.

(i)  Find the point at which the curves y = cos x and
y=x+1meet.

(i) What is the area bounded by the given curve
and the lines ?

(4/6 marks)

18. Find the area of the triangle formed by the tangent

and normal at the point (1, \/5) onthecirclex?+y?=4
and the x-axis.

OR
Calculate the area bounded by the lines y = 4x + 5,
y=5-xand4y=x+5.
. . . X% y?
19. AOB is a positive quadrant of the ellipse —2+b—2=
a
where OA =a, OB = b. Then, find the area between the
arc AB and chord AB of the ellipse.

20. Using integration, find the area of the triangle ABC
whose vertices have coordinates A(2, 5), B(4, 7) and
C(6,2).

1:
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Detailed B<{o]R88x ) [0] i

1. (i) (b):Wehave,x2+y2=4 ()]
and x=+3y (i)
From (i) and (ii), we get

y?+y?=4 = 4y?=4 = y?=
From (i), x=+/3,-+/3

Points of intersection of pizza and edge of knife are

(V3,1),(-3,-1).
(i) (a):

1=y=#1

A

_113 ] (\/5 . _13)]
\/_[ 0] |:25|n (1) +2sin >
\/— NE) 21t T
—+—————=—sq. units

2 2 2 3

(iv) (a):Wehave,x2+y2=4
= (x-0)2+(y-0)2=(2)2
Radius =2

Area of % th slice of pizza = % 1(2)2 = 7 sqg. units

(v) (d): Area of whole pizza = n(2)? = 4n sq. units

2. (a): Given curve is a circle with centre (0, 0) and

radius 4.

4
Required area :_[ 16-x? dx
0

[f 16—x +16

4
=47 sq.units
2 2 4 o

- parabola y? = 4ax and its latus rectum is

(TBZE) CBSE Champion Mathematics Class 12

3. (a):Wehave,y =4+ 3x - x2 aparabola with vertex at

%)
2°4 )

Puttingy =0,we getx?-3x-4=0
= (xX-4)(x+1)=0=x=-1or x=4

4
Required area = _[(4+3x—x2)dx
i

a2 B _125
= 4x+——— —= sq. units
2 314 6

i 4. (b): Wehave, 2x?+y?=2

2 2
= X—+y—:1, an ellipse
1 2

Here,a=1andb= 2
2 .2

Area bounded by the ellipse X—2+y—2=1 is mab.
a b

Required area = /2 sq. units.
5. (d): Wehave,y=x2+1 (i)
andx+y=3 (i)
Solving (i) and (ii), we get

’ \+
X< ) GO > x

<
<

X2+x-2=0 = x=-2,1

Required area = area of shaded region

1 1
= j(line—parabola)dx = J{3—x—(x2+1)}dx
-2 -2

6. (a):Wehave,x=y,ify>0, x=-y,ify<0andx=2

A 4
Required area = area of shaded region

2 X2 2
= 2dex:2[:| =4 sq.units
0 2 Jo

7. (d): We know that the area of region bounded by the

8 , .
—a“ sq.units
3 q



Application of Integrals

Here, a = 1, therefore required area =§ sg.
OR
(b) : Required area = area of shaded region
16/m? 9
= I (V16X —mx)dx = 3
0

) 5 \JLe/m? )
= |axZx32_m| X =—
3 2 A 3

8 64 m256 2 1 (512
o, 808 m2oo 2 11512 o8-
3md 2m* 3 mil 3
= m=4
8. Givencurveisy=x3orx=y¥3
Y,
y=8
y=x
=
X’ O X

v
Required area = area of shaded region

8 4378
3
:Iy1/3dy:[y_] =—[84/3—14/3]
. 4/3)], 4
=§><(16—1) _3u15 =% sq. units
4 4 4
9. Wehave x2=4y+4
and 3x+4y=0
Solving (i) and (i), we get x = -4, 1

y
x2=4y+4

3x+4y=0
y

Required area = area of shaded region.

_45 5 125

8 12 24

_31-16)--La+64)+5
8 12

units

sg. units

(i)

183

- 10. Required area = area of shaded region

2( 2 3 2
= 2f| L—2y+2jdy =2| Ly +2y
12 6 o

= 2[i—4+4] -8 sg. units
3 3
OR
b
We have, If(x)dx:x/b2+1—\/§
1

On differentiating w.r.t. b, we get

fb)=—22 o )=
2vb%+1 x2+1

11. The equation of the curve is

; x2,x20

—-x“,x<0

Required area = 2(Area of region shaded in first quadrant)

3 3 3
=2jx2dx=2x[—] =2x9=18 sq. units
0 3o

2
12. Itisgiventhat [y dx=—>
5 log,2

e

2 kx
= JZ"X dx = 3 = [ 2 ] __3
; o log,2 klog, 2 o log, 2

e

22k 1 3 4k_1q
— = - —==3
klog,2 klog,2 log,2 k
VA y =2k
x=0
x=2
<& _/ »
X 0 » X
Y'Y
Clearly, k = 1 satisfies this equation.
Lo k=1.
13. If-8<x<8,theny=2
Ay
0,2) =2,
(3,2)
X :O" , /(1’0) 8 > X
y
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Required area = area of shaded region

—(1+3)><2 4 sq. units

N

OR

We have, y = sec2x and y = 0 and x:g,—g

Required area = area of shaded region
n/3

'[ sec? x dx —[tanx]
-n/3

14. Giveny?=2x+1landx-y=1
Points of intersection are A(Q, -1) and B(4, 3).
y

/3 _2\/5 sq. units

B(4,3)
x-y=1

X 0 X
>
y2—2x+ 1
y’

Required area = J'(1+y)dy j(y 1)dy

il 5],
[ (e

X2 y2
15. We have, an ellipse —+b
a

=1, having centre at (0, 0)

Required area = area of shaded region

—ZJydx = —Ja a® —x2 dx
a/2
Putx=asin® = dx= acose do, Then, we get
T ™
Required area = 20bLfcos2 0de = abj.f(1+c0526)de
6 6
3

T .
= ab| =——| sq. units
[ 4:| .

ks
sin20 |2
L 3

= ab[9+
2

- 16. Thegivencurveis(y-5)=-
i Thus, given curve is a parabola with vertex at (2, 5) and axis
P isx=2.

CBSE Champion Mathematics Class 12

(x-2)2

Given that area (CBFC) = area (CDEBC)
So, area (CDEBFC) =2 area (CBFC)

> X

X\/\LC\[,F

3/2
J (1+4x—x2)dx
0

3732
:[x+2x2—x] :§+2 212
3l 2 4) 8

_39 sg.units
g 5

=3/2 x 1+4x-x2

Now, area (CDEBFC) =

3/2 om
Area CBFC = j mxdx:?
(0]

So, we must have ﬁ 187m = m:E
8 8 6
OR
We have,y = ||x| - 1],if x>0

and y=|-x-1|=|-(x+1)| = [x+1]ifx<O0

Jix=1), ifx=1
T -(x-1),if x<1

_Jx+1), ifx=-1
T =(x+1),ifx<-1

1
Required area = 2_[(1—X)dx

X

2 1
=2| x—— | =2x==1sq.unit
| 2 lo) 2

17. (i) Curvesy=cos x and y = x + 1 meet at point C(0, 1)
as shown in the graph

Yy’



Application of Integrals

0 /2
(i) Required area = _[(x+1 )dx+ I cosxdx
-1

3 .
+1=—sq. units
5 q

N~

18. The tangent on x2 + y?2 =
and equation of normal at (1, \/§) is y=x\/§

Required area = J'Xx/_dx+j—dx

] ]

1
3X2+T[4(4 1)- —(16 1)]

g i—Z\/g sg.units

OR
We have,y=4x+5,y=5-xand4y=x+5
Onsolvingy=4x+5andy=5-x,wegetx=0andy=5

Onsolvingy=4x+5and4y=x+5wegetx=-1andy=1 3

Onsolvingy=5-xand4y=x+5,wegetx=3andy=2
Let us draw a rough sketch of the lines on the graph.

Now, required area = area of shaded region
= Area(EBAOE) + Area(ACDOA) - Area(EBCDOE)

0 3 13
= f(4x+5) dx+j(5—x)dx—— J (x+5)dx
4
-1 0 -1
3 3
0 2 2
=[2x2+5x] + 5x—x— —i X—+5x
-1 2 o 41 2 .

ol 5o}

27 1 48 27 15 .
— ——X— —6=—sq.units
2 4 2 2 2

19. Required area y
a
j( (a x))dx

0 X< o) A\\,X
et
J dx— ffa X)dx y
%

B(0, b)

4 at (1\/5) isx++3y =4
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a2 a 27°
| :b[X\/az—x2+ 5|n1X:| —b[ax—x]
ioal2 2 alp a 2 1o

abm

2 2
=b[asin11]—b|:02—a ] ba( ):ab(n 2)sq.units
al 2 a 2 22 2) 4
20. First we find the equations of the sides of triangle
Yo—VY1

Xo =X

ABC by using y-y, =

(x=xq)
The equation of AB is

y—5—£71 ;(x 2)=x-y+3=0 -(i)

The equation of BCis
y— 7—2—7(x 4)=5x+2y-34=0 (i)

The equation of side ACis
y—S:—Z_z(x—2):>3x+4y—26:O (i)

YA
(0,17)

0 @0 (680)

VY
Clearly, Area of AABC = Area (AADB) + Area (ABDC)

4
Area(AADB) - J.{(x+3)—(26;3x )}dx
2

i Similarly, we have

Area(ABDC) =ﬂ(34;5" )—(26;3" )}dx
2

Area of AABC

| :I{(X+3)_(26;3x )}dx+j{(34;5x )_(26;3X )}dx

4

1% 1¢
=~ [(7x=14)dx+—[(42-7x)dx
4) 4]

g ]

1

=2 [{(56 - 56) - (14 - 28)} +{(252 - 126) - (168 - 56)}]

=% [14 + 126 - 112] = 7 sq. units

%
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91 9.2 9.3 9.4
Topics—
Weightage ¥
eightage A fract

» Topic 9.4 is highly scoring topic.
» Maximum weightage is from Topic 9.4 Methods of Solving First Order, First Degree Differential Equations.
»  Maximum LA | and LA Il type questions were asked from Topic 9.4 Methods of Solving First Order, First Degree Differential

Equations.
QUICK RECAP

& Anequation involving an independent variable, a dependent variable and the derivatives of the dependent variable
is called differential equation.
> Adifferential equation involving derivatives of the dependent variable with respect to only one independent
variable is called an ordinary differential equation.
> Adifferential equation involving derivatives with respect to more than one independent variables is called a
partial differential equation.

Differential Equation

& Order and Degree of a Differential Equation
» The order of highest derivative appearing in a differential equation is called order of the differential equation.



Differential Equations

» The power of the highest order derivative

made free from radicals and fractions, is called
degree of the differential equation.

Note : Order and degree (if defined) of a
differential equation are always positive integers.

Homogeneous Differential Equations

< Adifferential equation of the form
dy _f(xy)
dx  glx,y)
where, f (x, y) and g (x, y) are homogeneous functions
of x and y of the same degree.

Linear Differential Equations

< An equation of the form %+Py:Q where P and Q
X

are functions of x only (or constants) is called a linear
differential equation of the first order.

Solution of a Differential Equation

& Solution of a differential equation is a function of the
formy = f (x) + C which satisfies the given differential
equation.

& General Solution : The solution of a differential
equation which contains a number of arbitrary
constants equal to the order of the differential
equation.
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)

\ Particular Solution : A solution obtained by giving
appearing in a differential equation, after it is |

particular values to arbitrary constants in the general
solution.

Methods of Solving Differential Equations

& Equation in Variable Separable Form : If the

differential equation is of the form f (x) dx = g(y) dy,
then the variables are separable and such equations
can be solved by integrating on both sides. The
solution is given by [ f (x) dx =/ g(y) dy + C, where Cis an
arbitrary constant.

Equation Reducible to Homogeneous Form : If the

equation is of the form ﬂ: fxy)
dx  g(xy)
g(x, y) are homogeneous functions of the same degree
inxandy, then puty = vx and ﬂ=v+xdl so that the
dx dx
dependent variable y is changed to another variable v,
then apply variable separable method.

[

, where f(x, y) and

& Solution of Linear Differential Equation : A

differential equation of the form zl+Py =Q,whereP
X

and Q are functions of x (or constants) can be solved
as:

1. Find Integrating Factor (I.F.):eJPdX
2. The solution of the differential equation is
y(I.F.):fQ(I.F.)dx+C, where C is constant of

integration.
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Definition

Order
An equation involving dependent variable, Order is the highest order derivative

independent variable and derivative(s) of dependent ) occurring in a differential equation.
variable(s) w.r.t. independent variable(s).

\ 4

Degree
Degree is the highest power of the highest order
derivative in the differential equation.
Note : (i) Degree (if defined) of a differential equation
is always a positive integer.
(ii) The degree of a differential equation which is nota
polynomial equation in derivatives is not defined.

Note : Order of a differential equation
is always positive.

General Solution
Contains as many arbitrary constants
as order of differential equation.

Solution
'#

A function of the form y = f(x) + ¢, which ). Types of Solutions o
satisfies the given differential equation. \ /

\ 4

Particular Solution
Obtained by assigning values to
arbitrary constants.

DIFFERENTIAL
EQUATIONS

Methods of Solving First Order and First

Degree Differential Equations

A\ 4
Y Y Y

Homogeneous Variable Separable Linear Differential Equation
Differential Equation d dy
— = f(x)g(y), then If +Py=Q, where P, Q are functions of x, then

dy _ fxy) dx
If ===, wheref(x,y), d ’ ’ y

dx  g(x.y) J—y = If(x) dx+c yejp "= J.erp “dx+c, where eJP ¥ is the integrating
g(x, y) are homogeneous ) factor (LE).
functions of the same degree Reducible to Variable Separable OR

in x and y, then put y = vx and If dy/dx = flax + by + c), then put ax + by + c = zand If Z—X +Px=Q, where B Q are functions of y, then
dy 4

dv
—~=v+x— then apply dl dz
dx dx b A dx © and then apply variable separable xej Py JQej Pdy dy +c, where eJ P4 i the integrating factor

variable separable methods method. (LE).
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= Previous Years’ CBSE Board Questions =

9.2 Basic Concepts

MCQ
1. The sum of the order and the degree of the

3
differential equation 9. (d_y) is
dx |\ dx
(b) 3

(a) 2
() 5

(d o
(2023)

2. The order and the degree of the differential

dy 2 d3y
equation (1+3—) =4—— respectively are
dx dx3
@ 12 O 31 © 33 (@ 12
3 (2023)
(1 mark)
2
3.  Thedegree of the differential equation 1+(Z_y) =X
X
is (2020)

4.  Find the order and the degree of the differential

2 214
equation ﬂ%:{ﬂ(ﬂ) } )

(Delhi 2019) (U]
x2 dX

5. Write the sum of the order and degree of the
following differential equation

ATt
dx \dx /) |
6. Write the sum of the order and degree of the
d2y ¥ dy 3
differential equation (—ZJ +(—) +x4=0.
dx dx
(Foreign 2015) @

7. Write the sum of the order and degree of the
differential equation

4 2 \3
1+(d—y) =7 (ﬂJ .
dx dx?
m (2 marks)

8. Find the product of the order and the degree of the

(Al2015)

(Delhi 2015C)

differential equation [di(xyZ)] 'd_y+y =0.
X

(2022) (U]

9.  Find the value of (2a - 3b), if a and b represent
respectively the order and the degree of the

2,3 2
differential equation x y(ﬂ) +X(d_y) _Xd_y =0.
dx? dx /) xdx

(2022 C)

9.3 General and Particular Solutions
of a Differential Equation

MCQ
10. The number of solutions of the differential equation

dy _¥+1 wheny(1)=2,is
dx x-1

(a) zero (b)

two (d) infinite

(2023)
11. The number of arbitrary constants in the particular
solution of a differential equation of second order is

(are)
(@ O (b) 1 © 2 (d)

one (c)

3

(2020)(R |

9.4 Methods of Solving First Order,
First Degree Differential Equations

MCQ
12. The integrating factor for solving the differential
equation xﬂ_y=2x2 is
dx
(a) e (b) e () x (d) 1
X
(2023)

13. The integrating factor of the differential equation
(x+3y2)d—y:y is
dx

1 1

@ vy (b) -y © = d —=

y y
(2020)

(1 mark)
14. The integrating factor of the differential equation
x?—y:logx is _ (2020C) (U]
X

i 15. The integrating factor of the differential equation

x Y Loy —x2is (2020)
dx

16. Find the general solution of the differential equation

oy g (2020)
dx
17. Findtheintegratingfactor of the differential equation
(ez‘& y dx_1
I A Jdy
(Delhi 2015, Al 2015C) @
18. Write the integrating factor of the following

differential equation:

(1+V2)+(2xy—coty)3—y=0 (Al 2015)
X
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19.

20.

Write the solution of the differential equation

jlzzfv. (Foreign 2015)(Ap)
X
Find the solution of the differential equation
ay _ 3.2 (Al 2015C)
dx

m (2 marks)

21.

22.

23.

24.

25.

26.

Find the general solution of the differential equation :
log (?):aﬂby_ (Term II, 2021-22)
X

Find the general solution of the differential equation
sec2x - tan y dx + sec?y - tan xdy = 0.
(Term 11, 2021-22)

Find the general solution of the following differential |

equation:
leex—y X% (Term Il, 2021-22)

X
Find the integrating factor of xj—y+(1+xcotx)y:x.

X
(2021 C)
Solve the following homogeneous differential |
equation: x?zxw (2020 C)
X

Solve the following differential equation:
% 1y = cosx—sinx (A12019)
dx

SAMIES (3 marks)

27.

28.

29.

30.

31.

Find the particular solution of the differential

equation dy _ x+y’ y(1)=0. (2023)
dx X

Find the general solution of the differential equation
etanydx + (1 - &) sec?ydy =0.

Find the particular solution of the differential

equation x4 xcos? (X)zy; given that when
dx X
x=1,y=%. (Term Il, 2021-22)

Find the general solution of the differential equation !

x%:y(logy—logx+1)_ (Term Il, 2021-22) |
X

If the solution of the differential equation

dy 2y y? — = blog|x| + C, find the value of a

dx  2x2

and b. (2021C)

(4 marks)

32.

Case study : An equation involving derivatives of the
dependent variable with respect to the independent
variables is called a differential equation A

differential equation of the form %:F(x,y) is said |
X z

(2023)

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44,

45,

CBSE Champion Mathematics Class 12

to be homogeneous if F(x, y) is a homogeneous
function of degree zero, whereas a function F(x, y)
is a homogenous function of degree n if F(Ax , Ay)
= A"F(x, y). To solve a homogeneous differential

equation of the type ﬂ:[:(xyy):g X} we make
dx X
substitution y = vx and then separate the variables.

Based on the above, answer the following questions.
(i) Show that (x2 - y2) dx + 2xy dy = O is a differential

equation of the type ﬂ:g X}
dx X

(i) Solve the above equation to find its general

solution. (2023)
Find the particular solution of the differential
equation (1+x) +2xy tanx, given y(0) =

(Term II, 2021-22C)
Find the particular solution of the differential

equation (1+s|nx)—:—x y cosx, giveny(0) =
dx (Term I, 2021 22C)

Find the particular solution of the differential
+2y=x?logx, giveny(1) =

(Term Il, 2021-22C)
Find the particular solution of the differential

dy
equation
q xd

=0, giventhaty(1) =0.
(Term 11, 2021-22)

Find the general solution of the differential equation
x(y3 + x3) dy = (2y* + 5x3y)dXx. (Term 11, 2021-22)
Solve the following differential equation:

(y - sinZ)dx + tanxdy =0 (Term 1, 2021-22)

Find the general solution of the differential equation:
(x®+y®)dy = x2y dx (Term 11, 2021-22)

equation Xﬂ+y+ !
q dx 1+x2

OR
Find the general solution of the differential equation
X2y dx -(x3+y3) dy=0. (2020)

Find the general solution of the differential equation
yeY dx = (y3 + 2x e¥)dy. (2020)
Solve the following differential equation:

(1+%) dy +e"/ (1—X)dx=0(x¢0). (2020)

X
Find the particular solution of the differential
equation xj—y:y—xtan(x} given that y = E at
X X

x=1. (2020) .
Find the particular solution of the differential
equation cos y dx + (1 + e™) sin y dy = O given that
y= % when x =0. (2020)
Find the general solution of the differential equatiog
ye dx = (xe?V + y2)dy, y #0 (2020)
Solve the differential equation:

xdy —ydx=yx%+y?dx, given thaty = 0 when x = 1.
(Delhi 2019)
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46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

Solve the differential equation:

2)dy+2xy 4x%=0, subject to theinitial

(Delhi 2019) (Ap .

(1+x
cond|t|on y(0)=0.
Solve the differential equation :
dl=1+x2+y2+x2y2 ,giventhaty=1whenx=0.
X (A12019)
Find the particular solution of the differential
d
equation d%:z% ,giventhaty=1whenx=0.
X '
(Al 2019, Delhi 2015)(Ev)

Solve the following differential equation :

xcos(X)Zl ycos(y)+x x#0. (Al 2019C, 2014C) (EV)
X X

equation e* tan y dx + (2 - € sec?y dy = 0, given that

yz% when x = 0. (2018)

Find the particular solution of the differential

equation %+2ytanx:sinx, given that y = 0 when
X

X :g , (2018, Foreign 2014) (Ev]

Prove that x2 - y2 = C(x? + y?)? is the general solution of
the differential equation (x® - 3xy?)dx = (y® - 3x2y) dy,
where Cis a parameter. (NCERT, Delhi 2017)
Solve the differential equation R
(tan™Ix - y)dx = (1 + x?)dy. (A12017)(Ev|
Find the general solution of the following differential
equation:

(1+y2)+(x—eta"'1y)dl:o
dx

(NCERT Exemplar, Delhi 2016)

Find the particular solution of the differential
equation (1 - y?)(1 + logx)dx + 2xy dy = O, given that

y=0Owhenx=1. (Delhi 2016) (An]

Solve the differential equation:

yix®Y oy @ (A1 2016)
dx dx |

Solve the following differential equation
y2dx +(x* - xy +y?)dy = 0

(NCERT, Exemplar, Foreign 2016)
Solve the following differential equation R
(cotty+x)dy = (1 + y?d)dx (Foreign 2016)

Find the particular solution of the differential
dl_ x(2log x +1)

equation =—
dx siny+ycosy

, given that y:g, when

x=1. (Delhi 2014) (Ev ]
Solve the following differential equation:

d
e (Delhi 2014)

61,
62.

63.

64.

i 65.
Find the particular solution of the differential |

66.

i 67.

68.

69.

70.

71.

72.

73.
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Find the particular solution of the differential

equation e*y/1-y dx+ydy 0 given thaty = 1 when
x=0. (Delhi 2014).
Solve the following differential equation :

cosecxlogyj—yﬂzy2 =0. (Delhi 2014)
X

Find the particular solution of the differential

equation Zl:1+x+y+xy,given that y = 0 when
x=1 " (A1 2014)
Solve the differential equation

(1+>(2):;L)y(+y=eta"’1x (Al 2014)

Find the particular solution of the differential
equation x (1 + y?) dx - y (1 + x3dy = 0, given that
y=1whenx=0. (A12014)(Ap|

Find the particular solution of the differential
equation log (3 ) 3x+4y, given that y = O when

(NCERT, Al 2014)

Solve the differential equation (X2 - yx2)dy + (y? + x2y?)
dx =0, giventhaty=1whenx=1.

x=0.

(Foreign 2014)
Solve the differential equation
dy

d—+ycotx:2cosx, given that y =

0 when x=ZX.
X 2

(Foreign 2014)

Solve the differential equation

x|ogle+y=3|ogx, (NCERT, Foreign 2014) (EV]
X X

If y(x) is a solution of the differential equation

(2+Slnx Y __cosxandy(0)=1, then find the value

1+y Jdx

()

Find the general solution of the differential equation

dy (Delhi 2014C)
dx

Find the particular solution of the differential
) 0; given that y = 0

(Delhi 2014C) (EV)

(x—y)===x+2y.

equation xd—y—y+xcosec(
dx X

when x = 1. (Al 2014C)

Solve the differential equation

xj—y+y=xcosx+sinx,giveny(g)=1. (A1 2014C)

X

WIS (5/6 marks)

74.

Solve the differential equation
x% +y = xcos x + sin x, given that y = 1 when x:g.
X

(Delhi 2017)
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75. Find the particular solution of the differential
equation (x—y)j—yz(x+2y), given that y = O when
X

x=1.

(AI2017)
76. Solve the differential equation:
(tan~ty - x)dy = (1 + y?)dx. (NCERT, Delhi 2015)

dy y?

dx  xy—x?
(A12015)

Find the particular solution of the differential
equation (tan~ty-x) dy = (1+y?)dx, given that x = 1
wheny =0. (NCERT, Al 2015)

Solve the following differential equation :

|:y—xcos(X)]dy+|:ycos(x)—szin(x)]dx =0
X X X
(Foreign 2015)

Solve the following differential equation:

77. Show that the differential equation is

homogeneous and also solve it.
78.

79.

80.

9.2 Basic Concepts

MCQ
1. If m and n, respectively, are the order and the
. . o d[(dy\|
degree of the differential equation —||— || =0,
_ dx| \ dx
thenm+n=
(@ 1 (b) 2 © 3 d 4
(2022-23)(U )
(1 mark)

2. For what value of n is the following a homogeneous

X3_yn

differential equation: —- (2020-21)

dx Xy+xy?’
(2 marks)

3. Write the sum of the order and the degree of the |

following differential equation i(d_y)zs
dx \.dx

(Term Il, 2021-22)
9.3 General and Particular Solutions

of a Differential Equation

(1 mark)

4. How many arbitrary constants are there in the
particular solution of the differential equation

b axy2iy(0)=12
dx

CBSE Champion Mathematics Class 12

(\/1+x2 +y2 +x2y2 )dx+xy dy=0

Find the particular solution of the differential

(Foreign 2015)

81.

equation xj—y +y - x + xy cot x = 0; x # 0, given that
X

when X:%,Fo, (NCERT, Delhi 2015C)

82. Solve the differential equation

x2dy + (xy+y?)dx=0giveny=1,whenx=1
(Delhi 2015C)

83. Solve the differential equation

(xsinz(x)—y)dx+xdy=0 given y=§whenx= 1
X

(Al 2015C, 2014C)

Solve the differential equation
dy
X

84.

—3y cotx =sin 2x giveny = 2 when ng,

(2020-21) |

(A12015C)

= CBSE Sample Questions -

9.4 Methods of Solving First order,
First Degree Differential Equations

m (2 marks)

5. Solve the following differential equation:

z_y: x3 cosecy, given that y(0) =0 (2020-21)
X
- IEXIN (3marks)
6. Solve the differential equation : ydx + (x - y?)dy =0
(2022-23)
7. Solve the differential equation:
xdy —ydx =+x%+y? dx (2022-23)
8. Find the general solution of the following differential
equation.
Xﬂ=y_xsin(X) (Term Il, 2021-22)
dx X

9. Find the particular solution of the following

differential equation, given that y=0whenx I

?Wcou: (Term Il, 2021-22) (EV)

X 1+sinx

10. Find the general solution of the following differential

equation:

xdy - (y +2x3)dx=0

(2020-21)
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Detailed B<{o]R88aj[0] '}

- Previous Years’ CBSE Board Questions -

1. (b): [Thereis errorin question, the given differential

equation should be d (dy) =0.]
dx \dx

The given differential equation is,

3 2 2
d|(d
_(_y) -0 = 3(¥)[9Y |0
dx | \dx dx ) | dx?
Order =2 and degree = 1
So,requiredsum=2+1=3

3
2. (b):We have, (1+3dy) 4d_
dx dx®
3
Here, order = 3 as highest order derivative is d_);
dx

And degree = 1, as power of highest order derivative i.e.,

d3y .
—= is 1.
dx®

3.  Thedegree of the differential equation

2
1+(ﬂ) xis2.
dx

4.  The givendifferential equationis

d? a2
29y _ 1+(_y) - Itsorder is 2 and degree is 1.
dx? dx

5. The given differential equation is

2 2
d dy) } (dy) d2y
0 3| —|.—=
dx{(dx = dx ) " dx?
Order =2 and Degree =1 .. Order + Degree=2+1=3

Concept Applied @
2 Highest order derivative appearing in a differential
equation is called order of the differential equation.
6. Order =2,Degree=2 ..Order + Degree=2+2=4
7. Order=2,Degree=3
. Order + Degree=2+3=5

8. Thegivendifferential equationis [; (xy )]-?+y=0

dy dy dy Y (dy)
2 1 0 Ly =
[X Yd+Y ]dﬂ’ :>2xy(d) +y 4 y=0
Its order is 1 and degree is 2.
Required product=1x2=2

[Concept Applied (]

2 The degree of a differential equation is the power
of the highest ordered derivative, when differential
coefficients are made free from radicals and fractions.
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2.\ 2
9. Wehave, x| y| 9 +X(d_y) Ydr|_,
dx? dx /) xdx
Its order is 2 and degree is 3.
s a=2,b=3
20-3b=2%x2-3%x3=4-9=-5
dy _y+1 dy _ dx
. (b):Given that; 1 v+l x-1
On integrating both sides, we get J-d—y= X
y+1 Jx-1
= log(y+1)=log(x - 1) - logC
i = log(y+1)+logC=log(x-1)= C=ﬂ
y+1

1-1
Now, y(1)=2=C=—-=0
y(1) = o1

Required solutionisx-1=0
Hence, only one solution exist.

11. (a):In the particular solution of a differential equation

. of any order, there is no arbitrary constant because in the
i particular solution of any differential equation, we remove all

the arbitrary constant by substituting some particular values.

12. (d):We have, x?—y=2x2
X

-1
~—d -1

Y_Y_ox - I.F.=e" x P sz 1
X

Integrating factor is 1

X

. 2 dy
13. (c):We have, (x+3y )_=y

2
y dy dy y

. This is a linear differential equation.

-[& 1
LF. =e 'V =eloey —lov!

Y
14. We have, xﬂ—yzlogx = ﬂ_leoﬂ
dx dx x X

i Clearly,itisalinear differential equation of theform Z_y +Py=Q
‘ X

1
I.F.= ej—;dx :e_Ing :l
X
dy 2 _ dy Ly
15. Wehave, x-24+2y=x* = —L4+27=
dx dx x

J‘gd)( 2
I.F.= e’ x = g2logx = glogx” = x2

dy

16. We have, eV*"d—:l = eV~e*X%=1 = e¥dy = efdx
X

X
Integrating both sides, we get

e’=e+c¢, y=log(e+c)
2x -2x
dx dy 1 e
17. We have, =1 or ——+-—=y=
(f “x Jd o Tk

This is a linear differential equation of the form
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dy 1 e‘2‘&
—+Py=Q,whereP=—,Q=—+—
el Q - Q I

1
—=dx
Fm )P o R SR
18. The given differential equation is

(1+y2)+(2xy—coty)ﬂ=0
dx

x, 2 cot
= (1+y2)dl+2Xy—coty:O = 4 y2, _ );
dy dy 1+y 1+y

This is a linear differential equation of the form
2 t
dx Y and Q=2

— +Px=Q, where, P=
dy Q 1+y? 1+y2

[ e
I.F.:eJ-de —e y? = e|08(1+)’2) =1+ y2'

CBSE Champion Mathematics Class 12

Integrating both sides of (i), we get l=x+C
= 2V=(C+x)log2 log2

i Taking log on both sides to the base 2, we get
‘ log, 2¥ = log, [(C + x) log2]

= y=log,[(C+x)log2]

This is the required solution.

N
Answier Tips (7

X
= Iaxdx =a—+C, where Cis arbitrary constant.
In(a)

dy

20. We have, " x3e Y = e dy = x3dx
X

2y 4
Integrating both sides, we get %=%+C’

19. We have, dlzz—y N ﬂzi = 2Ydy=dx )= 2e¥=x*+C, where C=4C
dx dx 2v ‘
21.
g / dy 3y . = a4y —
o4 -~
\ dy /
> A - f-ami-haj _
I . s s

g O T [ e

=
G | -

—r“f’ﬂh o

=?.>' d‘.‘l = E.ud'l

e

S e ™Mdy o oxdy

T n Mqré.ﬁ?ﬁi bothn  wdis .
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Differential Equations

22. We have, sec?x tany dx + sec?ytanxdy =0

sec? x seczyd d(tanx) __d(tany)
tanx

= dx=

tanx tany tany
log(tanx) = - log(tan y) + log c (integrating on both sides)
tanxtany=c

=

=

23. We have, dl:eX*V +x2e7Y
dx

%)

(e +x

= dy dx = edy=(e*+x2)dx

e
Integrating on both sides, we get

J.ey dy= J(ex +x2)dx

3
= e¥=¢ +%+C, which is required solution.

24. We have, x?+(1+xcotx)y:x
X

dl N (1+xcotx)
dx X

= y:]_

Clearly it is a linear differential equation of the form,

ﬂ+Py:Q, where P=1+XitX andQ=1
dx X

'[(1+cotx)dx
I.LF.= e \x
:elogx+logsinx :elog(x sinx) = X Sinx.

25. We have, xﬂ:xﬂ/
dx

= dy_xty gy
dx  x X
This is a homogeneous differential equation

Puty=vx

dy dv dv

= —=V+X— = V+x—=1+v
dx dx dx
dv dx

= x—=1=dv=—
dx X

Integrating both sides, we get

v = logx + logc
v = logxc
= y=xlogcx

dy

26. We have, +y=cosx- sinx
dx

This is a linear differential equation of the form
?+Py=Q,WhereP=1,Q=cosx— sin x
X

IF.= el - e
The solution of given differential equation is
yeX= Je"(cosx—sinx)dx+C

= ye¥=e‘cosx+C
= y=cosx+Ce™*

27. Givendifferential equationis ﬂzﬂ
dx x
= ﬂ—x=1
dx x

= dl+cosz(1):x
i dx

= sec’vdv=——
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Clearly, it is a linear differential equation of the form

dy

-1
X 41py=Q, where P=—, Q=1
ax 7Y Q X

-1

—dx 1
I.F.=eI x T eTlogx - =
X

Solution is given by yl:jlidx+c
X X

= Z:Iogx+C (i)
X

We have y(1) =0
Whenx=1,y=0
. 0=0+C=C=0

From (i) Z:Iogx = y=xlogx
X

| 28. We have, e*tanydx + (1 - &) sec?ydy =0

= e‘tanydx=(e*-1)sec’ydy
X 2

et _Secy

eX -1 tany

Integrating both sides, we get

X

2
e sec’y .
dx=|—d i
jex_l jtany y (i)

= dy

Put e —1=u=e*dx=du
and tany=v = sec?ydy =dv

From (i) J.% =J‘(1—v = log(u)=log(v)+log C

log (e - 1) = log (tany) + logC
log (e¥- 1) = log (C tany)

eX¥-1=Ctany

Uy

29. We have, xd—y+xcosz(x)=y
dx X

X X

Thisisa homogeneous differential equation.

Now, put y = vx

=  ——=VHX—

dv 2 xdv 2
V+X——+C0S“ V=V =——=—C0s"V
X

dx

Integrating both sides, we get
tanv = -logx + logc

= tanv=log

c c
—‘ = tanleog —‘
X X X

When x=1,y="
4

T C
tan—=log— = Iogc =1
4~ %81

= c=e
. . y e
Particular solutionis tan-=Ilog—
X X

P = tanle—logx
| X
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2 .2
31. Wehave, dy _2xy 2y i) = Rl y) ==X
dx  2x 2xy
2 202 222 2 2
dy vy 1(y) AyS—Ax" yT—x
Y_r 2z s Fx, Ay)= = =F(x,
T dx x 2\x ( v) 202 xy 2xy )

This is a homogeneous differential equation.

Now, put y = vx So, F(x, y) is a homogeneous function and the given

= d_y:v+xd_v = v+xﬂ=v—1v2 differential equation is of the type g(x)
dx dx dx 2 J y X
(i) Wehave, &Y _Y =X
= xd_‘/:_ly2 = - dv=idx dx  2xy
dx 2 v2 2x
Integrating both sides, we get Put y=vx = ﬂ:vﬂ(d_"
11 x_1 dx dx
Z=Zlog|x|+C = —=—log|x|+C
v 2 y 2 dv vx?-x% v?-1
T TR
Given, solution of (i) is %zblog|x|+c X
y dv v2i-1 vZ-1-2v?
) 1 = X—= —v=
On comparing, a=1,b== dx 2v 2v
_ 2 dv (V241 2v dx
32. (i) We have, (x2 - y2) dx + 2xydy =0 = Xd—=— > :>_|. s dv=—|—
2 2y 2 2 X v ve+1 X
& be oy )=y — 2v dx
dx 2xy 2xy = dv+|—=logC
J‘v2+1 JX

Now, puttlng _F(x y) and find F(x, Ay), = log|v2+ 1|+ logx = logC



Differential Equations

y2+x2
5 X X
X
Y2+X2

X
is the required general solution.

= log =logC

=C> x2+y2:Cx

33. We have, (1+x2) +2xy tanx

dy 2xy tanx
e =
dx  1+x2

Clearly, it is a linear differential equation of the form

1+x2

dy 2X tanx
Yop Where P= andQ=
dx y=Q 1+x2 1+x2
2x
I.F. = ej.md)( :elog(l+X2):1+X2
Solution of (i) is
y(1+X2) J.(1+ tanx)d X+C

= 1+x Itanxdx+C

= (1+x )=log|secx|+C
Also given, y(0) =
=logsec0+C=C=1
Particular solution is
y (1+x?) =log|secx| +1

34. We have, (1+sinx)?=—x—ycosx
X

= (1+sinx)d—y+ycosx=—x
dx
- dl cosx X

dx 1+sinxy_ 1+sinx

Thisisalinear differential equation of the form %J,Py =Q,
x

cosx =X

where, p=—=2 Q=—""
1+sinx 1+sinx

cosx_
I.LF. = ¢’ 1+sinx :elog(1+5|nx):1+sinx

The solution of given differential equation is
y-(1+sinx)= Ji)(1+smx)dx+c

X2
= y-(1+sinx)= T+C

Also given y(0) =
1(1+sin0)=0+C = C=1

2
Particular solution is y(1+sinx)=%+1
35. We have, j +2y=x2logx

= d—y+gleogx
dx x

Clearly, it is a linear differential equation of the form,
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Zy+Py Q ,where P_f and Q =xlogx.
24
|.F. :e-’.; X = g2logx =elogx2 =2

Solution of (i) is
y-x:J'xz-x logxdx+C = y-X2 =J.X3 logx dx+C

4 4 X 4
2 X 1 x 2 X
X“=logx-——|=—dx+C = vy- —Io -—+C
yox® =logxZp= [ Zdx yx 8 16
= —Xz lo x——x2 +—C
4 g 16 X2

Also, giveny(1) =1

1-0--14c = ¢
16 16
2 2
Particular solution is y_X—Iog —X— 17
16 16x>
36. Wehave,xﬂ+y+ 1 =0 ()
dx 1+x2

dy,y_ -1
dx  x  (1+x3)x
Clearly, it is a linear differential equation of the form

dy 1 -1
Z.p where P==andQ=
dx y=Q X x(1+x

2)
1

I.F.=ej;dx =el8X = x,

Solution of (i) is

—J. 1+x -xdx+C

_[_— |
= yx—J1+X2dx+C=yx— tan" " x+C

- Also, giveny(1)=0

0-1=-tan?1+C = cztan—11=%
Particular solution of given differential equation is

_ b
x=—tan T x+-
y 4

- 37. Wehave, x(y3+ x8) dy = (2y* + 5x3y)dx

dy_2y*+5xy _ dy 2445/

dx  xy3+x* dx  (y/x)P3+1
Put v=Y =y= oo Wy
X dx dx
dv 2v +5v
LVAEX—
dx  v341
dv vt +5v v4+4v
dx viil v+l
3
\;+1 dv— dx v+l dv J-
vT+4v X 444y

- Puttingv* +4v = t:(4v3+4) dv=dt
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. lpdt_pdx
T4t X

= %Iog(v4 +4v)=logx+logC

4 3
+4yx
= %Iog(v4+4v)=logx+logc = %=C
X
38. (y-sin?x)dx+tanxdy=0
= (y-sin?x)dx = - tanx dy
. 2 .2
N dlzy—5|n X iﬂzsm X 'y
dx —tanx dx tanx tanx
= d—yzsinxcosx—ycotx
dx
dy

= ——+ycotx=sinxcosx
dx

So, it is a linear differential equation, where
P = cotx, Q = cosx sinx

IE. :e.[PdX :e‘[cotxdx

= elogelsin| = gjnx

General solution.:y (L.F.) = _[Q(I.F.)dx

= y-sinx:jcosx sinx-sinx dx

= y-sinx=jcosx-sin2xdx

3
:Jtzdt =L+c [+ Letsinx=t = dx= dt
3 COSX
. 3 .2
- ysinx= N X+C N y:sm X 'C
3 sinx
2
39. (x3+y°®) dy =x?ydxisrearranged as =~ dy __xy
dx x3+y
dy dv
Let = = L ov+x—
=V=Y=VX dx =V de
V+X<Lv: v .,.ﬂzLxs
dx 1+v dx  1+(y/x)
dv v dv v-v—-v*
X—= -V = X—=
dx  1+v° dx  1+v°
dv —v4
=
dX 1+v8
1+v8 dx . . ;
= J 7 dv=—]— [Integrating on both sides]
Vv X
1 1 dx
= 4 |dv=—[Z
J.(v4 V) X

= _—1+Iog|v|——log|x|+c
3ve

= £+Iogx‘——log|x|+c$ _—Xa+log|y|—c
3y° X 3y°

40. We have, ye¥dx = (y® + 2xe")dy
dx  y3+2xe’ dx 2 (i
= = = T _Zx=yZe
dy ye¥ dy vy v

This is a linear D.E. of the form Z—X+PX:Q
y

CBSE Champion Mathematics Class 12

. Where P=—2 and Q=y%™
! y

_'[zdy 2 1
IE=e y =e—2logy=elogy’ ==
y
. . e 1 1 2 -y
So, the solution of (i) is x-—2=I—2~y e Vdy
y y

= %=—e—V+C = x=-y%e7+Cy?
y

41. We have,
(1+ey/")dy+ey/"(1—X)dx=0,x¢0
X
y/x
dy, e (1_x):o (i)
dx (14”0 x

This is a homogeneous differential equation.
Now, put y = vx

= d—y=v+xﬂ
dx dx
\"
From (i), vex2+—¢(1-v)=0
dx (1+e")
dv (1—v)e" dv  —e'+ve' —v—ve'
— -V = X—=—— "
dX 1+e’ dx 1+e¥
\" \"2
N dV __(e"+v) N (1+e ]dv:—dx
dX 1+e’ e’ +v X

Integrating both sides, we get
log(e¥ + v) = -logx + logc
y

= e4v=C s exs XS
X X X
Yy
Required solutionis ex + L ==
X X

: 42. We have, xﬂ:y_xtan(x)
dx X

dy _y .
dx x

- (XJ
X
This is a homogeneous differential equation.

Now, puty=vx = Z_=v+x_

dv
vV+X—=v—tanv
dx

dv =—d—x = cotvdv+d— 0
tanv X X

= xﬂz—tanv =
dx

Integrating both sides,we get
loglsinv| +logx=log C
= xsinv=C = xsin(x)zC
X
1

When x =1, —fwe et 1. cC =>C=
y ! g S|n(4) \/5

- So, xsm( ) T is the required particular solution.
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43. Wehave,cosydx+(1+eX)sinydy=0
= dx+(l+eX)tanydy=0

~ ttanydy=0

Integrating both sides, we get

X

Ilie" dx+_[tanydy=0

= log(1+e)+log|secy|=logC
= secy(l1+e)=C

When,x=0,y = %,WegetC= 22

Particular solution of the differential equation is,

secy(l+e)= 242
44, We have, yeV dx = (xe¥ + y2)dy, y #0
dx x . vy .
Z+ i
dy y eV )
Putting f—t = X=yt = d——t+yﬂ
dy dy
. dt y
Equation (i) becomes, t+y—=t+-2-
dy et
= dt =yet = dt_ -t =dy=eldt
dy dy

Integrating both sides, we get
=e'+C=y=e+C

3 _[exdx=e" +C

45. We have, x?_y:,/x%,yz
X
:x%:y+\lx2+y2
X

2
oy, 1+(x) (i)

dx x X
This is a linear homogeneous differential equation.
Puty=vx =
Eq. (i) becomes
1+v?2

dv 2 dv
VHXx—=V+Vl+v = x—=
d dx

dx
= —=

X \1+v2

= logx+logC; =log|v+vV1+v?|

V2|
= IogClx:Iog|y+\/x2+y2|—Iogx
= iC1x2:y+\/x2+y2 = Cx’=y+yx%+y?

[where C

= logx+logC, —Iog

=+C|]
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General solution of the given equation is

O =y 4y? (i)

Now, puttingy=0and x=1in(ii), weget C=1
Required solutionis x2 :y+\/x2 +y2.

46. We have (1+x2) +2xy 4x2
dy 2x 4x2
VAL A
dx 14+x 1+x

This is a linear differential equation of the form
2

dy 2x _4x
p where P= and Q=
dx wr=Q 1+x2 1+x2
2x
=2 d
ST L vl
- elog(l +x2) = 1 +X2

Hence, the required solution is

2
Y(1+x2)=_[ 4x 5 (1+x%)dx+C
1+x

N y(1+x2):4_[x2dx+C

3
= y(1+x2)=4%+c

Given that y(0) =
0(1+0)=0+C=C=0
a3 . .
Thus, y= 5= is the required solution.
3(1+x°)
47. We have, Z—y:1+x2+y2+x2y2
X
WY 121 = (14 (1+y2)
dx
| = dy2=(1+x2)dx
1+y

3
Integrating both sides, we get tanfly:x+xf+c

whenx=0,y=1
tan*11=O+O+C:>C:%

Do tan_1y=x+%x3+% is the required solution.

dy  xy
48. We have, dx 2 +y2

This is a homogeneous linear differential equation

Puty=vx = by
dx dx
dv x-vx

dx  x2+v2x2
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Integrating both sides, we get
dx -3 1
—=—|v 7 dv—|=dv
So=-Ivav-I,

1
= logx=—-=-logv+C
2v?

2
= Iogx:X—Z—Iogy+Iogx+C
2y

X2
= logy=—5+C
2y

Wheny=1,x=0 = log1=0+C = C=0

X2

. . . 2
Particular solutionis y=e?’

49. We have, xcos(y)d—y:ycos(x}x; x#0
dx X

X
= cos(x)ﬂ = (x)cos(x)+1
x/dx  \x X

This is a linear homogeneous differential equation

dy dv
Puty = vx L ovilex—
y = dx v-1+x ™

Now (i) becomes

dv
cosv.|v+x— [=vcosv+1
dx

dv dx
= XcosV—=1 = cosvdv=—

dx X
Integrating both sides, we get
sinv=logx+C = sin(x)zlogx+c

X
is the required solution.
50. The given differential equation s,
etanydx+(2-e)sec’ydy=0
= (2-eYsec?ydy=-e‘tanydx
2 X

S

tany 2-¢e*
Integrating both sides, we get

2 X
J'SGC yd)/:J. e dx
tany 2-e*

= logtany=log(2-e)+C

dx

When y:E,x:o
4

Iogtan%:log(Z—eoHC

= O0=logl+C=C=0

o. Particular solutionis logtany = log (2 - )
= e+tany-2=0

51. We have, j—y+2ytanx:sinx
X

It is linear differential equation of the form
dy

—+Py=
ki Q

. Now,LF.=
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- where P=2tanx,and Q =sinx

2tanx dx
e_‘- - e2|og|secx| =sec2 X

y(sec?x) = _[(secz x)(sinx)dx

2

=y(sec X)=jsecxtanxdx

= y(sec2 x)=secx+C

When x:g,y=0

(0)[sec?(n/3)] =sec (n/3)+C = C=-2
y(sec? x) = sec x - 2 i.e, y = cos x - 2 cos? x is the
required solution.
52. We have, (x3 - 3xy?)dx = (y3 - 3x%y)dy
dy _ x° —3xy2
dx y3-3x%
dy dv

Puty=vx = —=v+x—
dx dx

(i)

(i) becomes

dv 1—3v2—v4+3v2_ 1-v*
dx vi-3v - v(v2-3)
v(vZ_3)dv dx
1-v* :7
J (v —3v)dv _ %
1-v3)(1+v?) 7 x
v3-3v Av+B Cv+D
5 5= 7+ 5 (i)
(1-v9)A+ve) 1-v 1+v
= Vv3-3v=(Av+B)(1+Vv2)+(Cv+D)(1-v3
Comparing coeff. of like powers, we get

(i)

Now, let

i A-C=1,A+C=-3,B-D=0andB+D=0

Solving these equations,wegetA=-1,B=0,C=-2,D=0
From (ii) and (iii), we have

— 2 d
e i

= %Iog(l—v2)—log(1+v2)=Iogx+|ogC1

Vi-v? (Vx2-y?)

= ——=CXx = X =Cx
1+v2 ! x2+y2 !
= x2-y2=C%(x2+y?)?
ie, x2-y2=C(x2+y?)? (where C?, = ()

which is the required solution.

Commonly Made Mistake e

2 Remember the difference between y = vx and x = vy
while solving differential equation.
dy (tan'x-
53. We have, l:%

dx 1+x

dy y tan™1x

ot 2" 2

dx 1+x* 1+x
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which is a linear differential equation

_ tanx

1
where P= , Q=
1+x2 1+x2

1
——d
I.F.=edeX:e'[1+"2 Xzetarrix
Solution s y.(I.F) =IQ(I.F)dx

J-tan x an— Xy
1+x2

-1 ~
Let lzjmeta“ X ax
1+x2
dx
Puttan'ix=t = 7 =dt
1+x

s 1= [teldt =t[e'dt-| (%(t) | etdt)dt
= I:tet—_[etdt =tet-et+C

= [=el(t-1)+C
n_1"(tan*1x—1)+C

Putting (i) in (i), we get

= [=¢e®

-1 -1
yetan X =etan X(tan_lx—1)+C

-1
= y=tan 1x—1+Ce " X

54. We have, (1+y2)+(x_etan_1y)dl:o

dx
1
= (™ NP 14y?)
dx
dx x—etanily dx 1 etaniiy
= —= = + X=
dy —(1+y?) dy 1+y? 1+y?

This is a linear differential equation of the form

dx 1 etan’l y

—~+Px=Q, where P= andQ=
dy Q 1+y? 1+y?
[
LF.—e 17 _gtanly
1 tan’ly 2
Solutionis x-e®" yZI%d)WC
1+y
2tan
= dy+C
j 1+y
tan-1 eZtan_ly tan’ly
= xe V= +Cy = x= +Cqe
2

55. We have, (1 -y9)(1 +logx) dx + 2xydy =0
= (1-y3(1+logx)dx=-2xydy
N (1+Iogx)d _ 2y _dy
X 1—y
Onintegrating both sides, we get

(1+Iogx) ogli-y |+C

Whenx=1,y=0

—tan™

ty

(i)

g Ul
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2
(+10g1)” | otyic = c:%

(1+Iogx)2

= =|ogI1—v2|+%

= (1+logx)?=2log]|1-y?| + 1isthe required solution.

N
[ Answer Tips (7]

n+1

&) J.undu=u withn#-1
n+1

56. We have, y+xd =x— ydl
dx dx

dy dy dy x-y .

he ——=—" N

= de+yd y dx X+y ()

This is a linear homogeneous D.E.

Puty=vx = ﬂ=v+ dv
dx dx

Equation (i) becomes
dv _x-wx_1-v

VAX—= =
dx x+vx 1+v

2

dfvl—v_lvv—v12vv
dx 1+v 1+v 1+v
2(1+v) dv:—d—x
ve+2v-1 X

Integrating both sides, we get
%Iog|v2+2v—1|=—log|x|+logC

= %Ioglvz+2v—1|+|og|x|=|ogC

2
= 1Iogy—2+2—y—1+Iog|x|:|ogC
2 X X
2
= log y—2+2—y—1 +2log| x|=2logC
X X
2 2
= log )/Jrz#xx2 :IogC2
X
y2+2xy - x2=+C?
y2+2xy - x?=C, (where C, =+ C?)
. Wehave, y2dx+ (x2-xy+y?) dy=0

dy v
dx  x%—xy+y?

This is homogeneous differential equation.

. Puty=vx = d—y=v+ dv’
X
v+xdv— —v2x?
dx  x?—vx?+v2x?
vexZY v de v %
= —— = —=—
dx 1-v+v? dx 1-v+v?
dv  —v—v® 1-v+v?2 1
= X—= 5 = dv=——dx
dx 1-v+v (1+v*) X
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Integrating both sides, we get

1+v2
Jv(1+v2)dv_'[v(1+v dv——J' dx
1
= J;dv J1+v dv——J. dx

= log|v|-tanlv=-log |x| + log C

VX , VX -
= log|Z|=tan'lv = |Z|=etanlv

Cetan'v/¥ s the required solution.

[Concept Appiied (€]

2 Adifferential equation of the form f(x, y)dy = g(x, y)dx
is said to be homogeneous differential equation if the
degree of f(x, y) and g(x, y) is same.

= lyl=

58. We have, (cot™ly +x) dy =
dx _ cot y+x
dy  1+y?

(1 + y?)dx

=

dx 1 cotfly
= ot 2 F= 7.2
dy 1+y 1+y

This is a linear differential equation of the form

-1
d—X+Px Q, where,P= 125|ndQ:COt 2y
dy 1+y 1+y
1
_ dy
LF.= e Jl*yz —et Y
Solutionis,

-1
cot™ly =J'COt y ecot‘ly

xe
(1+y?)

dy

[Putt=cotly = dt= 3
1+y

xecot Y _ Itetdt

N e Ht-1)+C

-1 -1 B
= xe®V=e® Y(1_cotly)+C

59. We have, dy M
dx siny+ycosy

= (siny +ycosy)dy = x(2 logx + 1)dx
Onintegrating both sides, we get
- cosy +ysiny - (- cosy)
x? 1 x? x2
=2 Iogxx——J—x—dx +—+C
2 x 2 2

2
= ysiny= leogx—%+x7+c
= ysiny=x%logx+C
whenx=1,y= T

2

gsing=1~log(1)+c =

y siny = x? logx + 1t/2 is the required solution.

T_c
2

? d 2
- 60. Wehave, (2-1)7 4 2xy=—"—
: dX X< =
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Ixl=1
1

ﬂ+ 2xy 2
dx  x2-1 (x*-1)?

This is a linear differential equation of the form,

2
_1)2

dy 2x
2 1py=Q, where P= and Q=
dx +Py=Q, 21 (X2

_[de .[ 2

L.LE Iog(x -1) _ 2 -1

Hence, solution of differential equation is given by

2(x%-1)
y(x2—1)= dx
J(X2_1)2
d
= y*-1=2f =
= y(x2—1)=2><llogx—_1+c
2 x+1
2 x-1
= y(x“-1)=log|—|+C
: x+1

N
[ Answer Tips (7]

2 Je'°gx =x+C where Cis an arbitary constant.

61. We have, exdjl_—y2 dx+xdy=0
X

Jﬁ

Integrating both sides, we get

—  xe¥dx+ dy=0

1
x-e* —jl.exdx—%f(l —y2) 2(=2y)dy=C

1

I
2 1/2

= eX(x-1)—y1-y?=C
When x=0,y = 1,e°(0-1)-v/1-1=C

= C=-1

.. e¥(x=1)—y1-y? =—1 is the required solution.

dy

62. We have, cosecxlogyd +x%y2=0

Iogyd
y? cosecx
Integrating both sides, we get

J'Iogdyﬂ"x2 sinxdx=0
y

dx=0

[Put Iogy=t:>1dy=dt and y=e']
y

= J.t.e_tdt+-|.x2 sinxdx=0
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—t —t
= t.e_—i—jl.i—ldt+x2(—cosx)—JZx(—cosx)dx:C
= -tet-et-x2cosx+ 2xsinx —2jl.sinxdx=C
_, _1tlogy .o
y
This is the required solution.

cosx+2xsinx +2cosx=C

63. We have, jTy=1+x+y+xy
X

- Z—Z:(l+x)+(1+x)y = (1+x) (1+y)

dy

+y -
Integrating both sides, we get

jnyyzf(1+x)dx+C

(1+x)dx

2
X
:>Iog(1+y):x+7+C (i)

Whenx=1,y=0
1 3
logl=1+-+C = C=——
2 2

2
The particular solution of (i) is |og(1+y)zx+%_§.

2
64. We have,

tan1x

(1+x2)j—)):+y=e

dy 1 etan’1 X

y:
dx  1+x2 1+x2

Thisis alinear differential equation of the form dl+py:Q ,
tan~1x dx
where P= > and Q= 5
1+x 1+x
1

I.F.=ejl+xzdx —etan

So, the required solutioniis,
tan-1 eZtan'lx
y-e@n X :jﬁdx+C .(i)
1+x

Puttan-ix=t
= 1 2dx:dt

1+x

(i) becomes,
et x = [e*dt+C

1 eZtan'lx

= y.eln X= > +C isthe required solution.
65. Wehave,x(1+y2) dx-y(1+x?)dy=0
= X > dx— Y >dy=0 = 2X2dx= 2y2dy

1+x 1+y 1+x 1+y

Integrating both sides, we get log(1 + y?) = log(1+ x2) + log C
= 1+y?2=C(1+x?)
Whenx=0,y=1

1+1=C(1+0)=C=2

1+y2=2(1+x?) is the required particular solution.

- 67.

66. We have, Iog(?)=3x+4y
s X

dy
dx

Integrating both sides, we get

3x —4y
Ie3xdx—fe_4ydy=0 = %_L C

4
Whenx=0,y=0

g 1+1=C
3 4

e eV 7

3 4 12

=e3x+4y =63x .e4y = e—4y dy - eSx dx

:>C:l
12

=

=
We have, (X2 - yx2)dy + (y2 + x2y2)dx =0
x2(1 - y)dy + y3(1+x3)dx =0

:j(l_ZY)dy+_[(1+;2)dx=O
y X

=

| :j()}z—i]dy+_[(x12+1)dx:0

:—l—log\ y\—1+x:C
y X

-x-xy log ly| -y +x?y = Clxy)
whenx=1,y=1

-(1)- (1) (1) log |1] - (1) +(1)?(1) =C(1)
= C=-1

Equation (i) becomes
X2y = x+xy logly| +y - xy

=

68. We have, Z—y+ycotx=2cosx
X

This is a linear differential equation of the form

Z_Y+PY=Q ,Where P = cot x, Q = 2cos x
X

cot xdx

I.F. =e-[ elo8sind i x|

ylsinx| = Jlsinx|(2cosx)dx

:>y|sinx|=fsin2xdx

=y(sinx)= —%c052x+c
when x=Z2 -0
2

0(sinE) =—1c052(5)+c =C =—1
2 2 2 2

1 1
- y(sinx)=—=cos2x—=
Y 2 2

i.e., 2y sinx + cos 2x + 1 = O is the required solution.
Concept Applied @

= _[sin2x dx:%lc052x+C

4e% + 3e~% =7 is the required particular solution.

203
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69. We have, xlong +y_—|ogx

dy 1 2

+ 2
dx xlogx’ x

This is a linear differential equation of the form

ﬂ+Py Q WhereP—L,in
dx xlogx~ x?
J‘de
I.F.=e” Xlogx " — gloglogx o0y

Ylogx) = J(logx) 2 dx

X
= y(logx)= Iong%dx—](%(logx)_[x%dx ]dx

= y(Iogx)zlogx(—g)+_[£2dx
X

X

= y(Iogx):Iogx(—g)—g+C
x) x

70. We have, (2+5|nx )dy

" = —cosx
1+y

dy _ cosx

1+y  2+sinx
Integrating both sides, we get

log(y + 1) = -log(2 + sinx) + log C

dx

= log(y+1)=Ilog -
2+sinx

= y+1=C/(2+sinx) = (y+1)(2+sinx)=C
Given:y(0)=1ex=0,y=1
(1+1).(2+sin0)=C = C=4
(y+1)(2+sinx) =
_ 4
T 24sinx
Put x="in (i), y(5)=i—1=1.
2 2) 2+1 3

71. We have, (X_y)ﬂ:XJrQy
dx

dy _x+2y
dx x-y

This is a linear homogeneous differential equation.

. Puty=vx = =L d

Equation (i) becomes

dv  x+2vx 1+2v
V+X—=
dx  x-vx 1-v

dl 1+2v v 1+v+v
dx 1-v 1-v
l_vzdv=d—x
1+v+v X

Integrating both sides, we get

——(2v+1)+—
72dv—logx+c

2

=

vZiv+1

CBSE Champion Mathematics Class 12

1 2v+1

20y +v+1 7-[ 3V
(V+2) +(I)

2

=logx+C

1
v+

1 2 3 1 _1[ 2]
e | 1) +— tan =logx+C
= ~gloglv?svt) 3 ptan”| o |
1 2
= ——log —+ Y11 +/3tan” (
2 X

J logx+C

ke

1
= —Elog(y2+xy+x2) +/3tan” (

72. We have, X(:T—y+xcosec( )

| = ﬂ—%z—cosec(x) (i)

dx X

Put y=vx:>ﬂ=v.1+x.d—v
dx dx

Equation (i) becomes

dv dv
| V+X—-v=—CoSecv — x—=-—cosecv
dx dx

. dx
= —sinvdv=—
X

Integrating both sides, we get cos v =logx + C

= cos( ) logx+C

X
Whenx=1,y=0
= cos(%):log1+C:>C=1

cos(x)zlogxﬂ
X

This is the required particular solution.

~ 73. We have, x%+y=xcosx+sinx
X

dy 1 xcosx+sinx
dx X X

=

This is a linear differential equation of the form

d .
dY+Py Q whereP_—, Q=xcosx+smx
X

FomelP ol _ s _

XCOSX+sinx
x:J7~XdX+C
= xy:fxcosxdx+fsinx dx+C

:x-sinx—Jl-sinxdx +Jsinxdx+C

=xsinx+C

T
Gi = |=1
|veny(2)

T1=Zsinlic=c=0
277272
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Xy = Xsinx
= y=sinxistherequired solution.

Commonly Made Mistake e

2 Remember the difference of differential equations of

the form ﬂ+Py=Q and d—X+Px=Q
dx dy

74. Wehave,x%+y:xcosx+sinx
X

d .
DY cosx+ X
dx x

It is a linear differential equation.
1
I.F.=ej;dx =e%8X =x

. V~x=jx(cosx+w)dx+c = [(xcosx+sinx)dx+c
b%
=xsinx—_[sinxdx+_[sinxdx +c =xsinx+c

. c
= y=sinx+—
X

C1=1+-5 = ¢=0
n/2

y = sinx is the required solution.

Given that,y:lwhenx:% .

75. We have, (x—y)?:x+2y
X

dy _x+2y ()
dx x-y

=

Puty=wx = d—y—v+xﬂ
dx dx

Putting dl:v+xdl
dx dx

in (i), we get

dv  x+2vx 1+2v

V+X—=
dx  x-vx 1-v
2
de 1+2v _1+2v—v+v 2 Vo= f dx
dx 1-v 1-v +v+1
2-2v 3—(2v+1)
———dv=2log|x|+c = |=—=="""dv=2log|x|+c
Vvl J.v2+v+1
3 2v+1 2
= dv— dv=log|x|-+c
Jv2+v+1 24v+l glx|
= SJ‘;dv—loglv2+v+1| =log|x?| +¢
2 2
(o) o)
v+= |+ —
2 2
v+1
3 4l 2|2 2 (12
= —tan"}| —= |=log [x* (v’ +v+ 1) +c
(ﬁ) V3
2 2
= 2x/§tan"1(M):log|x2(v2+v+1)|+c ..(ii)
NG

Substituting v=Y in (ii), we get
X

i = x=tanly-1+Cetany
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2+/3tan _1(ZY+ ) Iogsz (iii)
| J3x x?
Now, at y =0 and x = 1, we have
2\/—tan_1( J log|l|+c
Ne gl1]
= c=2y3.2- T
6 3
I o
Substituting c=—= in (iii), we get
g \/§ g
1 2y +x 2, T
2/3tan 1()=|08|Y +Xy+X° | +—=
V3 V3
— 2y+x 2 2
= 6tan”? =3log(x*+xy+y?)+n
(Jﬁ) ¢
i 76. We have, (tan~1y -x)dy = (1 + y?9)dx
dx tan_ly—x dx 1 tan_ly
v a2 gt 2 X= 2
dy  1+y dy 1+y 1+y
This is a linear differential equation of the form
-1
d—X+Px=Q,where pP= 12andQ:tan 2y
dy 1+y 1+y
1
d
LF.=e 17 y:etanily
Required solution is,
_ tan_ly. -1
x.etan 1Y=dey+c (i)

1+y

Put tan‘ly:t = 1 > dy =dt
1+y

_1
(i) becomes, x-e'?" V:Jet~tdt+C

1
Y —t.el—e'+C

= X- etan'ly - tan—ly . etan'ly _ etan'ly + C
1

—1
= x-efn y=t~et—J1-etdt+C = x-e%

N
[Ansver Tips (7]

1 .
f >dx=tan 1x+C, where Cis arbitrary constant.
1+x
d 2 2/x?
L 77. Wehave,l: y 5= y 73 . (i)
i dx xy—-x* (xy—x°)/x
This is a homogeneous differential equation
dy dv
. Puty=vx= —=v-1+x—
Y= dx
Equation (i) becomes
dv  v? dv V2 v v-1 dx
VAX—=—" = X—=——"-V=—- = ——dv=—"-
dx v-1 dx v-1 v-1 v X
z(l—l)dv=dx
% X
Integrating, we get
-logv=logx+C = v=logvx+C

= Zzlogy+C
X

= y = x(logy + C) is the required solution.



206

78. We have, (tan-ty -x)dy = (1 + y2)dx
de_tanty-x dx 1 tanly
dy  1+y? dy 1+y? 1+y?

This is a linear differential equation of the form

-1
X Px=Q, whereP=—- and Q= 2"V

dy 1+y 1+y?

1
2% -1
LF.=e 1" =gty

Required solutioniis,
e

Put tan*1y=t = 1 5
1+y

yt
an_ yal +C 20

)dy =dt

1
(i) becomes, x-et" V:jetvtdt+C

—1 —1
= xe® V=tel—[1eldt+C = x-e?" V=t.el—e'+C
=  X- etan’ly - tan—ly . etan’ly _ etan’ly + C
-1
= x=tanly-1+Cetn
We get the solution as

14

Now, puttingx =1,y =0in (ii), we get
1=tan10-1+Cet™ 0= C=2 .
So, required particular solutionis x =tanly - 1 + 2e-tn v,

79. We have,

roxcs{ . Joe| oo 1 v Joo
o 202 freost)

:>d7:
X y—xcos(x
X
(Y)Y y :
2sin| — |-*cos| — :
L dy_ (x) x (x) i)

dx x_cos(X)
X X

This is a homogeneous differential equation.

Equation (i) becomes,

dv_2sinv-vcosv
dx  v—cosv dx

dv 2sinv—vcosv v
v—Ccosv

V+X

dv  2sinv—v?2 vV —CosV dx
—= =— 2dv=—
2sinv—-v X
;1(2cosv—2;)dv:dl
2 2sinv-v X
Integrating both sides, we get

dx v-cosv

_71 Iog(2$inv—v2)=logx+C1

2
::~Iogx2 +2C,4 +Iog(25iny—y2]=0
X X

CBSE Champion Mathematics Class 12

y vy
3 lo 2sin——-— ||=-2C
: = g|: [ X X2 J:I 1

=2x? sm —y%=e 2Cl:C(say)

which is the required solution.

80. We have, x/erxyZ—y:o
X
2
o dy ey JLl+x dx

- =
o1 L) gyl
Putting 1 + x2 = v2= 2xdx = 2vdv

2
=—JVZ_1dv:J1+v2=—J(1+vf_J"”

7J\/1+y

= 1+y2:—v——log +C

v+1

\/1+x -1
Ji+x2+1

= 1+y2+1+x2 +—Iog =C

81. We have, xj—y+y—x+xycotx=0,(x¢0)
‘ X

x=tan"ly -1+ Cetan’ly (i) |

= xd—y+(1+xcotx).y:x
dx

ﬂ+1+xcotx

dx X d

This is linear D.E. of the form d—y+Py=Q
X

y=1 (i)

M 1+cotx and Q=1
X X

where P=

Now I.F.=edeX = glogxsinX) = x sjn x
The solution. of (i) is y-xsinx:J.llxsinxdx+C

=X(—COSX)+J1~COSXdX+C .= xysinx=—xcosx+sinx+C

The required solution is
y-xsinx=x(-cosx)+sinx+C (i)

Putting x:g,yzo in (i), we get

0=-ZcosZ+sint+C = C=-1
2 2 2

i xysin x = sinx - x cosx - 1is the required particular

solution.
82. Wehave, x2dy + (xy +y?) dx=0

dy xy+y2 .
= 2 (i)

This is a homogeneous linear differential equation

ﬂ:v.l.{.x.ﬂ
dx dx

dv x~vx+v2x2

i m 2T 2 v

(i) becomes VX 2 =X =—(2v+v
X

. Puty=vx=

2)
X X
Separating the variables, we get
dv dx dv dx
+—=0 = +—=
viv? X viv+2) x
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11 1 1, 9% 5
2|lv v+2 X

Integrating, we get

1[Iogv—Iog(v+2)]+|ogx =logC = Iog(L )+ 2logx=logC
2 v+2

2
= Iog(L)Hogx2 =logC = Iog(vx)z logC
v+2 v+2

VX 2

vi2
Y x2
=C =xy=C(2x+y) (i)

Yi2

X
Puttingx =1,y = 1in (ii), we get
12.1=C(2~1+1):>C=%

The required particular solution is
2x

3x2-1
83. We have, (xsmz( ) de+xdy 0
X

3x? y=2x+y&oy=

= dl+sin2(X)_X=0 (|)
dx X)) x
Puty = vx :>dl_v 1+x av - (i) becomes
dx dx

dv .
V+x—+sin?v—v=0
X

= xd—v+sin2v=0 = coseczvdv+%=0
dx X
Integrating both sides, we get

Icoseczvdv+Jd—X=C = -cotv+logx=C
X

= —cot( )+Iogx C ..(ii) |

Putx=1,y=n/4in (ii), we get
—cot%+log1:C =C=-1

—cot(x)+|ogx+1=0 is the required particular
X
solution.
N
CAnswier Tips (/)

S Jcoseczx dx=—cot(x)+C

84. We have, j—y—3ycotx:sin2x (i)
X

This is a linear differential equation of the form

ZY+PY Q where P=-3cotx,Q=sin2x

‘[de _ 6_3'[ cot xdx

I.F.=e = g-3loglsinxl = |gjn-3 x|

y~sin_3x:Isin2x~sin_3xdx+C

S xd—y—y: X% +y

207

2sinxcosx

o y:j 5 dx+C

3

sin® x sin” x

2
=f COSXd +C (Putsinx =t = cos x dx = dt)
sin® x

2 2
=2[5+C = 202 ¢
J-tz t sinx

= y=-2sin?x+Csin®x (i)
Put x:g,yzz in (i), weget 2=-2.1+C-1=C=4

y=4sindx - 2sin? x is the required particular solution.

- N
CBSE Sample Questions

4
1. (c):The given differential equation is di[(ﬂ)]
X

dx
3 2
4(0'1) dy_
dx ) dx?

Here,m=2andn=1

| Hence,m+n=3 (1)
2. For n = 3, the given differential equation becomes
homogeneous. (1)

d dy) d?y
3. Wehave, —| = [=5=>—%=5
Ve dx(dx :>dx2
Order =2 (1/2)
Degree=1 (1/2)
Required sum =3 (1)
4. Thereis no arbitrary constant in a particular solution
of differential equation. (1)
5. The given differential equation is
d—y—x?’cosecy = fi—J.xgdx (1/2)
dx cosecy
4
inydy = [x3%dx = —cosy=>-+C (1)
= Jsmy y fx X = —cosy 7 +
Now,y(0)=0 = -1=C
4
So, the required solution is, cosy:l—% (1/2)

i 6. Given,ydx+(x-y3)dy=0

Reducing the given differential equation to the form

ﬁ+P><:Q we get, d—x+5:y (1/2)
dy dy 'y

[pd Jldy
Integrating factor (LF.) = ¢/ =g’y =¢lo8y =y (1/2)
Thus, solution is given by, xy:Jyzdy+C (1)

3
=Xy =%+C ,which is the required general solution. (1)

7. We have, xdy - ydx = y/x?+y? dx

d
2 = xO’—y=y+\/x2+y2
X

dx
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dy _y+x2+y? R

| equation.

dx X

Puttingin (i), we get

dv  vx+Vx2+v2x? 1
yax Y VXAV (1)

dx X

dv x(v+\/1+v )
= Vix—="—— -7

dx X

= x%=v+\/1+v2 -v
X

dv dv dx
= X—=
dx

Integrating both sides, we get

= Iog(v+\/1+v2)=logx+logc
= Iog(v+\/1+v2)=logcx = (V+V1+V2)=CX

2
= {y+ 1+(X) ]ZCX = y+yxity? =cx? (1)
X X

8. The given differential equation can be written as

_sin ()V() )

Since, the equation is a homogeneous differential
dy dv

dy _y
dx  x

equation. Put y =vx = L =v + x — (1)
dx dx
From (i), we get
dv .
V+X—=V-sinv
dx
dv dx dx

(1/2)

——=——=cosecvdv=——-
sinv X X

Integrating both sides, we get
log |cosecv - cotv| = -log|x| + logK, K > O (Here, log K is a
constant)

= logl(cosecv - cotv)x| = logK =>|(cosecv - cotv)x | =K

= (cosecv-cotv)x=+K = (cosecx—cot )x C,
X X

which is the required general solution. (1)

:|.+V2 = = (1)

(1/2)
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9. The differential equation is a linear differential

Icotx dx _ e|0g sinx

I.LF.=e =sinx (1)
The general solutionis given by

dx+c

ysinx= I2 pro

sinx+1-1

= ySinX=2deX+C

]dx +c

= ysinx=2j[1— (1/2)

1+sin
-
1+cos(E )
2
1
2

)

2cos r_
4

= ysinx:2j 1- dx+c

= ysinx:ZI[l— ldx+c

M\><

[ 1+cos0=2 cos? g]

e ysinx:2j‘[1—%sec2 (%—%)]dx+c

- () (1)

= ysinx=2[x+tan(n—x)]+c
4 2

Now, y=0,whenx=g . From (i), we get

0= 2[ +tan— ]+c = c=—E—2tanE
4 8 2 8
Hence, the particular solution is given by

y =cosecx 2{x+tan(——§)}—(ﬁ+2tanﬁ)
4 2 2 8

(1/2)

. 10. The given differential equation can be written as

ﬂ_y+2x2

dy 1
_ & 2y (1/2)
dx X dx xy X
which is a linear differential equation of the form
Zy+Px Q, where P——1 and Q=2x
T L L (1)
X
Required solutionis
yxlzj(Zxx )dx = Y_oxsc (1)
X X
= y=2x2+Cx (1/2)




Self Assessment

@ase Based Objective Questions

(4 marks)

1.

In a college hostel accommodating 1000 students,
one of the hostellers came in carrying Corona virus,
and the hostel was isolated. The rate at which the
virus spreads is assumed to be proportional to the
product of the number of infected students and
remaining students. There are 50 infected students
after 4 days.

Based on the above information, attempt any 4 out

of 5 subparts.

(i) If n(t) denote the number of students infected
by Corona virus at any time t, then maximum
value of n(t) is

(a) 50 (b) 100 (c) 500 (d) 1000
(ii) % is proportional to

(a) n(1000 - n) (b) n(100+n)

(¢) n(100-n) (d) n(100 + n)

(iii) The value of n(4) is

(@) 1 (b) 50 (c) 100 (d) 1000

(iv)

The most general solution of differential
equation formed in given situation is

(a) iIog.;(looo_n)=7ut+c
1000

b) | ( N ):t

(b) log 00 n At+c

(c) iIog( n ):M+c
1000 1000—-n

(d) None of these
(v) The value of n at any time is given by

1000 1000
(a) nlt)= 1+999¢ 09906t (b) nit)= 1-999g 09906t
100 100

(@) M= oo ommer (@) n=C " o
(I\—/Iultiple Choice Questions (1 mark)
2.  Thedegree of the differential equation

2.,V 2
(dy] +(ﬂ) =xsin(ﬂ)is
dx? dx dx
(@ 1 (b) 2
(c) 3 (d) notdefined

C\7SA Type Questions

Solution of differential equation xdy - ydx = 0O
represents

(a) arectangular hyperbola

(b) parabolawhose vertex is at origin

(c) straight line passing through origin

(d) acircle whose centre is at origin
dy y+1

The number of solutions of when y(1) = 2

’

dx x-1

is
(@) none (b) one (c) two (d) infinite
OR

tan”'x + tan™'y = c is the general solution of the
differential equation

2
(a) dy _1+x

dx  1+y?

diy_1+y2
dx  1+x2
() (1+xd)dy+(1+yd)dx=0
(d) (1+x)dx+(1+y3)dy=0
The order and degree of the differential equation
2
dy ) dy  (dyY _ a
(dj g peelG) =rtare

@@ 14 (b)) 34 (o

(b)

2,4 (d) 3,2
The differential equation satisfied by y = Ay Bis
(A, B are parameters) X
(@) xPy;=y (b)
(€ xy,+2y;=0 (d)
Integrating factor of the
cosxd—y+ysinx=1 is

X
(@) cosx  (b)

Xy;+2y,=0
none of these

differential equation

sinx
(1 mark)

tanx (c) secx  (d)

8.

10.

11.

12.

General solution of the differential equation of the
type Z—X+P1X:Q1 is given by
y

OR
The differential equation whose solution is
y = Ae3* + Be~%* is given by
Integrating factor of the differential
CI—y+ytanx—secx=0 is
dx
Find the order and degree of the differential

2 73/2
Rl
dx
dx?
The differential equation having solution as
y=17e+ae™*is

The order of the differential equation whose general
solution is given by

equation

equation p=

y=(C, +C2)cos(x+C3)—C4e"+CS

where C,, C,, C;, C4, Cs5 are arbitrary constants, is
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(§AIType Questions (2 marks)
13. Find the degree of the differential equation |

satisfying \/1—x2 +y1-y?=alx—y).

14. Find the solution of %zzy‘x.
X

OR
Solve the differential equation (1 + y?) tan™" xdx +
2y(1+ x?)dy = 0.
15. Find the differential equation for y = A cos ox +
B sin ax, where A and B are arbitrary constants.

16. Find the solution of the differential equation
cosx siny dx + sinx cosy dy = 0.
(§A Il Type Questions (3 marks)

17. Solve the differential equation

2 4 dy
—1)—+2xy= .
(x )dx Xy Z 1

18. Form the differential equation having y = (sin"'x)2 +
A cos™'x + B, where A and B are arbitrary constants,
as its general solution.

OR
Solve: (x + y)(dx - dy) = dx + dy.

19. Solve: x?:y(logy—logx-rl)
X

20. Find the general solution of y2dx + (x? - xy + y?)dy = 0.

(Ease Based Questions (4 marks)
21. If the equationis of the form ﬂ:M orﬂzF(x),
dx g(xy) dx X

where f(x, y), g(x, y) are homogeneous functions

Detailed g{e/8V)j(e]\ 1

1. (i) (d) : Since, maximum number of students in hostel
is 1000.

Maximum value of n(t) is 1000.
(i) (a):Clearly, according to given information,
dn
dt

(ifi) (b):Since, 50 students are infected after 4 days.
- n(4)=50.

. . dn dn B
(iv) (c):We have, < =hn(1000-n) = Iin( T =A[dt

=An(1000 - n), where X is constant of proportionality.

= i( ! +1)dn=xjdt
1000711000-n ' n

= 1 ﬂog(looo_n)+logn]:kt+c
1000l -1

= 7Iog( n
1000 1000-n

(v) (a):When,t=0,n=1
This condition is satisfied by option (a) only.

2. (d) : Since, the given differential equation is not a

):M+C

polynomial in ? Therefore, its degree is not defined.
X
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of the same degree in x and y, then put y = vx and
dy dv
——=V+X
dx dx
is changed to another variable v and then apply
variable separable method.

Based on the above

, so that the dependent variable y

information, answer the

following questions.

(i)  Find the general solution of x2 ?:x2 +xy +y2.
X

(i)  What is the solution of the differential equation

dy

2Xy—= x2 +3y2 ?
dx

(L—A Type Questions (4 / 6 marks)

22. If y(t) is a solution of (1+t)%—ty:1 and y(0) = -1,

then show that y(1)=—%.

23. Find the equation of a curve passing through
origin and satisfying the differential equation

(1+x2)?+2xy:4x2.
X
OR

Solve: Z—y =cos(x+y)+sin(x+y).
X

24. Solve:y + di (xy)=x(sinx +logx).
X

25. Find the general solution of (1 + tany)(dx - dy)
+2xdy=0

dy _dx
vy X

3. (c):Wehave,xdy -ydx=0 =

Integrating both sides, we get
logy=logx+logC=y=Cx

i which is equation of a straight line passing through origin.

4. (b): We have, d—y:Y+1 = dy = dx
dx x-1 y+1 x-1
Integrating both sides, we get
log(y+1)=log(x-1) -logC = Cly+1)=(x-1)
y(1)=2ie,x=1 = y=2..3C=0 = C=0
Required solution,x-1=0 = x=1
Hence, only one solution exist.
OR

(c) : We have, tan"Ix +tan"ly =¢

Differentiating both sides w.r.t. x, we get

1 1 dy
+ —=0 = (1 +x3dy+(1+y?d)dx=0
12 14y? o ( )dy + (1 +y?)




Differential Equations

d3y : d2y dy ¥

. — 1 -3 2 == | =y*
5.  (d):We have, (dx3] I —+ (dx) y
Clearly, order = 3 and degree = 2

6. (c):Givenrelationisy = A +B
X

. . A
Differentiatingw.r.t.x, wegety,; =-— =x?y;=-A
X

Again, differentiating w.r.t. x, we get
X2y, +y,2x=0 = xy,+2y,=0

7. (c):Wehave, cosxj—y+ysinx=1
X

d i 1 d
= —y+yﬂ= = —y+ytanx secx
dx ~cosx cosx dx

It is linear differential equation of the type jTJrPy Q
with P = tanx and Q = secx

I.F.:ejpdx :e-[tande =elogsecx = gecx

8. Wehave, 2’—X+P1X=Q1
y

which is linear differential equation .-. I.F.=e-[P1dy
Now, solutioniis x-(I.F.)= [Q; (I.F.)dy +c

ie., xe-[Pldy = _[Q1 {ejpldy} dy+c

OR
We have, y = Ae® + Be~

Differentiating w.r.t. x, we get, y, = 3Ae® - 3Be~
Again, differentiating w.r.t. x, we get
Yo = 9Ae% + 9Be % = 9(Ae®* + Be¥) = 9y =y, - 9y =0

d

9. dl +ytanx -secx =0
X

|.E. = eftanx dx — elogsecx =secx

10. The given equation can be expressed as a polynomial

in derivatives as

A& (2]

Clearly,itisasecondorder differentialequationofdegree 2.

11. Wehavey=17e+ae™ = y' =17¢e - ae™*

= y’=17e"+ae =y = y”"-y=0

12. The given equation can be written as

y = Acos(x + C3) - Be

where, A=C, +C,andB=C,e

So, there are three independent variables, (A, B, Cs).
Hence, the differential equation will be of order 3.

13. Given, a(x—y)=y1-y? +y1-x>
Puttingx =sin A, y = sin B, we get
cos A+ cosB=a(sinA -sinB)

A+B A-B A+B). (A-B
= 2cos| —— |cos| —— | =2acos| —— |sin
2 2 2 2
= cot(%):a = A-B=2cotla

= sin"x-sin"ly=2cotla
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- Ondifferentiating w.r.t. x, we get

1 1 dy -0 dy

1—y2
11— / 2 dx = dx \}1_)(2

d 1-y2 dy
4 rfa] o

Clearly, it is differential equation of first order and second
degree.

y
Ay e L Wy 2y
dx dx 2% 2y 2
. . 2 y _2 X
Integrating both sides, we get
Iog2 Iog2
= -2V+2*=Clog2=k(say) = 2>*-2V=k
OR
i We have, (1 +yd)tan 1 xdx + 2y (1+x3)dy=0
-1
tan );dxz_ 2y dy
1+x 1+y

Integrating both sides, we get %(tan‘lx)2 =—log(1 +y2)+c

= %(tan_lx)2 +Iog(1+y2):c

15. We have, y = Acosax + Bsinax (i)
Differentiating both sides w.r.t. x, we get
ﬂ——(xAsmocx“chosax
dx
Again, differentiating both sides w.r.t. x, we get
2
d—!——o@Acosocx o?Bsin ox
dx
=- 02 (A cos ax + Bsinoax) = - a2y [using (i)]
= d—zy + oczy =0
dx?

16. We have, cosx siny dx + sinx cosy dy = 0
= cosxsinydx=-sinxcosydy = cotxdx=-cotydy
Integrating both sides, we get
log sinx = - log siny + logc
= logsinx +logsiny =logc = sinx-siny=c

+2xy_ !

dy
17. We have, (x —1)d

N dl+ 2x y= 1
dx (x>-1) (x*-1)?
- whichisalineardifferentialequationofthetype 4Y. dy +Py=Q
dx
2 1
where, P= 2X ' Q=——135
x“-1 (x<-1)

2x
I.F.:e'[de :e'l.[x2 _1}1)( =e|0g(X2—1) = (X2 —1)
Now, solution is y~I.F.:J'Q~I.F.dx+k
0 (x? =1)dx +k

1
2 _
=yl _1)_Iﬁ
x-1
= — |+k
ZOg(x+1)+

.[21)

+1

= y‘(x2 —1)=1Iog(x_1)+k
| 2 X
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18. We have,y = (sin"1x)2+ Acos™x + B
Differentiating both sides w.r.t. x, we get

dy 2sin7? —A
L N e L AR
X

dx \il—x2 \11—x2

Again, differentiating both sides w.r.t. x, we get

Ay x a2
N I
= (1-x )ﬂ xﬂ—2 = (1-x )ﬂ—xd—y—Z 0
dx? dx dx? dx
This is the required differential equation.
OR
We have, (x + y)(dx - dy) = dx + dy

= (x+y)(1—j—§)=1+ﬂ (i)

Putx+y= z=>1+dy E
dx dx

From (i), we get z(l—d—+1)

d
(2_ E ) E = 2 dz dz
dx /) dx dx dx

dz
dx

z———=0 > (1+ )dz 2dx

Integrating both sides, we get,z+logz=2x - log ¢
= (x+y)+log(x+y)=2x-logc [ z=x+y]
= 2x-x-y=logc+log(x+y)
= x-y=logc+logx+y) = e&V=c(x+y)
= (x+y)= 1 ¥V = x+y=ke* Y where, k—1
c
dy
19. We have, xd—:y(logy—logx+1)
= dy y(log +1) (i)
dx x

Since R.H.S.is of the form g(y/x), and so it is ahomogeneous
function of degree zero. Therefore equation (i) is a
homogeneous differential equation.

Puty=vx = ﬂ_vﬂ(dl . From (i), we get
dx dx

dv dv dv  dx
v+x—=v(logv+1) = x—=vlogv = =—

dx dx viogv x
Integrating both sides, we get

P s i)

viogv X

On puttinglog v = tin L.H.S. integral, we get ldv:dt
1
From (ii), J' = [ = logt = logx + logC = t=Cx

= logv=Cx = Iog(—)sz

X
20. We have, y2dx + (x2 - xy +y?)dy =0

= y2dx=-(x2-xy+y3ddy
d 2

= T=-Xat i)
dy y* vy

Since R.H.S.is of the form g(x/y), and so it is a homogeneous
function of degree zero. Therefore equation (i) is a
homogeneous differential equation.

Putx=vy = d—x—v+y—
i dy

o Vil=xes o tl=xe= X2 +y? =x5c

CBSE Champion Mathematics Class 12

dv
dy

2

From (i), we get v+yj—=—v +v-1
y

:yﬂz—vz—l = ;jv =—d—y
dy vitl Yy

Integrating both sides, we get
tan'1(v)=-logy+c

= tanl(x)ﬂogy:c [ v=x]
y y

dy Xx“+xy+
We have, & _ #
dx X

dy dv

21. (i)

3 Put y=vx = —~=v+x—

dx dx

dv x%+x-vx+v2x? 2
VAXx—=——"—"-——=14Vv+v

dx x2
dv d7x
1+v2 X

dv 2
X—=1+v‘=
= dx j

F = tan‘1v=log|x|+c:>tan‘1(x):log|x|+c
X

(i)  We have,
2xydy x%+3y? N X+3y*
dx dx 2xy
Put y=vx = d—y—v+xﬂ
dx dx
dv  x%2+3v2x2 dv 1+3v2
VAX—=—— =X
dx 2vx2 dx  2v
dv 1+v?
= == dv
Xdx 2v '[1+V J

= log |x| + log |c| = log|v? + 1] = log |xc]|

y2

= log|1+v?|

3

X2

22. Wehave, (1+t)%—ty=1

dy t 1
= — | — |ly=—"—
dt \1+t 1+t

i whichislinear differential equation of the type %+Py=Q

where, p=— .
(1+t) Q= 1+t

t ffqa_ 1 Vi -lt-log(1+1t)]
|.F.:ejpdt=e_det=e i(l 1+t}jt_e *
:e—t.elog(li—t) :e—t (1+t)

Now, solution is
-t
y.(1+t)e-t=j%dt+c
-t
Lljt)zj.e*thC = Y(ijt):e—+c
e e (-1)
-t t t t
Ly e e 1 ()
(-1) 1+t 1+t 1+t 1+t



Differential Equations

y(0)=-1lie,t=0=y=-1
- From(i),-1=-1+C = C=0
Now, from (i) y=——— - y(1)=—=
Y 1+t via) 2
23. Wehave, (1+ X2)%+2xy:4x2
X

dy 2x 4x2

dX 1+x2
which is a linear differential equation of the type
dy 2x B 4x?

I =L+ Py=Q,with P m

1+x2

1+x2

j 2x
Pdx 2 2
I.F.=ej = 1+x° _glogllxT) _q 4 52

Now, solution is

452
V~(1+X2)=f x2(1+X2)dX+C = y~(1+x2)=J4x2dx+C
1+x
3
= y~(1+x2)=4%+C 00

Since, the curve passes through origin, then substituting x
=0andy=0in (i), we get
C=0
Required equation of curveis
4x3
3(1+x2)

OR

y(1+x%)= 4X =Vy=

Wehave, ?zcos(x +y)+sin(x+y) (i)
X

Put x+y=z = 1+ﬂ E
dx dx

From (i), we get, (j—z—l)z cosz+sinz
X

dz . dz
= —=(cosz+sinz+1) = ———=
dx cosz+sinz+1
Integrating both sides, we get jdiz_:_h dx
cosz+sinz+1
= J 5 dz :Idx
1-tan“z/2 2tanz/2
5 + 5 +1
1+tan“z/2 1+tan“z/2
Jw_ |
2(1+tanz/2)
J sec?z/2dz ,[ (il

2(1+tanz/2)
Putl+tanz/2=u

= (%sec2z/2)dz=du
From (ii), _[%=_[dx = loglul=x+c
u

1+tan(X+Y)

=X+C

= log|1+tanz/2|=x+c = log
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- 24. We have, y+di(xy)=x(sinx+logx)
s X

dy .
= y+xd—+y:x(5|nx+logx)
X

dy 2
= —+-—y=sinx+logx

dx x
which is a linear differential equation of the form
dy

dx —=+Py=Q, where P—g, Q=sinx+logx
X

j% dx

Now, solution is y-x? :_[ sinx +logx) x%dx +¢

de
_[ :e2logx:X2
= y-X —Jx 5|nxdx+Jx logxdx+c

=x%(~cosx) +J'2xcosxdx +logx- ——IE X—dx+c

=—x? cosx+[2x (sinx)—_[2 sinx dx]

3

X 1 2
+—Ilogx—= | x“dx+c

3oex—3]

3
i . X 1
| = — x2cosx + 2x sinx + 2 cosx +?|ogx—§x3+c

3

. X 1
= y~x2=—x2cosx+2x5|nx+2cosx+?logx—§x3+c
2sinx 2cosx  x X )
. y=—COSX+ > +=logx—=+cx~
% 3 9

25. We have, (1 + tany)(dx - dy) + 2xdy =0
= (1+tany)(d—x—lj+2x:0
dy

= (1+tany)g—x—(1+tany)+2x:0
y

2x
— —
dy 1+tany

= (1+tany)j—x+2x:(1+tany) =
y

~ which is a linear differential equation of the form

dx 2
“Z+Px=Q, where P= , Q=1
dy 1+tany
2cos
Il+tany y J’cosy+s)i/ny
I.LF.=e =e
Jcosy+smy+cosy smyd
cosy +siny

=e

cosy —siny
J(1+ - )dy . oy .
—e cosy +siny :ey+log(cosy+5|ny) =e ~(cosy+5|ny)
Now, solution is
x-e’ (cosy+siny)=J.1~ey (cosy +siny)dy +C
= x-e’ (cosy+siny):_[ey (siny +cosy)dy +C

= x-e’ (cosy +siny)=e"siny+C
[ [e* (FO)+F/(x)}dx = €*F(x)]

= x(siny +cosy)=siny +Ce™”
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» Topic 10.5 and 10.6 are highly scoring topics.

» Maximum total weightage is of Topic 10.6 Product of Two Vectors.

» Maximum VSA, SA|,SAIl, LA | type questions were asked from Topic 10.6 Product of Two Vectors.
» No LAl type questions were asked till now.

QUICK RECAP

Vector
& A physical quantity having magnitude as well as direction is called a vector. A vector is
represented by a line segment, denoted as AB or g . Here, point A is the initial point and B
is the terminal point of the vector AB.
» Magnitude : The distance between the points A and B is called the magnitude of the
directed line segment AB. It is denoted by |AB] .




Vector Algebra

» Position Vector : Let P be any point in space, having
coordinates (x, y, z) with respect to O (0, O, 0) as

origin, then the vector OP having O as its initial
point and P as its terminal point is called the position
vector of the point P with respect to O. The vector
OP is usually denoted by 7.

Magnitude of OPis, lop|= X2 +y2 422
ie,|F|l=yx2+y2+22.

In general, the position vectors of points A, B, C, etc.

with respect to the origin O are denoted by g,b,c,
etc. respectively.

& Direction Cosines and Direction Ratios : The angles o,

B andymade by the vector ¥ with the positive directions
of x, y and z-axes respectively are called its direction

angles. The cosine values of these angles, i.e., cosa, cosp

and cosy are called direction cosines of the vector
and usually denoted by I, m and n respectively.
Direction cosines of r are given as

X Y z
= m= andn=———
Ix2+y2+22" x2+y2+72 X2 +y2+22

The numbers Ir, mr and nr, proportional to the direction
cosines of vector r are called direction ratios of the
vector r and denoted as g, b and c respectively.
iie,a=Ir, b=mrandc=nr

Note: 2+ m?2+n?=1 and a?+b2%+c2? =1, (in general).

& Types of Vectors

» Zero Vector : A vector whose initial and terminal
points coincide is called a zero (or null) vector. It
cannot be assigned a definite direction as it has zero
magnitude and it is denoted by the 0.

» Unit Vector : A vector whose magnitude is unity i.e.,

la|=1.Itis denoted by a.

» Equal Vectors : Two vectors aand b are said to
w Components of a Vector

be equal, written as a= b, iff they have same
magnitudes and direction regardless of the positions
of their initial points.

» Coinitial Vectors : Vectors having same initial point
are called co-initial vectors.

» Collinear Vectors : Two or more vectors are called

collinear if they have same or parallel supports, '

irrespective of their magnitudes and directions.

» Negative of a Vector : A vector having the same
magnitude as that of a given vector but directed in
the opposite sense is called negative of the given
vector i.e, BA=—AB .

& Addition of Vectors

» Trianglelaw: Let the vectors be c
aandb so positioned such that .
initial point of one coincides a+b B
with terminal point of the other.
If a=AB,b=BC. Then the A B

Ql

vector a+b is represented by
the third side of AABCi.e, AB+BC=AC .
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» Parallelogram law : If the two vectors dand b
are represented by the two adjacent sides OA
and OB of a parallelogram
OACB, then their sum G+b is
represented in magnitude and
direction by the diagonal OC of
parallelogram OACB through
their common point O ie,
OA+0B=0C.

» Properties of Vector Addition

Ql

B o S ,C

(i) Vector addition is commutative i.e, a+b=b+a.

(i) Vector addition is associative i.e.,
a+(B+E):(a+B)+E.

(iii) Existence of additive identity : The zero vector
acts as additive identity i.e.,
a+0=a=0+a, for any vector gq.

(iv) Existence of additive inverse : The negative
of aie,—a acts as additive inverse i.e.,
a +(—a)=6= (—a)+a,for any vector a.

& Multiplication of a Vector by a Scalar

> Let a be a given vector and A be a scalar (a real
number), then Aa is called as the multiplication of
vector a by the scalar A. Its magnitude is || times
the magnitude of ai.e.[Aa|=|Alldl .
Directionof \qg issameasthatof dif A >0 and opposite
tothatof dif A<O.

Note : If X=é,

lal

represents the unit vector in the direction of
.. o~ a
diea=—
lal

provided that a#0, then Ad

> Let O be the origin and P(x, y, z) be any point in space.
Let i, j and k be unit vectors along the X-axis, Y-axis
and Z-axis respectively. Then OP = xi + yj + zk, is
called the component form of OP. Here x, y and z are
scalar components of OP and x?, yj zk are vector
components of OP.
If d and b are two given vectors as
G=ayi+ayj+azk and b=byi+byj+bsk and A be
any scalar, then
(i) G+b=(ay+by)i+(ay+by)j+(as+by)k
(i) G—b=(ay—by)i+(ay—by)j+(az—by)k
(i) Ad = (hay)i+(Aay)j+(hag)k

(iv) 5:54:)01=b1,02=b2 anda; =b,

—~ b, b, b
(v) d@and b arecollinearif L=-2=283-),
a; d; dg
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& Vector Joining Two Points

> If Py(xq, Y1, 1) andP, (x5, ¥,, Z,) are any two points in

the space, then the vector joining P, and P, is the
vector PP,.

Applying triangle law in
AOP,P,, we get

= RP-O%,-O,
= (x2f+ yzf +22I2)—(x1f+ ylj +zllA<)

= (X, —xl)f+(y2 —yl)}+(zz —21)’2

|€P;|:\/(X2—X1)2+(Y2 ~y1)?+(zy-2)?

& Section Formula
b Let A, B be two points such that OA = g and OB=b.
» The position vector r of the point P which divides

» The position vector 7 of the point P which divides

the line segment AB internally in the ratiom : n is

givenby r= mb+na

m+n

the line segment AB externally in the ratiom:nis

givenby r= mb—na

m-n

» The position vector 7 of the mid-point of the line

segment AB is given by F:%

& Product of Two Vectors
» Scalar (or dot) product of two vectors : The scalar

(or dot) product of two (non-zero) vectors gandb,
denoted by a-b(readasadotb), is defined as
a-b=ldl|blcose=abcose, where, a=lal,b=Ibl and
0(0< 0 <m) is the angle between g and b.
Properties of Scalar Product :
(i)  Scalar product is commutative : G.b=b-g
(i) a-0=0
(iii) Scalar product is distributive over addition :
e G(b+C)=d-b+ad-c
o (G+b)-¢=d-c+b-c

(iv) M@-b)=(Ad)-b=ad-(Ab), be any scalar.

(v) If 7, }and k are three unit vectors along three
mutually perpendicular lines, then
i-i=j-j=k-k=1andi-j=] k=k-i=0

(vi) Angle between two non-zero vectors Gandb is
given by c056=f%’2 j.e, 8=cos 1 (ﬂ)

lallb| lallb]

(vijTwo non-zero vectors gandb are mutually

perpendicular if and only if @-b=0

(viii) 1fF@ = 0, then d-b=ldllb|
(ix) 1f @ =, then d-b=—|dllbl

> Projection of a vector on a line :

CBSE Champion Mathematics Class 12

Letthevector AB makesanangle6
with directed line ¢ in anti
clockwise direction.

Projection of AB on E=|E|cos@=ﬁ=5.

The vector pis called the projection vector. Its
magnitude is |p|, which is known as projection of
vector AB on /. Projection of a vector d on b,is

A

givenas d-b ie., I%l(a‘B).

» Vector (or Cross) Product : The vector (or cross)

product of two (non-zero) vectors aandb (in an
assigned order), denoted by g x b (readas a cross b ),
is defined as & x b = |dl |b| sinen, where (0 <6 < )
is the angle between @ and b and nis a unit vector
perpendicular to both a and b.

Properties of Vector Product :

(i)  Vector product is non-commutative :
dxb=-bxa

(i) Vector product is distributive over addition :
dx(b+€)=axb+axc

(i) Mdxb)=(Ad)xb=adx(Ab), ) be any scalar.

(iv) (Aq@)x(Ayb)=2qA,(Gxb)

V) ixjok jxk=Tkxi=]

(vi) Two non-zero vectors g,p are collinear if and
onlyif axb=0.
Similarly, axa=0andax(-a)=0, since in the first
situation 6 = O and in the second one, 06 = T,
making the value of sin 6 to be O.

(vii) If @andb represent the adjacent sides of a
triangle as given in the figure.

Then, area of triangle ABC = %ABCD

“Lib11d|sine=1(axb|
2 2

[ sinech]
lal

(viii) If aandb represent the
adjacent sides of a
parallelogram as given
inthe figure.

Then, area of parallelogram
ABCD=ABDE = |b||a|sin6=|axb|

(ix) If = ayi+ayj+ask and b = byi +b,j +bak,

ik
thendxb=a; a, ay
by by by
= (aybs — agby)i +(asby —ayby)]j +(asb, —aqby k
(x) Angle between two vectors d and p is given by
axb dxb
sin@ = M jie,0=sin"1 ('fx?l]
lallb| lallb|




VECTOR ALGEBRA

Vector |

A quantity that has magnitude as well as direction is called a
vector.

Multiplication of Vectors /;

Components of a Vector

Let O be the origin and let P(x, y, z) be any point in space. Let f, }, k

be unit vectors along the x-axis, y-axis and z-axis respectively.

Then, OP = (xi+yj+zk).Also, [OP|=+/x2 +y? + 72

Scalar (or Dot Product)

The scalar product of a and b written as a-b and is

defined as a-b =|a||b| cos 6, where 6 is the angle

between the vectors g and b .

Projection of a vector @ on other vector b is as

lb]

<

Addition of Two Vectors

Triangle Law : In AOAB, let position B
vectors of OAandAB be aandb b
. =r e O > A
a

respectively. Then, OB=a+b
Parallelogram Law: In parallelogram
OABC,
OA and AB be aandb respectively.
Then, OB=a+b

let position vectors of

Y

A4

Properties of Scalar Product
ib=0=dlb

= T al Q
Q&

I

[

Q

— =
Il I
— =

a-(ab) = a(a-b)

Properties
Commutative Law: a+b=b+a
Associative Law: a+ (b+c)=(a+b)+c
Existence of Additive Identity: g+ 0=d=0+a
ie., 0 is the additive identity.
a)=0=(-a)+a
ie., (—a) isthe additive inverse of a.

Existence of Additive Inverse : g +(—

Vector (or cross) Product
Vector product of vectors is given by

Gxb = |a||5|(sin9)f1 , where p is the unit vector normal to

the plane determined by d and b.

\ 4

Algebra of Vectors

For any two vectors a=a,i+a,j+ask and b=byi+b,j+bsk and

A be any scalar, we have

Addition a+b=(ay +by )i+(ay +by)j+(az+by )k

Subtraction a-b=(a; ~by )i+(a,—b,)j+(az—bs )k

Equality aand b areequalifa, =by,a,=b,and az=bs,

Multiplication by a

Scalar ha=(Aay )i+(ray)j+(rag )k

Vector Joining Two Points
Let P(x4, ¥4, 21) and Q(x,, Y5, Z,) be any two points, then the (
vector joining P and Q is given by

PQ=(x, x4 )i+(y, —yy)j+ (2, — ¢ k.

Also, [PQ

:\/(Xz —X1)2 +(Y2 —Y1)2 +(22_21)2

Properties of Vector Product
xd=—-dxb
xb=0eallb

7:] ] kxk= OlX}——le—k

axa=0

‘> Q. T

J><k:—k><j:l,k><l:—l><k:j

Ifﬁ:aif+02}+a3f<,5=b1f+b2}+b3f<,then

(o) x (Bb) = (oB) (@xb)
(@-by*+(@xb)* =|d*|b ]
If G and b are adjacent sides of a triangle, then area

oftriangle:%laxﬁl.

Section Formula

mb+na
m+n

vectoris ¢ =

) If the point C divides AB in the ratio m : n, then its position
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= Previous Years’ CBSE Board Questions =

10.2 Some Basic Concepts

(1 mark)

1. Find a vector @ of magnitude 52, making an angle

of % with x-axis, g with y-axis and an acute angle 6

(A1 2014) (EV]

with z-axis.

(2 marks)

2.  Find avector r equally inclined to the three axes and
whose magnitude is 3+/3 units.

10.3 Types of Vectors
MCQ

3. Twovectors G=q,i+a,j+askandb=b; i +b, j+byk
are collinear if
(@) aiby+ayb,+aszb;=0 (b)
(©) ay=by,a,=bsa;3=bs

(d) al+az+ag=b1+b2+b3

G _092_93
bl b2 b3

(2023)
4.  The value of p for which p (f+ ] + I?) is a unit vector is
@o B ©1 @B
(2020)

10.4 Addition of Vectors
MCQ

5. ABCD is a rhombus, whose diagonals intersect at E.

Then EA+EB+EC+ED equals

(a) 0 () AD (o) 2BC (d) 2AD
(2020) (Ap]
10.5Multiplication of a Vector by a
Scalar
MCQ
6. Aunit vector along the vector 47 -3k is
(a) %(4;“-3:2) (b) %(4?-312)
1, .n 1, .~ .p
(40— —(4i-3k
(c) ﬁ(4, 3k) (d) @" ) (2023)
M (1 mark)

7. The position vector of two points A and B are
OA=2i-j-k and OB=2j-]+2k, respectively.
The position vector of a point P which divides the line
segment joining A and B in the ratio 2: 1 is

(2020)(An)

(2020) (A1)

8. Find the position vector of a point whicl'ldivides the
join of points with position vectors d—2b and 2a+bk
externally intheratio 2: 1. (Delhi 2016)

9. Write the position vector of the point which divides
the join of points with position vectors 3d—2b and
2a+3bintheratio2: 1. (Al 2016)

10. Find the unit vector in the direction of the sum of the
vectors 2i +3j—k and 4i —3j+2k.  (Foreign 2015)

11. Find a vector in the direction of a=i-2j that has

(Delhi 2015C)

12. Write the direction ratios of the vector 3a+2b where
a=i+j-2k and b=2i-4j+5k. (A1 2015C) (A

13. Write a unit vector in the direction of the sum of the

vectors d = 2i+2j -5k and b = 2i + j - 7k.
(Delhi 2014)

magnitude 7 units.

i 14. Find the value of ’p’ for which the vectors

31 +2]+ 9k and - 2p + 3k are parallel. (Al 2014)(Ar]

15. Find a vector in the direction of vector 2i —3j+ 6k
which has magnitude 21 units. (Foreign 2014)

16. Write a unit vector in the direction of vector PQ,
where P and Q are the points(1, 3, 0) and (4, 5, 6)
respectively. (Foreign 2014)

17. Writeavectorinthedirectionof the vector i — 2] + 2k

(Delhi 2014C)

that has magnitude 9 units.

m (2 marks)

18. X and Y are two points with position vectors 3d+b
and d—3b respectively. Write the position vector of a
point Z which divides the line segment XY in the ratio

(A12019)(Cr]

2:1externally.

(4 marks)

19. The two vectors ]+I2 and 3f—f+ 4k represent the
two sides AB and AC, respectively of a AABC. Find the
length of the median through A.

(Delhi 2016, Foreign 2015)

10.6Product of Two Vectors
MCQ

20. If 0 is the angle between two vectors @ and b, then
d-b>0 only when

(@) 0<p<t (b) o0<e<®
2 2
() 0<6<m (d) 0<6<m (2023)
21. The magnitude of the vector 6i —2jA+3IA< is
(@ 1 (b) 5 (© 7 (d) 12
(2023)
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22.

23.

24.

(@ i-j=1 (b) ixj=1

© ik=0  ixk=0 (2020)(Ap)
(1mark)

Find the magnitude of vector a given by‘

G=(i+3j—2k)x (~i+3k) - (2021C) |

25.

26.

27.

28.

29.

30.

31

32.

33.

34.

35.

36.

zero, then the value of A is
(@ O (b) 1

2 -3

© = (d) (2020) (An)

If i, j k are unit vectors along three mutually
perpendicular directions, then

If G=2i—j+2kandb=5i—3j—4k thenfind the ratio
projectionof vectordon vectorb
projection of vector bonvectorad

The area of the parallelogram whose diagonals are
2i and -3k is

(2020C)

square units.

The value of A for which the vectors 2i —Aj+k and
(2020)
Find the magnitude of each of the two vectors Gandb ,
having the same magnitude such that the angle

i +2j —k are orthogonal is

between them is 60° and their scalar product is % .

(2018)

Write the number of vectors of unit length
perpendicular to both the vectors g = 2j + j+ 2k and
b=]j+k. (Al2016)

If d,b,¢ are unit vectors such that G+b+¢ = 0, then |

write the value of @-b+b-¢+¢-a.
(NCERT, Foreign 2016)

If |axb|*+|a-b|"=400 andldl=5 then write the

valueof 1bl. ( Foreign 2016)

If G=7i+j—4kandb=2i+6j+3k, then find the

projection of donb . (Delhi 2015)

If 4, b and é are mutually perpendicular unit vectors,

then find the value of 12a+b+c|. (Al 2015)@
Write a unit vector perpendicular to both the vectors
d=i+j+k and b=i+]. (Al 2015)

Find the area of a parallelogram whose
adjacent sides are represented by the vectors

2i -3k and 4j + 2k. (Foreign 2015)

If @ and b are unit vectors, then what is the angle

between @ and b so that 2 d—b is a unit vector ? |

(Delhi 2015C) (An]

(2020) | 44.

If the projection of d=i-2j+3k on b=2i+Ak is 37.

38.

39.

40.

i 41.

42.

43.

45.

46.

47.

48.
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Find the projection of the vector d=2i+3j+2k on
the vector b = 2i +2j +k. (Al 2015C)

Find the projection of vector i+3j+7kon the
vector 2i-3j+ 6k . (Delhi 2014)( U

If & and b are two unit vectors such that d+b is also
a unit vector, then find the angle between d andb

(Delhi 2014)
If vectors d@ and b are such that, |a|:3,|5|:§ and axb

is a unit vector, then write the angle between d and 5‘.
(Delhi 2014)(Cr |
If G and b are perpendicular vectors, |a+5|=13 and
lal=5, find the value of |p|. (Al 2014)
Write the projection of the vector i+ ] +k along the
vector j. (Foreign 2014)
Write the value of x(j+k)+jx(k+i)+kx(i+]).
(Foreign 2014)
Write the projection of the vector d = 2i - j + k on the
vector b = +2j + 2k. (Delhi 2014C)
If @andbare unit vectors, then find the angle

between Gandb, given that (\/56—5) is a unit
vector. (Delhi 2014C)

Write the value of cosine of the angle which the
vector @ =i + j + k makes with y-axis.

(Delhi 2014C)
If lal=8,| b|=3 and |axb|=12, find the angle between

dandb. (A1 2014C)
Find the angle between x-axis and the vector j + j + k.
(Al 2014C)

(2 marks)

49.

50.

51.

52.

53.

If G=41-]+k and b=27-2]+k then find a unit
vector along the vector dxb. (2023)
If the vectors dandb are such that |a|=3,|B|=§ and

dxbis a unit vector, then find the angle between
dandb. (2023)
Find the area of a parallelogram whose adjacent

sides are determined by the vectors a:?-}+3:2 and

(2023)
Write the projection of the vector (b+¢) on the
vector d where, d=2i—2j+k,b=i+2j-2k and

¢=2i-]+4k. (Term Il, 2021-22)
If a=7+}'—2lzand5=—f+2f+2f< and 5:—?+2}'—:2 are
three vectors, then find a vector perpendicular to
both the vectors (G+b)and(b—¢c). (Term I, 2021-22C)

b=27i-7]+k.
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54. dandb are two unit vectors such that |2G+3b

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

=|3G—2b| . Find the angle between Gandb .

(Term 11, 2021-22)

If |axb|2 +|d-b|2 =400 and |b|=5, then find the value
(Term I, 2021-22)
If G=i+]j+k,d-b=1 and axb=j—k,thenfind |b|.
(Term 11, 2021-22)
If 4,b and ¢ are unit vectors such that a+b+¢=0,

then find the value of G-b+b-€+¢-a.
(Term I, 2021-22C)

of |al.

If Gandb are two vectors such that |a+5|=|5|, then

prove that (G+2b) is perpendicularto a.

If the sides AB and BC of a parallelogram ABCD
are represented as vectors E=2f+4f—5f< and

BC=i+ 2}+ 3k , then find the unit vector alongdiagonal
AC. (2021C)

Find aunit vector perpendicular toeach of the vectors
dandb where G =5i +6j -2k and b =7i + 6] + 2k.
(2020)
Show that |d|b+|b|ad is perpendicular to |G|b—|b|d ,
for any two non-zero vectors dandb . (2020 C)

Show that for any two non-zero vectors Gandb,

|G+bl=|G—bl iff @ and b are perpendicular vectors.
(2020)

Show that the vectors 2i-j+k,3i+7j+k and

5i + 6] + 2k form the sides of a right-angled triangle.
(2020)
If the sum of two unit vectors is a unit vector, prove that
the magnitude of their difference is /3.
let G=i+2j-3k and b=3i-j+2k be two
vectors. Show that the vectors (d+b) and (G—b) are
(Al2019)
Find a unit vector perpendicular to both gandb
where a=4i—j+8k and b=-j+k
If |d|=2,|b|=7and dxb=3i+2j+6k , find the

(2019)

perpendicular to each other.

angle between gandb .
For any two vectors, Ggandb , prove that

(@xb)2=a2b2—(G-b)2

(2019)

If 6 is the angle between two vectors i-2j+3k and
3i-2j+k,findsin 0. (2018)

m (3 marks)

70.

If G=i+j+k and b=i+2j+3k, then find a unit

vector perpendicular to both @+b and d—b.

(Delhi 2019)

(2019C) |

(2023) |

72.

73.

. 74
(Term Il, 2021-22)
75.

77.

78.

79.

80.

81.

82.

83.

. Three vectors
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d,bandc¢ satisfy the condition
G+b+c=0. Evaluate the quantity p=d-b+b-c+c-a,
if |d|=3, |b|=4 and |¢|=2. (2023)
The two adjacent sides of a parallelogram are
represented by 2i-4j-5k and 2i+2j+3k. Find
the unit vectors parallel to its diagonals. Using the

diagonal vectors, find the area of the parallelogram
also. (Term 11, 2021-22)

If G band¢ are mutually perpendicular vectors
of equal magnitude, then prove that the vector
(2G+b+2¢) is equally inclined to both dandc. Also,
find the angle between @ and (2d+b+2¢).

(Term I, 2021-22)
If |d|=3,|b|=5,¢|=4andd+b+c=0, then find the
value of (d-b+b-c+c-a) (Term Il, 2021-22)

If Gandb are two vectors of equal magnitude
and o is the angle between them, then prove that

:f”g: =cot(%). (Term II, 2021-22)
a_

: (4 marks)

76.

If a=i+2j+3k and b=2i+4j-5k represent two
adjacent sides of a parallelogram, find unit vectors
parallel to the diagonals of the parallelogram. (2020)
Using vectors, find the area of the triangle ABC with
vertices A(1, 2, 3), B(2,-1,4) and C(4, 5, -1)

(NCERT Exemplar, 2020)
Prove that three points A, B and C with position
vectors gGbandc respectively are collinear if and
only if (bx€)+(€xa)+(@xb)=0. (2020 C)

The scalar product of the vector d=i+j+kwith a
unit vector along the sum of vectors b = 2i + 4j — 5k
and ¢ = M +2j + 3k is equal to one. Find the value of

A and hence find the unit vector along p +¢
(2019, Al 2014)

Iff+}+f<, 2f+5]', 3?+2}—3I2andf—6f—l2 respectively are
the position vectors of points A, B, C and D, then find
the angle between the straight lines AB and CD. Find
whether ABandCD are collinear or not. (Delhi 2019)

Llet dband¢ be three vectors such that
|d|=1,|b|=2,|¢|=3. If the projection of b along d
is equal to the projection of ¢ along d;andb,c are
perpendicular to each other, then find |3d-2b+2¢]|.
(2019)
Let G=4i+5j-k b=i-4j+5k and ¢=3i+j-k.
Find a vector d which is perpendicular to both
candbandd-i=21. (2018)

If G,b,¢ are mutually perpendicular vectors of equal
magnitudes, show that the vector d+b+¢ is equally
inclined to & bandc. Also, find the angle which
G+b+¢ makeswith @ or b or €. (Delhi 2017)
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84. Show that the points A, B, C with position vectors |
2i—j+k, i-3j—5kand3i-4]- 4k respectively,arethe

vertices of a right-angled triangle. Hence find the
area of the triangle. (A12017)

The two adjacent sides of a parallelogram are

2i - 4} —5k and 2+ 2]’ + 3k . Find the two unit vectors
parallel to its diagonals. Using the diagonal vectors,
find the area of the parallelogram. (Al 2016)

85.

86. If Gxb=c¢xdanddxc=bxd,show that g—dis

parallel to b—¢, where d=d and b=¢. (Foreign 2016)

87.
88.

If 7 =xi+yj+zk, find (Fxi)-(Fxj)+ xy - (Delhi 2015)
If G=i+2j+k b=2i+]jandc=3i-4j-5k, then find
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- 89. Vectors d,band¢ are such that G+b+c=0 and
la|=3, |B|=5 and |¢|=7. Find the angle between

Find a unit vector perpendicular to both of the vectors
d+bandd—-b where g=i+j+k and b=i+2j+3k.
(Foreign 2014)
If G=2i-3j+kb=-i+k, €= 2j—k are three
vectors, find the area of the parallelogram having
diagonals (G+b)and(b+¢). (Delhi 2014C)

Find the vector p which is perpendicular to both

90.

91.

92.

6.=4i+5j-kand p=i-4j+5kand p.g=21, where

a unit vector perpendicular to both of the vectors |

(@-b)and (c—b)-

(Al 2015) |

G=3i+j-k. (Al 2014C)

= CBSE Sample Questions =

10.5 Multiplication of a Vector by
a Scalar

(1 mark)

1. Find a unit vector in the direction opposite to _%]

(2020-21)

2. Vector of magnitude 5 units and in the direction
opposite to 2j +3j — 6k is . (2020-21)(U |

10.6 Product of Two Vectors
MCQ

3. The scalar projection of the vector 3?—}—2!2 on the
vector ?+2}—3I2 is

7 7 6 7
(a) ﬁ (b) ﬁ (c) E (d) E
(2022-23)

4. If two vectors dandb are such that |d|=2,|b|=3

andd-b=4 ,then |G—2b| is equal to
(@ ~v2 (b)) 206 (o) 24 242

(2022-23)

(d)

Detailed g{o]88ag(e]\ V|

A N
Previous Years’ CBSE Board Questions

1. Here, I=cos£=i
4

A

T
m:coszzo, n =cosO

(1 mark)

5.  Find the area of the triangle whose two sides are
represented by the vectors 2j and - 3j.

(2020-21)

6. Find the angle between the unit vectors aandb,

giventhat [g+bl=1. (2020-21)
BT (2 marks)

7. Find |X|, if(x—d)-(Xx+d)=12, where a is a unit vector.

(2022-23) (An

P8, If Gandb are unit vectors, then prove that

|a + 5| = 2cosg, where 8 is the angle between them.

(Term Il, 2021-22) (EV)

9. Find the area of the parallelogram whose one side
and a diagonal are represented by coinitial vectors

P~ f+kand 47 +5k respectively. (2020-21)

SAWIBS (3 marks)
10. If G#0,d-b=ad-¢,axb=ax¢, then showthat b=¢.

(Term Il, 2021-22)

i Since, P+m2+n2=1

L= 1+O+c0526=1:>c0526=1—1=1
1 2 2 2

= cosé):i:>e=E

J2 4
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Commonly Made Mistake e
n 37: n 1
cosO=+— . 0=cos—=—
> J_ 44 4 2

The vector of magnitude 5v2 is
a="5v2( i+ m}+nl2)
—Sx/—( i+0j+—— 1 :2)=s<f+:2> [.- 6isanacute angle ]
V2 V2

2. Wehave, |F|=33

Since, ¥ is equally inclined to three axes, so direction
cosine of unit vector ¥ will be same.i.e.,I=m=n

As we know that 2+ m2+n2=1 (i)
P+P+2=1 =3P2=1
= Iziizmzn (i)

1 1~ 1+ T
Wehave OP =+| ——i+——j+-——k { P=T}
(Jﬁ NCRMNG ) IF|

F=|F|OP { IF1=3J3 given)}
_+3\/§><(\/_ \/_1+\/1_ ): F=+3(i+j+k)
Canswier Tips (7]

2 Ifavectorisequally inclined to axes, then its direction
cosines are equal.

3. (b)

4. (b):Letd=(i+]j+k)
. . i+j+k 1 . 5 =
So,unitvectorof d= ————=-——=(i+j+k
Ji+1+1 J§( J+

1

The valueof pis —.

PR

5. (a): EA+EB+EC+ED=EA+EB-EA-EB
_ [Asdiagonals of arhombus bisect each other]
=0

6. (b):Let y=4i-3k
[V|=+/4% +(3)? =\[16+9=25=5
Now, v = unit vector along v
Vo1 a A
— ==(4i-3k
vl 54173k

7. Required position vector of point P

20— j-k)+2(2i —j+2k)  2i —j—k+4i —2]+ 4k
_1 2+1 B 3
:5(6i—3j+3k)=2i—j+k

Concept Applied @

2 Ifd and b are position vectors of two points A and
B respectively, then the position vector of R(r) which
mb+na
m+n

divides AB internally in the ratiom: nis

m n
R(r)

A(@) B(b)

12, G=i+]j-2k:b=2i-

i Requiredunit vector=

CBSE Champion Mathematics Class 12

- 8. Required position vector

=2A(20+b)—1(a—2b)=4a+2b—a+2b=3a+45
2-1 1

9. Required position vector

_2(2d+3b)+1(3d—2b) _7d+4b 7. 45

B 2+1 3 3%

10. Let d=2i+3j-k and E=4i—3j+2k.

Then, the sum of the given vectors is
(2+4)i+(3-3)j+(-1+ 2k = 6 +k
and |€|=la+b|=v62+12 =\/36+1=1/37

c=d+b=

Unit vector, c_L 6'+k 6 ;,1 k
J37 BT J_ }
- 11. Aunit vector in the direction of a =i — 2] is a=2
i-2j L i-2p lal
"
The required vector of magnitude 7 in the direction
of d=7-4=—(-2j)

J5
4j+5k
3d+2b = 3(i + j — 2k) + 2(2i — 4] + 5k)
= (3i + 3] — 6k)+ (4i — 8] +10k) = 7i — 5] + 4k
The direction ratios of the vector 3g+2bare7,-5,4.

13. Wehave, @ =2i+2j-5k and b = 2i+j—7k
Sum of the given vectors is
=(2+2)i +(2+1)j +(-5-7)k = 4i + 3] - 12k

and |¢|=4/(4)2+(3)2+(-12)2 =169 =13

Unit vector, Ezézwz 4 Ll j
Icl 13 13 137 13

c=a+b

3 12’2

14, Let a=3i+2j+9k and b= -2pj+3k

For aandb to be parallel, b=2a.
= i —2pj+3k=A3i +2] +9Kk) =3\i +2j + 9Ak
= 1=3A,—2p=2A,3=9A :>7u=%andp=—7»=—1

3
[Concept Appiied (€]

2 Twovectors @ and b are parallel iff one of them is
scalar multiple of other.

15. Letd=2i —3j+6k
A vector in the direction of d with a magnitude of
21=21a o

2i —3j + 6k

22 4+ (-3)2 + 62

6i —9j +18k

. Required vector =21 x

:21X21—37j+6k:

16. Wehave, PQ=0Q—-OP

=(4i+5] +6k) - (i+3]) = 3i + 2] + 6k

3i+2j+6k  3i+2j+6k
J32+22+62 7
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[Concept Avplied (€]

2 Unit vector of @:

8

IPQ|

17. Let a=i-2j+2k
The vector in the direction of @ with magnitude 9 units
=9a

Required vector =9><g=9>< i-2j+2k
lal " w2+ (-22+ (22
= %(?—2}4212) = 31— 6]+6k
$
Cavswer ips (7,

2 The vector indirectionof a = |a|.a

18. Position vector which divides the line segment joining
points with position vectors 3d+b andd—3b in the ratio
2: 1 externally is given by

2(6—3b)-1(3d+b) 2d-6b—3d—b
2-1 - 1

[Concept Appiied (€]

2 If d and b are position vectors of two points A and
B respectively, then the position vector of R(F) which

divides AB externally in the ratiom: nis (9 .
m-n

=—d-7b

- n

<

»
>

B(b) A(ad) R(F)

19. Take Ato be as origin (0,0, 0).
Coordinates of Bare (0, 1, 1) and coordinates of C are

(3) _1) 4)-
A(0,0,0)

; vk SN
3i-j+4k
B(0,1,1) D C(3,-1,4)
Let D be the mid point of BC and AD is a median of AABC.

A’

Coordinates of D are (3 Og)

3 Y 5 V
So, length of AD = (E_O) +(o)2+(§_o)

9 25 V34 .
=,|—+—=———units
4 4 2
Concept Applied @
2 Position vector of mid point of AB = %

A(d) B(b)
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20. (b):Given, @b =0

= dl|b|cos6>0

Assuming |G|=0 and |b|=0

= c0s8>0 [-|d|>0,|b|>0] = ee[o,g]

21. (c):Given vectoris ¢j_2j+3k

. Itsmagnitude =62 +(—2) + 32
=\36+4+9 =49 =7 units

22. (c):Here, G=i-2j+3k,b=2i+k
Since, projection of @ onb=0

a-b R (i—2j+3k)-(2i + Lk) _

= P 22
o 253 0 2u3h=0 = a2
Va+22 3
23. (c) : Since, i, ], k are mutually perpendicular to each
other.
. ik=0

24. Let d=(i+3j—2k)x(—i+0j+3k)

=

—2|=(9-0)i—(3-2)j+(0+3)k = 9i — j + 3k

ld|=192+(~1)2 +32 =/91
g
[Answer Tips (7]
°If a=a1?+a2}+a3f< , then Ialzwlaf+a§+a§ .

25, Here G=2i—j+2k andb=5i-3j-4k

l
T

Since projection of donb=

T

T

|
and projection of Eonaz%
a

a-b = (2i - j+2k)-(5i - 3] - 4k)

. G-b=10+3-8=13-8=5

la|=22+(-1)2+22 =/4+4+1=/9=3
|b]=~/52+(=3)2 +(4)2 =\/25+9+16 =/50 =512
5/52 _ 5 3 32

X— =

5/3  5J2°5 10

Required ratio =

26. Given, two diagonals d; and d, are
2i and — 3k respectively.

ij ok
dyx dy=[2 0 0[=i(0)-j(-6-0)+k(0)=6j
00 -3
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So, area of the parallelogram = %‘81 xaz‘

=%><6 = 3sq. units

27. Leta=2i-Aj+kand b=i+2j—k

We know, G andb are orthogonal iff G-b=0

= (2i-Aj+k)-(i+2j-k=0
= 2-21-1=0 = 1-21=0 = x=%
28. Given, |d|=|b|,0=60° and a-Bzg
Now, cosez_a%li
lallb|

. 9/2 1 .9/2
= COSéO |a|2 = EZW
= |d|2=9 = |d|=3 .. |d|=|b|=3

g
[Answer Tips (7]

= d-b=|d|-|b|cos

29. Given, G=2i+j+2k and b=j+k

Unit vectors perpendicular todand bare+ [
ik

Now,dxb=[2 1 2|=-i-2j+2k
011

Unit vectors perpendicular to gandb

Gxb
laxb| |

are

(=i - 2] +2k) :+(_17_31+3:2)

12+ (22 + (22

3 3 3

So, there are two unit vectors perpendicular to the given

vectors.
30. We have d, 5 and ¢ are unit vectors.

=1and|c|=1
(glven)

Therefore, |d]=1

Also, d+b+c=0

L2 )
= la+b+cl =0 =la+ bl +Ic?+2G-b+b-c+¢-)=0

=1+1+1+2(@-b+b-¢+¢-d)=0

—=3+2(d-b+b-¢+¢-@)=0 = (d-b+b-¢+¢-d)=
‘axl;‘ +\a-5\
— 1?6 sin20-+1a?lbl” cos2 6= 400

~2(72 =12
= lal*lbl" =400 = 25x|b|" =400

SlB =16 =bl=4

32. Projectionofdonb= TT'

_ (7i+ ] — 4k)- (2i + 6] + 3k) _14+6-12
(2)2 +(6)? +(3)? 7

3

2
—400 = {[allBlsin6)” +{ldll5|cos6)” =400

[ lal=5]

8

"7

33. Here 4,b and ¢ are mutually perpendicular
i vectors.

- 37. Projection of donb=—.

CBSE Champion Mathematics Class 12
unit
= lal=lbl=lcl=1and a-b=bh-

. I2&+5+EI2=(2&+5+C)(20+b+c)

(1)

=c-a=0

n>

=44-G+23-b+23-6+2b-a+b-b+b-¢+2¢8-a+¢-b+¢-¢
=41alR +1bR +1cl+ 4a-b+2b-c+4a-c

(r b-a=a-bé-a=a-¢,¢-b=b-¢)

=4.12+12+ 12 [Using (1)]
=6
. 12a+b+cl=6.

34. Here,a=i+j+kandb=i+]

. Vector perpendicular to both @ and b is

i j ok
axb=[1 1 1|=—-i+j+0k=—i+]
110
Unit vector perpendicular to both @ and b
—i+j

SETEN)

2 Unit vector perpendicular to both d and b =+

Q)
X
T

Q)
X
(ot}

35. Let d=2i—3k and b=4]+ 2k
The area of a parallelogram with a and b as its adjacent
sides is given by ld xb 1.

i ]k
Now, axb=[2 0 -3|=12i-4]+8k
‘ 0 4 2

- |axb| =122 +(-42+(8)2 =\[144+16+ 64
=224 =414 sq. units.

36. Let 0 be the angle between the unit vectors a@ and b.

s0= ;’b —ab ¢ (i

- ldl=1=b]) -

Now, 1=|V2d-b|
= 1=[V2a-b[" =(v2d-b)-(vV2d-b)
=2|a? —v2d-b—b-2a+|b|?

[By using (i)]

]

ab
Ib|
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_(2i+3j+2k)-(2i+2j+k) _ 4+6+2 12
J(2)2 + (22 +(1)2 V9 3
38. Leta=i+3j+7k b=2i-3]+6k
. Gb
Projectionof d on b = Tle
_(i+8j+7k)-(2i-8j+6k) _2-9+42 35 _
J<2>2+<—3>2+<6>2 Jag 7

39. Given |d|=1

Sla+bf° =1 i(a+5).(a+5)=1 s G-G4d-bB-Grb b=
] -

=l +2d-b+bl =1 =1+2d.b+1=1

—2G-b=-1 = 2ldl-lblcoso=—1 = 2-1-1cos 0 =-1

= cosez—%z 0=120°

40. Given, |d|= 3,|B|:§and|a><5 =1

= |dllblsine=1 :>3.gsin6=1 :>sin9=1 —p="
3 2 6

41. Given:dLlb =d-b=0
Also,|dl=5and |d+b|=13
= la+BI” =132 = (@+B)a+b)=169
= Ga+ab+barbb=169 = la?+0+0+l’ =169

= |6 =169-1a* =169-52=144 = |bl =12

42. The projection of the vector (7+]’+I2)a|ong the

j
S -
\/O2+12+02)

43. Wehave, i x (j+k)+jx(k+i)+kx(i+])

vector 1 is (f+}'+f<)-(

=ixj+ixk+jxk+jxi+kxi+kxj

k-jaiok+j-i=0.

44. Projectionof @ on 5_%
_Q@i-j+k)-(+2j+2k) _2-2+2 2
(172 +(2)2 +(2)2 Yo 3
45. Let 0 be the angle between the unit vectors @ and b
b - . I
. cosb=——==d-b i) (e lal=bl=1
lallb] ( )

“bl=1 = \\/56—5\21

-2 - -
= 3fd"+|p| -2V3d-b=1 = 3+1-2J3]d[p|cos0=1
= 3=2\/§c056:>c056:§ = ezg
46. Let 6 be the angle between the vector

a=f+}+f< andy -axis i.e.,B:]'

| = sin(9=%:sini30o
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. cosf=0

cosd-

:(?+i+l?)-7= 1 1

i+j+kj Viz+12+12V12 V3

47. Let 0 be the angle between the vectors gandb .

Given: ldl= =3and ‘axb‘ 12

:>\aH5Hsine\=12 = 8x3xsinf=12

:>5|n6—£ 1 6=E.
24 2 6

48. Here, =i+ j+k and vector along x-axis is i

Angle between d and iis given by

cosf = a.i _(f+]'+l§)-f_i
V12 +12 +12 12 V31 J3
1
= 0=cos!| =
(%)

49. Wehave, G=47—j+k and b=27-2]+k

—_

i
axb=|4 -1
2 -2

B x>

=i(-1+2)-j4-2)+k(-8+2) =i -2]-6k

[Gxb|=v12 +(=2)? +(=6)2 =/41

X

Ql
T

Unit vector along daxb=

Ql
T

laxb|
1—21 6k 1 3 2 6

Jar a1 J_ J_

50. We know that, |G x b|=|d| |b| sin®

X

= 1=3x %sine (- @ x b isaunit vector)
= 0=30°

So,anglebetween d and bis30°.

51. Areaof parallelogram =g x b

Il

=

|

=
W x>

=|(~1+21)i —(1-6)] +(~7+2)k|=|20i + 5] - 5k|
=/(20)? +(5)? +(-5)2

=/400+25+25 =+/450 =15+/2 sq.units
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52.
we af-1 1k ;
B T 42 -0k
£ a4l i3 N
Eﬁ.__ ﬁ . e e
W T *\_y/l-j +2L
_ prejerim  wp (bat) om B = 4 (5+%) 2
KEade 1 ¢
s f-afa®). € 3T+ a0R)
] = ® X3 f-1v) 4 £4FD)
3
= A-74+L
w
= ) o t_.:
I S0 U0 e Bt
i — e
i _— = - -
\ doswer« Projecion  of (RAT) mm; B0 3w
1 _ e .

53. Here a=i+j—2k b=—i+2j+2k and¢=—i+2j—k
" G+b=(i+]—2k) + (=i +2j+2k) = 3]

Now (b —¢) = (=i + 2] + 2k) — (=i + 2] —k) = 3k

Vector perpendicular to both (a +b)and(b-¢) is

A~ A A~

PGk
@+b)x(b-¢c)=10 3 0| _j9-0)-j0-0)+k(0-0)=9i
0 0 3
Unit vector perpendicular to both (G +b) and (b —¢)
9 9

=—— =7 =i+0j+0k
v92+02+02 9

54. Given dandb are unit vectors
ld|=b]=1 =)
Let 6 be the angle between d and b .
Also, |2d+3b|=[3d-2b|  (Given)
= |2a+3b2=|3a-2b2 )
= (2G+3b)-(2d+3b)=(3d—2b)-(3d—2b)
= 4(d-a)+6(d-b)+6(b-ad)+9(b-b)
=9(d-a)—6(d-b)—6(b-d)+4 (b-b)
= 4|d|2+12(@-b)+9|b[2=9|d[2 —12(d-b)+4|b|?
= 5|d[2-5|b[2—24]d]||b|cos6=0
= 5.1-5.1-24c0s6=0

= cos6=0 = 9=g

3
[ Answer Tips (7]

2 If a isaunitvector, then |d| =1

(1] =Ib|=1)

[Topper’s Answer, 2022]

55. We have, |axb |2 +|a-b[2=400

= |d|2|b|2sin20+|d[2|b|2 cos26=400

= |dl2|b[2=400 (-sin20+cos26=1)

400
25
56. Given: d=i+j+kda-b=1anddxb=j—-k
Tofind |p].

Let b =xi+yj + zk

U

= |d2x25=400 = |d2="C=16 = |d|=4

- Since, -b=1

A A ~ A~

= (+j+k)-(xi+yj+zk)=1 = x+y+z=1
and dxb=j-k

>

= ((+j+k)x(xi+yj+zk)=]—k
Pk
= 11 1:]—& =>7(z—y)—](z—x)+lz(y—x):}—lz
Xy z
= x-z=1ly-x=-1,z-y=0
= z=y .(1), x-z= ..(2)
andy-x=- ..(3)
From equation (1), (2) and (3) , we get
x=1,y=z=0

- So b=xi+yj+zk=i |b|=1.

| 57. Given, d,b and ¢ are unit vectors.

ld|=1=|b|=|c|
Also, given d+b+¢=0
= |d+b+¢f’=0 = (G+b+¢)-(@+b+¢)=0
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ol
Tl
+
ol
A
1l
o

= G-G+3-b+G-C+b-G+b-b+b-c+C-G+C-

=

= |a)2+|b]2+|c|2+2(a-b+b-c+c-a

= 1+1+1+2(G-b+b-c+¢-d)=0 = (a-5+5-a+e-a)=_73
58. Giventhat |G+b|=|b|
To prove : (G+2b) is perpendicular to a .
i.e., (G+2b)-a=0
Since, |d+b|=|b|
Squaring both sides, we get |G+b|2=|b|?
= (d+b)-(@+b)=|b]> = |d[2 +|b|2 +2d-b=|b[2
= |d[2+2d-b=0 = d-(@+2b)=0 = (d+2b)-d=0
s d@+2b isperpendicularto a@.
59. Given, @:2?+4]’—5I2, ﬁ:f+2}+3l2
Diagonal AC of parallelogram D C
ABCD=AB+BC Z
AC=(2i+4]-5k)+(+2]j+3k)=3i+6j -2k A B
Unit vector along diagonal TC=73E+6{_25

L. |3i+6]j—2k|
=%:i$(3ﬂé}-2&)

60. Here, G=5i +6j—2k and b=7i+6j+2k
Vector perpendicular to both d@andb is

ik
axb=|5 6 -2

=i(12+12) - j(10+14) + k(30 — 42)

=24j - 24j —12k =12(2i - 2j —k)
Unit vector perpendicular to both G and b

_,dxb . 24i-24j-12k _ 12(2i-2j-k)
“laxbl TV576+576+144 T {1296
_ 122220 i 05k

36 3

61. Let p=|d|b+|blaandg=|d|b—|bla

Then we have p-d=[(lalb+1bla)-(dlb|bld)]

=|d|2 (b-b)-lallb|(b-a)+|bllal(@-b)-|b|? (@-a)

=|d[2|b|2~|dl|b|(@-b)+|dllb|(@-b)~|b2|aP=0 (-d-b=b-d)

= pq =40 ) o

Hence, |d|b+|bld is perpendicularto |G|b—|b|d -

62. For any two non-zero vectors gandb , we have
|d+bl=la—bl

o la+b =la-b < |aR +|5]2 +2d-5=1aR +|BR -2d-b

© 4db=0 & a-b=0

So, dandb are perpendicular vectors.

63. Let A(2i —j+k), B@3i +7]+k) and C(5i + 6] + 2Kk).

Then, AB=(3-2)i +(7+1)j+(1-1)k=i+8j

AC=(55-2)i+6+1)j+2-1k=3i+7j+k
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 BC=(5-3)i+(6-7)j+(2-1k=2i-j+k
3 Now, angle between AC andBC is given by

AC-BC _ 6-7+1
|ACllBCl Vo+49+1V4+1+1

= ¢c0s6=0 =60=90°= ACLBC
So, A, B, C are the vertices of right angled triangle.

64. Given, a+b=2¢

= (a+b)-(a+b)=¢

= cosO=

¢ =a-a+a
—1+a-b+1+a-b=1 (- &B:B-&)
=2ab=— (i)
Now ‘a—[)z =(a-b)-(a-b)

- =a-a-a-b-b-a+b-b=1-a-b-a-b+1

a
=2-24-b=2-(-1) [Using (i)]
=3
a-b|=3
65. Given,d=1+2j-3kandb=371-j+2k

T+j-k)-(—27+37-5k)
=(4)(-2) + (1)) +(-1)(-5)=-8+3+5=0

Hence, (G+b)and(d—b) are perpendicular to each other.
66. Here a= 4?—}+8I2 and b = —f+l2

Vector perpendicular to both dandb is

i ] k
ixb=4 -1 8
0 -1 1

=i(-1+8)—j(4-0)+k(-4-0)=7i — 4] — 4k

Unit vector perpendicular to both d@andb is
axb 4 7i—4j-4k

= — =T =+
laxbl ~J49+16+16

1 ~ A~
~(7i-4j-4k
9( j )

67. Wehave, |G|=2,|b|=7

| a><5:3f+2}+6lz

IéxBI:I3f+2}+6I2I=\/m
< laxb|=49=7
Let ‘0’ be the angle between dandb , then we have
_laxbl_ 7 __1
lallb] 2x7 2

sin@:1 6:E
2 6

68. Let 0 be the angle between d and b.
We have, (Gxb)2=|axb[2=|d|2|b|2-sin20=|a|2|b|?(1-cos28)
(- |axb|=|d||b|sin®)
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=|@[2|b|2—|d|2|b |2 cos20=|d |2|b|2—(a-b)2 - Therefore, unit vector parallel to it is
o - P 4i-2j-2k 2i-j-k
Hence, (Gxb)2=a2b2—(d-b)2 L -
A s Ipl J16+4+4 N
69. letg=i-2j+3kand b=3i-2j+k . — .
N — Now, diagonal BD of the parallelogram is
ow. a-b=lal|bcost B’ =b—d=2i+2j+3k-2i+4]+5k=6]+8k
= ((-2j+3k)-(3i-2j+k)=/(1)2+(=2)2 +(3)2 x Therefore, unit vector parallel to it is
p’ _ 6j+8k 6j+8k 3j+4k

(B2 +(-22+1)2cos® 151" J3giea 10 5

p

= 3+4+3=14x14cos0 = cose—E ik
NOW, f)xﬁ/: 4 —2 —2

100 |96
» sinf=v1-cos?0=,[1-—= | >
sind=+/1-cos20 = 196\ 196 0O 6 8
L e 4B 26 =1(-16+12)-j(32-0) + k(24 -0)
14 7 ‘

= —4j - 32] + 24k

/0. Wehave, d=i+j+k and b=i+2j+3k Area of parallelogram =

. d+b=2i+3j+4k andd—-b=0i-j—2k JT10947578
A vector which is perpendicular to both (G+b) and (G—b) is :w:zum sg.units.
given by

[Concept Avplied (€]

o Areaof parallelogram =%|81><82| where d; and d,

Ipxp’l
2

ik
(@+b) x @-b)=[2 3 4
0 -1 -2

A A A diagonals of parallelograms.
=-2i+4j-2k=c(say)

73. Given, d,b,c are mutually perpendicular
Now, ¢=1/(-2)2+(4)? +(-2)? =24 =26 B yperp .
- . d-b=b-c=c-a=0 (i)
. . ~ C
Required unit vector, C:ﬁ Also, |d|= |b|=|€]
1 K 3 2} p Let o be the angle between (2d+b+2¢)andd
= (-2i+4]-2k)=——=+ L - .
2J6 \/g J6 J6 . coso— (2a+P+2c)-a
71. Wehave, G+5+&=0 |2d+b+2c||al
= G-G+d-b+ad-c=0 2d-G+b-G+2¢-a .
- = oSO =——F—=—"7"""— [From (l)]
= |af*+d-b+d-c=0 L) |2d+b+2¢| |l
Similarly, b-a+b-b+b-c=0 cosqo_2lar _ 2d| i)
= a-b+|b?+b-c=0 ) |2d+b+2¢||a| |2d+b+2¢]
And, €-G+¢-b+¢-¢=0 Let B be the angle between (2d+b+2¢)and¢

= G-¢+b-¢+|¢f*=0 . (i)

(2G+b+2¢)-¢
Adding (i), (ii) and (iii), we get =

el i, W8 . ~|2a+b+2¢]|€|
|a|*+d-b+ad-c+d-b+|b|*+b-c+d-c+b-c+|c|*=0 L
to = o e : _24-C+b-c+2c-c
= |d*+|b|* +|¢|* +2(G-b+b-c+d-c)=0 = osPp=—c————
|2a+b+2¢||C|
= (3)2+(4)*+(22?+2n=0 5
_—(9+16+4) -29 = cos[i:%'é| [From (i)]
2 2 |2a+b+2c||c|
72. Let G=2i—4j—5kandb=2i+2]j+3k = cosﬁzi ...(iii)
- |2a+b+2c¢]|
B b Cc S =
As la|=|c|
From (ii) & (iii), coso. = cosp = a.=f3
Hence, (2d+b+28) is equally inclined to both @ and €.
A - »p Angle between @ and (2d+b+28) is
. .. = 2|a
Then diagonal AC of the parallelogramis p=d+b (X=COS‘1(|26H|£F|2E|J
= Pp=2i-4]-5k+2i+2j+3k=4i-2j-2k f
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1d1- 1
1 Bls 45
\E) =

L]

| #84b4TR =D

| L-ﬁ";‘iﬂi?,}-{-a" B

ot + 1+ 101

@hi8 (4 T.a b-;[li'l Vet "‘_1-_‘_.?:11‘)
is
; B = { 3*3L*441)
o i
= ~ | 50Y) . -25
R =l
- = e —-
Poiwer: @b + bit = =25
[Topper’s Answer, 2022]
75. We have, |d|=|b| p_3i+6j-2k
7(3l+6j—2k)
T la+b] o |D| \/9+36+
O prove, la 5|_ Otf Now, diagonal BD of the parallelogram is
ie. |a+5|=| Blcotg | p =b—a.=21+41—5k—1—2]'—.3k=t+21—8k
2 i Therefore unit vector parallel toitis

ie. |a+b[2=|a—b? cotzg
LH.S.=|a+b[2=|a]2 +|b|2 +2d-b
=2|dl2 +2|a||b|cosa (-|d|=|b|)

=2|dl2 (1+cosa)=2|ad|? 2c052%

=2|d|2 +2|al? coso.

=4|a|? cos2%

2
RH.S.=|d-b[2 cot? =(|d[2 +|b[2~2a-b) cot?|
2 2

=(2|5|2—2|a||5|cosoc)~cot2(%)

—2|a|2 gin2 &. €08 20/2

=2|d[? (1-cosa)cot2 =
2 2 sin20./2

=4|al? cos?0./2

From (i) and (ii)
LHS.=RH.S.

76. Let G=i+2j+3k and b =2i +4j—5k
Then diagonal AC of the parallelogram is

(i)

p=d+b B b c
=i+2j+3k+2i+4] -5k p ;
=3f+6]'—212 A D

T

Therefore unit vector parallel to it is

- Hence, area of AABC :%|A—B><A—C|

p I+2]—8k 1 _8k)
P J1+4+64 J_
ConceptAppIied @

2 Inaparallelogram with adjacent sides a and b, one of
the diagonal is a + b and the otheris b - a.

77. Given, AABC with vertices

A(1,2,3)=i+2j+3k, B(2,~1,4)=2i — j + 4k,
C(4,5,-1)=4i+5] -k
Now AB=0B-OA=(2i - j+4k)-(i +2j+3k) =i-3j+k.
AC = OC - OA = (4i +5] —k) - (i + 2] + 3k) = 3i + 3] - 4k.
i ik
(ABxAC)=|1 -3 1|=9i+7]j+12k
3 3 -4

= %|9i+7]'+1212|
1 :
:%\/92+72+122 =%\/81+49+144 =5 V274 sq.units

78. Since d,bandc are the position vector of A, B and C

respectively.
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Then BC = position vector of C - position vector of B
=c-b (i)
and CA = position vector of A - position vector of C
—G-¢ (i)
A, B and C are collinear if and only if BCxCA=0
if and only if (€—b)x(d@—¢)=0 {From (i) and (ii)}
if and only if (€xd)—(¢x&)—(bxa)+(bx&)=0
if and only if (¢xd)+(@xb)+(bxc)=0
{-- exc=0andaxb=-bxa}
iff (Gxb)+(bx¢)+(Exd)=0 o )
A, B and C are collinear iff (Gxb)+(bxc)+(cxd)=0

79. Here,a=i+]+k, b=2i+4]—5k and € = Ai +2j+3k :
i b=i-4j+5k andé=3i+j-k - d-b=0and d-c=0

=b+c=(2+0)i+6j-2k

The unit vector along b+¢ isﬁz?—f
\b+c\
_ (2+M)i+6j-2k  (2+N)i+6j-2k
\/(2 AP +624(22 VA +4n+44

Also, g.p=1 (Given)

o 24M6-2 L 2 aniaa-at6
VAZ+4A+44
= M+4r+44=)2+120436= 8Ar=8 = A=1
The required unit vector

o (2+2)i+6j-2k 1( L oan
=T T T (3 +6)-2k).
P N1+4+44 7( J )

80. Given, positionvectorof A= j+j +k
Position vector of B = 2i + 5}

Position vector of C = 3j +2j — 3k
Position vectorof D= i - 6] —k
AB=(2i +5))—(i+]+k) =i+4]—k
and CD=(i - 6] —k)—(3i + 2] — 3k)=—2i — 8] + 2k
AB|=\1)2+(4)2 +(-1)2 =18
[CDI=\(-2)2 +(-8)2 +(2)2 =4+ 64+4=\72=2/18
=\72=218

Let 0 be the angle between AB and CD.

Now,

_ AB-CD _ (i+4]—k)-(-2i-8] +2k)
|ABIICDI (\[18)(24/18)
=ﬂ=ﬁ=_1 =cos0=-1 = 0=m
36 36

Since, angle between ABandCD is 180°,
ABandCD are collinear.

81. Wehave, |d|=1,|b|=2and |¢|=3 (i)
Given, Projection of balongd = Projection of ¢ alongd

|
= d-b=ad-c (i)

! and d-b=0,b-=0,¢-G=0

CBSE Champion Mathematics Class 12

Given, band¢ are perpendicular to each other
 ~bE=0

...(iii)
Now, |36 —2b+2¢ [2=(3d—2b+2¢)-(3G—2b +2¢)
=9(d-G)—6(a-b)+6(G-¢)—6(b-a)+4(b-b)-4(b-¢)

+6(¢-a)-4(¢-b)+4(c-0)
=9|d|2 +4|b|2 +4 | |2 + 2{-6(d-b)—4(b-E)+6(d-E)}
=9x12+4x22 +4x32+2{-6(d-b)—4x0+6(d-b)}

[From egn (i) and (iii)]

=9+16+36+2x0=61 [Fromeqn.(ii)]
- |3d-2b+2¢|=/61
82. Letd=xi+yj+zk

Now, it is given that, d is perpendicular to

= x-4y+5z=0 (i)
and3x+y-z=0 (i)
Also, d-d =21, where d = 4i +5j —k
= 4x+5y-z=21 (i)
Eliminating z from (i) and (ii), we get 16x+y =0 .(iv)
i Eliminating z from (ii) and (iii), we get x + 4y = 21 (V)
‘ -1 16
Solving (iv) and (v), we get X=?.Y=?
Putting the values of x and y in (i), we get z:%
-1 }+E]+E;} is the required vector.
3 3 3
[Concept Appiied (€]

D Ifd=a,i + ayj + agkandb = byi + by] + bsk, then
avb=01b1+azb2+a3b3.

83. Given, |d|=|b|=|¢| ()

..(ii)

Let (@+b+¢) be inclined to vectors d,band ¢ byanglesa,f
and y respectively. Then

(@+b+c)-d _a

Coso = — =
a+b+c|a| |

~2
(74040 1y i

|a

Qy

dl
+5+E‘
. B .
Similarly, cosp=——— (iv)

‘a+b+6‘
and cosy:& (V)
‘6+b+6‘
From (i), (iii), (iv) and (v), we get

cosa=cosP=cosy=>a=0p=y
Hence, the vector G+b+¢ is equally inclined to the vector

~d,bandc.
. Also, the angle between them is given as
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o=cos™1 % |B=cos™1 %
|a+b+c| |d+b+c|

84. Wehave, A(2i —j+k), B(i—3j-5k),
and C(3i-4]-4k)
Then, AB=(1-2)i+(-3+1)j+(-5-1)k = — i — 2] — 6k,
AC=(3-2)i+(-4+1)j+(-4-1k=i-3]-5k
andBC =(3-1)i+(-4+3)j +(-4+5k =2i—j + k
Now angle between AC andBC is given by
o_(AC)(BC) _  2+3-5
|AC||BC| 1+9+25.J4+1+1

= cosO0=0= 0= g = BCLAC
So, A, B, C are vertices of right angled triangle.

Now area ofAABC=%IK6><§EI

ik
1 -3 -5 :%I(—3—5)f—(1+10))'+(—1+6)l2I
2 -1 1

N+~

=%I—87—11]’+5f<| =%\/64+121+2 = ”2210 sq.units.

[Concept Avpiied (€]

D Ifd=ayi + a,j + agkandb = byi + b,j + bsk, then

A

—.

dxb=

N

k
a3
b3

T Qo

al
bl 2

85. Let G=2i—4j—5kandb=2i+2j+3k

= p=2i-4j-5k+2i+2j+3k=4i-2
Therefore, unit vector parallel to it is

p _4i-2j-2k 2i-j-k

16l J16+4+4 6
Now, diagonal BD of the parallelogram is
ﬁ’:B—az2?+2f+3l§—2f+4}+5l2=6}+8l2
Therefore, unit vector parallel to it is
p’ _ 6j+8k _6j+8k 3j+4ak

'l J36+64 10 5

ik
Now, pxp'=|4 -2 -2

0 6 8
=i(-16+12) - j(32-0) + k(24 -0) = —4i — 32] + 24k

231

Area of parallelogram = |p><27pl

J1831024+576
w:mm sg.units.

2
LConcept Appicd (@]

2 Areaof parallelogram :%|al><32| where d; and d,
diagonals of parallelograms.

86. Two non zero vectors are parallel if and only if their
cross product is zero vector.

So, we have to prove that cross product of G—d and b-¢
is zero vector.

(6-d)x(b—¢)=(axb)-(axé)-(dxb)+(dxc)

- Since, itis given that dxb=cxdanddxc=bxd.
And, dxb=-bxd, dx¢=—cxd

Therefore, (G—d)x(b—c)=(cxd)—(bxd)+(bxd)—(¢xd)=0
Hence, d—d is parallel to b—¢& where G@#d and b #¢.

87. (Fxi)-(Fx))+xy =[(xi+y] +zk)xil- 10 +y]+zk) x )] +xy
=(—yIA<+z}')-(xIA< —zf)+xy =-xy+xy=0

- 88. Here, g=i+2j+k,b=2i+]jand ¢=3i —4j-5k

. 6—5:(7+2}+I2)—(2f+]’):—f+]’+l2
andé—b=(3i—4]-5k)—(2i+])=i-5j -5k
Vector perpendicular to both d—b and ¢-bis

ik
(@-b)x(é-b)=|-1 1 1
1 -5 -5

=(-5+5)i—(5-1)j+(5- 1Dk = -4 + 4k

Unit vector perpendicular to both a—b and ¢-b
ot _4{+4’f - -4j+4k _ _—41+4k:i i(—]‘+l€)
-aj+4k| a2 +42 42 2
- 89. Given g+b+c=0and |g|=3, 5‘25, ¢=7

We have d+b+¢=0

=d+b=—C = \a+5\2=\_5\2 :\a\2+\5\2+2(a-5)=\5\2

= 9+25+2[d|[b|cos6=49 = 2x3x5x cosh =49 -34=15
15 1 T

| =>cos0=——=-— = 0=— =60°

30 2 3
90. Wehave, a=i+j+kandb=i+2j+3k
let F=d+b=2i+3j+4k and p=d—b=—j—2k
A unit vector perpendicular to both r andp is given as
y N2
|Fxp|

T

i)

ik
Now, Fxp=|2 3 4|=-2i+4j-2k

0 -1 -2
So, the required unit vector is
. (=2 + 4] - 2Kk) Z;(i—2j+k)

(22142122 Je o
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91. Here, G=2i —3j +Kk,
G+b=(2i - 31+k) (-
(2] -

=—i+k andc—2}—k
+k)=i-3j+2k
):—1+21

ik
- @+b)x(b+d)=|1 -3 2/=-4i-2j-k
-1 2 0
. Area of a parallelogram whose diagonals are d+b and
b+¢

andb+¢ ( 1+k

= 2l@+B)x(5+c) =2|-4i-2j -
21
2

=%\/(—4)2 +(=2%+(-1)? = sg.units.

92. Let 5=x?+y}+zlz

Now, it is given that é is perpendicular to both & and ﬁ
p-a=0andp-p=0

=  (Xi+yj+zk)-(4i+5]-k) =0

and (xf+y}+zl2)-(f—4}+5l2) =0

= 4x+5y-z=0 i)

and x-4y+5z=0 (i)

Also,we have, p-4=21= (xf+y}+zl§)-(37+}—f<) =21

= 3x+y-z=21 i)

Eliminating z from (i) and (ii), we get
21x+21y=0=x+y=0 (iv)

Eliminating z from (i) and (iii), we get x + 4y = -21 (V)

Solving (iv) and (v), we getx =7,y = -7
Now, from (i), we get z= -7
So, p=7i-7j-7k.

_A N
CBSE Sample Questions

1. Let a be the unit vector in the direction opposite to
the given vector (_%]) .

Then, d = i(—ﬁj) =

Hh

(1)

—

2. A vector in the direction opposite to 2i +3j -6k is

—2i —3j+6k.
Its magnitude is |\/4+9+36|=|\/E|=7

So, a vector in the direction opposite to 2i +3j—6k of

magnitude 5 units is %—2?—3% 6k) (1)
I . - ab

3. (a):Scalar projection of aonb=m

Scalar projection of 3j- j -2k onvector j+2j -3k

_@Bi-j-2k)-(i+2j-3k) 7 (1)

li+2j—3kl 14
4. (b): |a—2b|?=(G—2b)-(G—2b)
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4G-b+4b-b=|G[2—4G-b+4|b]2 =4 - 16+ 36 = 24
2b|=26 (1)
5. Areaofthetriangle

=a-d—
la—

=%IZ?X(—S)f|=%|—6I2|=3sq.units (1)

A A A2 A2 ~ A
6. Wehave, la+bl?=1 = a +b +2a-b=1
= 2a-b=1-1-1 (:lal=1bl=1)

&f):_—l = |£1||l3|cosG=_—1:>e=cos—1 1
2 2 2

~ g=n-T o 9= 2T (1)
3 3

7. Since g isaunitvector, - |G|=1

Now, (X—d)-(x+d)=12

= X-X+X-G—d-X—a-d=12 (1/2)

S|%[2-|dP=12 (- a-Xx=x-d) (1/2)

= [xf-1=12 = |%?=13 = |x|=13 (1)

8. Since, |G+b[2=|d|2 +|b|? +2(G-b) (1)

- |a+b[2=1+1+2cos® [As |d|=|b|=1]

=2(1+cose)=4cos2g [ 1+cosf=2cos? g] (1/2)

- |a+5|=2cosg (1/2)

9. Let ABCDis aparallelogram such that

G=AB=i-]j+k b=BC, and d=AC = 4i +5k.

Now, g+b=d (By triangle law) D ¢

= b=(4i+5k)-( -] +k) AT B

=3i+]+4k (1/2)
A

Now, axb= 1 -1 1|=-5i-]+4k (1)
3 1 4

Area of parallelogram = |axb|
=25+1+16 =/42 sq.units (1/2)

10. Wehave, G-b=d-c=>d-(b—c)=0

= (b—¢)=0ordL(b—c)

= B:EoraJ_(B—E) (1)

Gxb=dxc=dx(b—¢)=0
b— =Oora||(b—c)
b=

¢ ordll(b-<) (1)
Since, d can not be both perpendicular to (h—¢) and
parallel to (b—¢).

Hence, b=¢. (1)

Also,

=
=




Self Assessment

@ase Based Objective Questions

(4 marks)

1.

CI\—/IuItipIe Choice Questions

Read the passage given below and answer the
following questions :

A building is to be constructed in the form of a
triangular pyramid, ABCD as shown in the figure.

Let its angular points are A(0, 1, 2), B(3,0, 1), C(4, 3, 6)

and D(2, 3, 2) and G be the point of intersection of the
medians of ABCD.

Based on the above information, attempts any 4 out
of 5 subparts.

(i) The coordinates of point G are

(@ (2,3,3) (b) (3,3,2)
() (3,2,3) (d) (0,2,3)
The length of vector AG is
(@) 17 units (b) 11 units
(¢) 13 units (d) 19 units
(iii) Areaof AABC (in sq. units) is
(@ V10 (b)) 2V10 (¢ 3V10 (d) 5v10
(iv) The sum of lengths of AB and AC is
(a) 5units (b) 9.32units
(c) 10units (d) 11 units

(v) The length of the perpendicular from the vertex |

D on the opposite face is

6 . 2 .
(a) ﬁ units (b) E units

3 . .
(c) E units (d) 8410 units

(1 mark)

2.

The vector in the direction of the vector j—2j+2k
that has magnitude 9 is

(a) -2j+2k (b) #
(©  3(i-2j+2k) (d)  9(-2j+2k)

(\7SA Type Questions

Find the value of A such that the vectors
d=2i+\j+kandb=i+2]+3k are orthogonal.

(@) 0 (b) 1 (c)

N w
s
[

OR
The vector having initial and terminal points as (2, 5, 0)
and (-3, 7, 4), respectively is
(@) —i+12j+4k (b) 5i+2j-4k
(© —5i+2j+4k (d) i+j+k
The angle between two vectors gandb Wwith

magnitudes +/3 and 4, respectively and G.b =23 s

T b b 5n
(a) 3 (b) 3 () 5 (d) >

If G, bandé are three vectors such that g+b+é=0
and |d|=2,|b|=3, |¢|=5, then the value of
G-b+b-c+c-d is

(@ O (b) 1 () -19 (d) 38

If G=i+2j,v=—2i+] and w=4i+3].Findscalarsxand y
respectively such that w=xt+yv .

(@) 4,-2 (b) 2,-1
() 3,5 (d) -52

If Gand b are unit vectors enclosing an angle 6 and

|a+5| <1, then

(c) n29>% (d) Tep<Zl

(1 mark)

8.

10.

11.
12,

Find the unit vector in the direction of vector
5’:2?+3]'+4IA<.
Find the magnitude of two vectors d and b, having

same magnitude and such that the angle between
them is 60° and their scalar product is 8.

If A—BXR=2?—4}+4I2, then find the area of AABC.
OR
If -6=0,F-b=0 and 7-¢=0 for some non-zero vector

¥, then find the value of G.(bx¢).

Iax5|2+|a-5|2=144 and ldl=4, then find |b.

AA A= A A

then find the value of A + p.



234 CBSE Champion Mathematics Class 12

. | The plane travelled North R
SA | Type Questions 2marks)
C ype Q ( ) 1 hr in OP direction "
13. If G=i+j+2kandb=2i+]-2k then find the unit ye'ltg‘dttheFrorr‘;S;':z“; & lp
vector in the direction of v 3 :
] . . - the plane travelled g :
(i) b (i) 2a-b 1 hr keeping velocity 2 !
14. Find the angle between the vectors 2i—j+k and of 120m/sandfinally ~ <L-0 S East
3i+4j-k landed at R. Plane speed 120 m/s
’ OR Based on the given information, answer the following
If A, B, C and D are the points with position vectors questions.
;+}_,2 2}_}+3,2 2/_3k and 3;_2}”; and (i)  What is the resultant velocity from O to P? Also
respectively, then find the projection of AB along CD. gnd ;che direction of travel of plane from O to P with
- ast?
15. If dand b are the position vectors of A and B (ii) What is the displacement from O to P?
respectively, then find the position vector of a point OR '

Cin BA produced such that BC=1.5BA. e
16. The position vectors of points A, B, C and D are If P=i+2ﬁ4kandR=7i+5j+2k then find out the
d, b, 2a+3band a-2b respectively. Show that value of |PR].
DB=3b-a and AC=a+3b. (iii) What will be the area of APOA where A is the
vertical meeting point of plane from l5(f+2}+4I2) and
A(4i-2j+k)?

17. If with reference to the right handed system of mutually (L- A Type Questions (4/6 marks)
perpendicular unit vectors ;] and k, oc:Sf—]',

(§A Il Type Questions (3 marks) -

b2 +c2-a?
=2 . — = . . 2bc
where B, is parallel to o and B, is perpendicular to b, and c are the magnitudes of the sides opposite to

P the vertices A, B and C, respectively.

e A . - . - 5 o
B=2i+j-3k, thenexpress B intheform B=B;+B,, = 22. Prove thatin any AABC, cosA= , where g,

" A A " A 230 If d,band¢ determine the vertices of a triangle,
18. If p=-3i+4j-7k and G=6i+2j-3k, then find pxq.

1~ - - L L =
Verify that pandpxqg are perpendicular to each show that E[bXC+C><C’+GXb] gives the vector area

other. of the triangle. Hence, deduce the condition that the
19. If the vector G+b bisects the angle between the three points G,b and ¢ are collinear. Also, find the unit
non-collinear vectors g and b, then show that d= b. | vector normal to the plane of the triangle.

20. Find the value of the expression |axB[2 +(d-b)2 . 24. If Gandb are two unit vectors and 0 is the angle

OR between them, then show that cosg:%|a+5|.
qudﬁtrl‘e >ne of_theA. arlgle Abetween the vectors 25. Find the value of p for which the vectors
d=3i+j+2k andb=2i-2j+4k.

G=3i+2j+9and b=i+pj+3jare

(éase Based Questions (4 marks) (i) perpendicular (ii) parallel

21. A plane started from airport situated at O with a OR
velocity of 120 m/s towards east. Air is blowing at a A vector ¥ has magnitude 14 and direction ratios
velocity of 50 m/s towards the north as shown in the 2, 3, -6. Find the direction cosines and components
figure. of ¥, giventhat ¥ makes an acute angle with x-axis.

Detailed g{o/8V)j(e]\ 1

1. (i) (c) : Clearly, G be the centroid of ABCD, therefore - (i) (b): Since,A=(0,1,2)and G=(3,2,3)

coordinates of G are L= A N I
(3+4+2 04343 14642 e AG=(3-0)i+(2-1)j+(3-2)k=3i+j+k

3 ' 3 3 ):(3’2’3) §=>|E‘|2=32+12+12=9+1+1=11:>|A—G|=Jﬁunits

)
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(i) (c): Clearly, area of AABC = %|TB><R|

i i ki k
Here, ABXxAC=[3-0 0-1 1-2|=[3 -1 -1
4-0 3-1 6-2 |4 2 4

=i(-4+2)—j(12+4)+k(6+4)=—2i—16]+10k

. |ABx AC|=+/(~2)2 +(~16)2 +102
=/4+256+100 =+/360 =6+/10
Hence, area of AABC = %Xé\/ﬁ:S\/ﬁ sq. units

(iv) (b):Here, E::Sf—}—lz = |A—B|=\/m=\/ﬁ
Also, AC=4i+2]j+4k

= |AC|=\16+4+16=/36=6

Now, |AB|+|AC|=+11+6 =3.32+6=9.32 units

(v) (a) : The length of the perpendicular from the vertex
D on the opposite face

=|Projection of ADon EXR|
(2?+2})( 2? 16}'+10f<) ~4-32|
J22+ (1624102 |

2. (c): Letx=(i—2j+2k)

36

5"

units

ﬁ\@

X

]

Any vector in the direction of a vector X is given by
_i-2j+2k i-2j+2k
S 12422422 3

Vector in the direction of x with magnitude 9 is
9(”””‘):3(;’—2%212)

3
3. (d):Since, two non-zero vectors gandb are orthogonal.
a-b=0
Aj+k)-(+2]+30=0 = 2+21+3=0 = x:‘?‘c’
OR

&x

= (2i

(c) : Required vector
=(=3-2)i+(7-5)j+(4 -0k =-5i+2j+4k

4. (b):Given, |d|=+3,|b|=4 and d-b=2v3
If 0 is the angle between two vectors G and b,
d-b=|al|b|cose

1
= 2/3=3-4.cos6 = COSG:E:cosg

L 0=,
3

5. (c):Here, G+b+c=0 and|d[2=4, |b2=9,|¢c[2=25
. (d+b+¢)-(d+b+¢)=0

= |G[2+d-b+d-C+b-d+|b2+b-C+C-G+C-b+|C
= |@[2+|b[2 +|¢[2 +2(d@-b+b- [

= 4+9+25+2(d-b+b-c+c-

U

o= — 1<cose<—1:>n>9>—
2 3

235

-38
2
(b): We have, w=xti+yv

G-b+b-¢+¢-d=—-=—-19

4?+3}=x(7+2]‘)+y(—27+]’)
(x—2y—4)f+(2x+y—3)}:
x-2y-4=0and2x+y-3=0 =>x=2andy=-1

A

I =2
(c): |a+bl<1=ld+bl" <1
a2 +1b° +26-b<1=1+1+23-b<1

—dbato |l ‘B\cose<—1
2 2

:>1x1xcose<—%:>cose<—%

2n

8. The unit vector in the direction of a vector g is given
by & ﬁ Now, |d|=+/(2) (4)2 =29
2!+3J+4k 2. 3. 4 p

B9 29 V29 29

Therefore, a=

9. Wearegiven, |G|=|b|, 3-b=8,6=60°

a-b 1 8
Now cosf=—— — DT =1o5
lallbl a2 |al?

= |d[2=16 = |d|=4 ..|d|=|b|=4

= c0s60°=

10. (a):Areaof AABC = %\Kéxﬂazé\ﬁ—ﬁ-%ﬂ

:%[ 202+ (42 + (42 |

= 3sq. units

OR
Since, ¥ is a non-zero vector and F-d=F-b=r-¢=0.So, we
cansaythat G, b and € arein asame plane or coplanar.

.. a-(bxc)=0

11. Given, "2+\a.5\2:144 and ldl=
. \ax5\2+\a~5\2=\a\2\5\2
= 144=16/8" = =9 = lbl=
Pk
L 12, axb=[1 1 1|=-i+]
110
PGk
Now, (Gxb)xc=|-1 1 0O
1 00

= Ad+ub=i(0—0)-j(0—0)+k(0-1)
= A+i+A+p)j+Wk=—k
Oncomparing,weget A=-1andA+u=0 = pn=1
13. Giventhat, g=j+j+2k and b=2i+j-2k
(i)  Now,6b=6(2i+]—2k)=12i+6j—12k )
6b

Unit vector in the direction of 6b= @
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_ 12i+6j-12k
J122 462 +122

62i+j-2k)  6(2i+]j-2k) 2i+j-2k
V324 18 3
(ii) Since, 2d—b=2(+ ] +2k) - (2i +j — 2k)
=2i+2]j+4k—2i—j+2k=]+6k
Therefore, unit vector in the direction of
e 2d-b ]+6k 1

12-b| 1136 37

14. Let x=2i— j+kandy 31+41 k then, coso=

j+6k

x
<!

;x
<

(21 1+k) (3:+41 k)
C JA+1+19+16+1

= 'Gzcos‘l(i)
N 2439

Given, &\:h}—&, OB=2i-

and @:3?—2%/2

- AB=OB-OA=(2-1)i+(-1-1)j+(3+1)k=i-2]+4k

and CD=0D - OC =(3-2)i +(-2-0)j + (1 + 3)k =i — 2j + 4k

6-4-1 1
“J6v26 239

j+3k, OC=2i-3k

Therefore, the projection of AB along CD=AB- |gg|
(i-2j+4k)-(i-2j+4k) 1+4+16 21 A
= = 271 units
12422442 V21 V21

15. Let OA=d and OB=b

Then BA=OA-0OB=d—b,BC=0C-0B
Now, BC=1.5BA

— OC-0B=1.5(G-b)=1.54-15b
= &:1.56—1.5%5:3"2_'0

16. We have
DB = Position vector of B - Position vector of D

=b—(d-2b)=b-d+2b=3b—d

and AC =Position vector of C—Position vector of A
=(2d+3b)-(d)=a+3b

17. Let B, =8, Aisascalarie., B, = 3N —Aj

Now, B, =B —B; =(2—3A)i+(1+1)j - 3k

Now, since Bz is perpendicular to &, we should have

6.B,=0 ie.3(2-31) - (1+2)=Oor ng

= 3 1 = 1s 3~ 2
Therefore, 3, :El —51 and Bz =§’ +§,_3k
18. p=-3i+4j-7kandG=6i+2j-3k

i] ok
spxg=|-3 4 -7

6 2 -3

CBSE Champion Mathematics Class 12

=(-12+14)i - (9+42)j +(-6-24)k

= pxd=2i-51j-30k

Now, p-(pxd)=(-3i+4] —7k)-(2i—-51j —30k)=0
Hence, pandpxq are perpendicular.

19. Letus consider two non-collinear vectors aandb.

Let d+b be the vector that bisects the angle between two
vectors.
Hence 6, =10,

c0s 0, = ﬂ b =
lalla+bl 35
cos B, = 7[3’(({”)_) 0, >
Iblla+bl a
i since 0, =0, = cosO, = cosO,
= a=b

So, g and b are equal vectors.

Hence, a and b are equal vectors.

20. |Gxb|? +(d-b)2

~ =lal2|b|2sin20+(d-b)2

=|a[2|b|? (1-cos26)+(d-b)? [sin20+cos20=1]
=|d@]2|b|2-|a[2|b|? cos26+(d-b)?
=|d|2|b[2 - (G-b)? +(d-b)> [+ G-b=|d||b|cos6]
b)2=|d|?|b|?

OR
Given that, a=3i+j+2k,b=2i—2j+4k
If 6 be the angle between the vectors

ab (3i+]+2k)-(2i— 2] +4k)

Hence, |axb|2 +(a-

thencos 9= ——=
lal1bl V32 + 12+ 2222+ (272 + 42
| cose:(3X2)+(1><(—2))+(2><4)_\/2*1

Jo+1+4 Ja+d+16 7

sin=v1-cos%0 :i

V7

21. (i) Resultant velocity fromto Oto P
=\1202+502 =+/14400+2500 =/16900 =130 m/s

i Direction of travel of plane from O to P with east is

tan?! (i)
12

(if) Resultant velocity from Oto P =130 m/s

(0x600)
1000
Time=1hr
Displacement = M:%S km
000
OR

We have P=i+2]j+4k

R=-7i+5]+2k

. PR = Position vector of R - Position vector of P
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= PR=7i+5j+2k—i-2j-4k
= PR=6i+3j-2k

o |PRI=\62+32+(-27 =\[36+9+4 =\/49

= |PR|=7

(ili) For finding the area of APOA, we must have
@:}+2}+4f<

OA=4i-2j+k

Now area of APOA is given by,
AZ%@@\

P(1,2,4)

0(0,0,0) A(4,-2,1)

.. OPxOA=

N

T QN
N —o

21
=i(2+8)—j(1-16)+k(-2—-8) =10i+15]—10k
= OPxOA=5(2i+3j-2k)

- |OPx 0A|=\/(10)2+152 +(-10)2 = /425

Area of APOA :E‘O—Pxﬁ‘

g\/ﬁsq.units

22. Since, components
of careccosAandcsin A
(as shown in figure) a

Also,

In ABDC, C
a?=(b - ccosA)2+ (csinA)?
= a2=b2+c2c0s?A - 2bc cosA b
+c2sin?A
= 2bccosA =b? - a? + c?(cos?A + sin2A)
b2 +c2 —qa?
2bc

23. Given, g,b and ¢ are the vertices of a AABC.

ar (APOA)=

—_— c sinA
=b-ccosA

I¢——C COSA —pi

) 4

= CosA=

- areaofAABC:%lA—BxA—Cl
Since, AB=b—aandAC=¢c—a c(<)

. AreaofAABC=%I(B—a)><(E—a)|

=§|5><E+a><5+6><a+6|

=%|5><E+6><5+E><a|
For collinearity of three points, area of the AABC should
be equal to zero.

N %IBXE+E><&+&><5|=O = bxé+Exa+axb=0

= 4c0529:|a+b|
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Hence, this is the required condition for three points to
i be collinear.

Let n be the unit vector normal to the plane of the AABC.
. '/‘\,_ ZEXKE _
' |ABx AC|

Gxb+bxc+Exa

|axb+bx¢+¢xal
24. Since dandb are unit vectors ... |d|=|b|=1
We have, |a+b[2=(d+b)-(G+b)=|a[2 +2d-b+|b 2
= |G+b[2=|d[2+2|d|lb|cosO +|b2 [-.-a-B=|a||B|cose]

[ 1al=1bl=1]

= |G+b[2=2+2cos0

= |a+5|2:2(1+cose):2(2coszg) l: 1+cose:2c0522}

= coszg ~|d+b[2

= cosg=1|a+5|

. (i) If vectors dandb are perpendicular, then @-b=0.

= (3i+2j+9k)-(i+pj+3k):0

= 3+2p+27=0=p=-15

(i) We know that, the vectors a=a17+azj'+a3lz and
b=b,i+byj+byk areparalleliff a=Ab

o (alf+02}+a3lz)=K(b1f+b2}+b312)

(= al=7xb1, az=)\b2, a3=}\,b3

aq _9_93_
b, b, b3 o o
So, given vectors a=3i+2j+%k and b=i+pj+3k will be
parallel if
3.2 9 2 2
—=—=— =3=—=p=—
1 p "3 p 3

OR
Giventhat,|r|=14,a=2k,b=3k andc=— 6k
Direction cosines, |, mand n are

i%E ?:ﬁandn—iikik
[Fl 14 7 |F| 14 [F| 14 7
As,we know 2+ m?2+n2=1
49 196 49
A2 +9K2+36K2 5 196 _
196 B 49
= k=2
3 -6
Therefore, the direction cosines (I, m, n) are = > 7and 7
makes an acute angle with x-axis ... we take k = 2]

A A A 2~ 341 61 aa S
. F=(li+mj+nk)|7| =(7:+;1—$k)~14=4:+61—12k
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Weightage Xract

» Topic 11.4is highly scoring topic.

»  Maximum weightage is of Topic 11.4 Angle between Two Lines.

»  Maximum LA | type questions were asked from Topic 11.5 Shortest Distance between Two lines.

» Maximum VSA type questions were asked from Topic 11.2 Direction Cosines and Directions Ratios of a Line.

QUICK RECAP

Direction Cosines and Direction Ratios of a Line

o Ifa, B, y are the angles which a vector OP makes with the positive directions of the co-ordinate axes OX, OY and
OZ respectively, then cos o, cos f, cos y are known as the direction cosines of OP and are generally denoted by
I, m and nrespectively i.e.| = cos o, m = cos 3, n = cos y.

m
b

Q| —
[N =]

Let I, m, n be the direction cosines of a vector 7 and a, b, ¢ be three numbers such that

Then a, b, c are known as direction ratios or direction numbers of vector 7.
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Note:
(i) P+m?+n?=1ie,cos?o+cos’pB+cos?y=1
(ii) Direction ratios of a line joining P(x4, y4, z1) and
Q(xy, Yo, Z5) are X, = Xq, Yo — V1, Zo — Z1 and direction
cosines are
L Xo=X (Ya—Y1 2272
~1PQl T IPQl T IPQ
Equation of a Line in Space

& Vector equation of a line passing through a given point
with position vector g and parallel to a given vector b
isF=d+Ab,A€R.

& Cartesian equation of a line passing through a point

A(x4, Y1, z1) having position vector g and in the

direction of a vector having ay, by, ¢; as direction |

—Xy_Y-y1_Z-74
a by ¢

. . X
ratios, is

& Equation of aLine Passing Through Two Given Points

> Let Gandb be position vectors of two points

A(x4, Y1, 2,) and B(x,, v,, z,) respectively. Let ¥ be |

the position vector of P(x, y, z). Then, equation of
linein

- Vectorform: 7=g+A(b—a),AeR

X=X _Y-Y1 _2-24
X=Xy Yo=Y1 274

& Angle between Two Lines

- Cartesianform:

» Vector form : If 0 is the angle between the lines
F=d, +Ab; andF=d,+ub, , then
b,-b,
[by [1bs |

> Cartesianform:If 0isthe angle between the lines

X=Xy _Y=Y1_Z-2

and
a by =1

Il:

239
I2 . X_X2 — y_Y2 — 2—22
a, b, =
then cos6 :| a10, +bby +cqc, |

| Ja2+b7+c2 \JaZ +b3 +c2|
Note : The lines are perpendicular to each other if

.. a; by ¢
a,a, +b,b, +c,c,=0and parallel if =L-~"1_~1

a; by g
& Shortest Distance between Two Lines
» Distance between skew lines
- Vector form: Let [, and I, be two lines whose
equations are F=dj;+Abjand F=d,+ub,
respectively. Let PQ be the shortest distance
vector between I, and I,. Then,
(by xb,)-(d, —dy)
|by xb, |
- Cartesian form: Let two skew lines be

PQ=

I X=Xy Y=Yy Z-Zy
q b =1

and

ly: X=Xy Y=Yy _2-2)
as b, ¢
The shortest distance between [, and I, is given by

Xp=X1 Yo=Y1 23773
a b =1
az b, )

‘\/(blcz—bzcl)2 +(c10y—0a4C, )2 +(asby —a,b; )2
Note : If the shortest distance between two lines is
zero, then the lines are intersecting.
» Distance between parallel lines
- Theshortest distance between two
parallel lines F=d, +Ab and F=d,+ub is
bx(d,—d,)

d=|—>=2
bl




id Equation of Line in Different Forms Jg

\ /
\4

Equation of a Line in Space /

Vector form : F=G+\b, A€ R
Cartesian form :
X=X1 _ V=0 _z2-7
b
al b] Cl

where (x; y, z;) is passing point and a,, by, ¢, are d.r.s.

\4

Line Passing Through Two Points /—

Vector form : ?=ﬁ+7y(5—ﬁ),}\. eR
Cartesian form :

=N
o

X—X zZ—z

X2 =X -7

—— Direction Cosines and Direction Ratios /—

Direction cosines : If o, B, 7 (0 < 0, B, y <7) are the angles made
by a line with the axes, then (/, m, n) = (cosa,, cosP, cosy) are the

des.and P+m?+n?=1

y (

coso = ﬁ Gop) D.C.s of axes:
XehytHz b x-axis : (1,0,0)
y ¥ yaxis: (0,1,0)

2av2ss2 ¥
m z z-axis : (0,0,1)

.z

X2 +y2 4122

Direction ratios :

Theratio/ :m:n=a:b:c;i.e.,(ab,c)are called d.r.s.

cosP=

cosy =

W BRAIN MAP

| THREE DIMENSIONAL
GEOMETRY

—— Shortest Distance Between Two Lines /—

Vector form : Let /, and /, be two skew lines whose equations are
r=a+»\ 51 and r =4, + p.BZ respectively. Let PQ be the shortest
(b, xby) (3, ~ &)

distance vector between /; and /,. Then, PQ =

| Hl X 52 |
Cartesian form : Let two skew lines be
X— - -1

o XR YN 2T h gy

3 by G
L X=Xy Y=Y, -1,
) = =

a b, Cy

The shortest distance between /; and /, is given by

=% Yo=N1 74
& b, G
2 b, C
‘\/(blcz —b,e1)% +(cya, —2,cy)? + (ayb, —ayh;)? ‘

b x (&, - ai)‘

If lines are parallel, thend = ‘ b

\4

Parallel lines :
a b ¢

Angle Between Two Lines /
by-by
Vector form : If ¥ =4 + b &F =4, +ub, then cos 6 = |1
A
- - - - - - b
Cartesian form : If Xh _Yoh 274 and X _Yoh L then cos 0 = ‘ 342y + Db + G ‘
a b ¢ a, b, ‘\/a1 +b2+¢2,\[a,2 +b,2 +c,2 ‘
Perpendicular lines : @,a, + b b, + c,c, =0
a_b_g
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B\ Previous Years’ CBSE Board Questions =

11.1 Introduction

MCQ

1. Distance of the point (p, g, r) from y-axis is
@ q (b) 1a] ;
() lal+]rl (d) p2+r2 (2023)(U]

2. Thelength of the perpendicular drawn from the point
(4,-7, 3) on the y-axis is

(a) 3units (b) 4 units

(0) 5 units (d) 7units  (2020)(U]
3. The vector equation of XY-plane is 3

(@ Fk=0 (b) 7-j=0 .

(c) F-i=0 (d) F.A=1  (2020)(Ap]
(1 mark)

4. Write the distance of a point P(a, b, ¢) from x-axis.

(2020C, Delhi 2014C) (Ev]

11.2 Direction Cosines and Direction
Ratios of a Line

MCQ
5. If the direction cosines of a line are 1 1 1) then
G a
(@) O0<a<1 (b) a>2
() a>0 d) a=+3 (2023)

6. If a line makes angles of 90° 135° and 45° with the
X, y and z axes respectively, then its direction cosines

are
1 1 1 1
= = b 0
@ ﬁﬁ b -505
1 1 1
—.0,- d o0— — 2023
(C) f A @ ozm @0
(1mark)

Find the direction cosines of a line which makes equal
angles with the coordinate axes. (2019) @

8. If a line has the direction ratios - 18, 12, - 4, then

what are its direction cosines ? (2019) @

9. Ifaline makes angles 90°, 135° 45° with the x, y and z
axes respectively, find its direction cosines.

(NCERT, Delhi 2019) (An -

10. If a line makes angles 90° and 60° respectively with

the positive directions of x and y axes, find the angle
which it makes with the positive direction of z-axis.

(Delhi 2017) (Ev]
OR

If aline makes angles 90° 60° and 6 with x, y and z-axis
respectively, where 6 is acute, then find 6.

(Delhi 2015) (Ev]

11. If a line makes angles o, B, y with the positive
direction of coordinate axes, then write the value of

sina.+ sin?P + sin?y. (Delhi 2015C)

m (2 marks)

12. If a line makes an angle o, B, ¥ with the coordinate
axes, then find the value of cos2a + cos2f3 + cos2y.

(Term Il, 2021-22) @

13. Find all the possible vectors of magnitude 53 which
are equally inclined to the coordinate axes.

(Term 11, 2021-22) (U]

11.3 Equation of a Line in Space
(1 mark)

14. The vector equation of a line which passes through
the points (3,4, -7)and (1, -1, 6) is

(2020)

15. Aline passes through the point with position vector
2i- }+4I§ andisinthedirection of the vector f+} 2%k .
Find the equation of the line in cartesian form.

(2019) (V)

16. The equation of a line are 5x - 3 =15y +7 =3 -10z.

Write the direction cosines of the line. (Al 2015) @

3-x _ y+4 _ 27z-6
7 4

(A12014) (EV]

17. Ifthecartesianequationofalineis

3

write the vector equation for the line.

‘ m (2 marks)

. 18. The equations of alineare 5x - 3=15y+7=3- 10z

Write the direction cosines of the line and find the
coordinates of a point through which it passes. (2023)

19. Write the cartesian equation of the line PQ passing
through points P(2, 2, 1) and Q(5, 1, -2). Hence, find
the y-coordinate of the point on the line PQ whosg

z-coordinate is -2. (Term 11, 2021-22)(Ev|

20. The Cartesian equationof aline ABis:

2x-1_y+2 z-3
2 2 3

Find the direction cosines of a line parallel to line AB.
(Term Il, 2021-22) (EV)
21. The x-coordinate of a point on the line joining
the points P(2, 2, 1) and Q(5, 1, -2) is 4. Find itE
z-coordinate. (Al 2017)

m (3 marks)

22. Find the coordinates of the point where the line
through the points ( 1, 1, 8) and (5, 2, 10) crosses the

ZX-plane. (Term 11, 2021-22C)
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23. If a line makes 60° and 45° angles with the positive
directions of x-axis and z-axis respectively, then find
the angle that it makes with the positive direction of
y-axis. Hence, write the direction cosines of the line.

(Term Il, 2021-22) (EV)

(4 marks)

24. Prove that the line through A(0, -1, -1) and
B(4, 5, 1) intersects the line through C(3, 9, 4) and

D(-4,4,4). (Foreign 2016)
x+1 y+3 z+5
3 5 7
intersect. Also find their point of

25. Show that the lines and

x-2 y-4 z-6

1 3 5
intersection.

26. Show that lines F=(i+j—k)+A(3i—j) and
r :(4?—IA<)+u(2f+3I2) intersect. Also, find their point of

intersection. (Delhi 2014) @

WV IBY (5/6 marks)

27. A line with direction ratios < 2, 2, 1 > intersects the !

. x-7 y-5 z-3
lines —="—"=""an
3 2 1 2 4 3

points P and Q respectively. Find the length and the
(2019C)

x-1 y+1 z+1

at the

equation of the intercept PQ.

11.4 Angle between Two Lines

MCQ

Q.no.28is Assertion and Reason based question carrying
1 mark. Two statements are given, one labelled Assertion
(A) and the other labelled Reason (R). Select the correct
answer from the codes (a), (b), (c) and (d) as given below.

28. Assertion (A) : The lines F=d; +Ab; and F=d, +ub,

are perpendicular, when b, -b, =0.

Reason (R): The angle 6 between the lines ¥ =d; +Ab;
B, -5,

|by 1By |

Both A and R are true and R is the correct
explanation of A.

and 7 =a, +ub, is given by cosf=
(a)
(b)

explanation of A.

(c) AistruebutRisfalse.

(d) Ais false but R is true. (2023)

29. The angle between the lines 2x = 3y = -zand 6x = -y
=-4zis
(a) o0° (b) 30° (c) 45° (d) 90°
(2023)
30. If the two lines L1:x=5,L=i L2:x=2,L= z
3-a -2 -1 2-a
are perpendicular, then the value of o is
2 7
= b) 3 4 d =
(a) 3 (b) (c) (d) 3

(2020C) (Ap)

(Delhi 2014) (Ev]

Both A and R are true and R is not the correct !
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(1 mark)

i 31. Find the vector equation of the line which passes
through the point (3, 4, 5) and is parallel to the vector

2i+2j-3k- (Delhi 2019) (Ev)

Find the cartesian equation of the line which passes
through the point (-2, 4, -5) and is parallel to the line

X+3_4-y_z+8 (Delhi 2019) (Ev]

32.

3 5 6
Find the angle between the lines
F=2i-5]+k+A(3i+2]j+6k) and ;
F=7i—6k+p(i+2]j+2k). (Foreign 2014)
Write the equation of the straight line through the

(Al 2014C)

33.

34.
point (a, B, v) and parallel to z-axis.

(2 marks)

35. Find the vector equation of the line passing through
the point (2, 1, 3) and perpendicular to both the lines

x—1:y—2:z—3_ X y z (2023)

1 2 3'3 25
Find the vector and the cartesian equations of a line
that passes through the point A(1, 2, -1) and parallel
totheline 5x-25=14 -7y =35z (2023)

Find the value of k so that the lines x = -y = kz and
x-2=2y+1=-z+1areperpendicular to each otheE
(2020) (Ev|

Find the vector equation of the line passing
through the point A(1, 2, -1) and parallel to the line

5x-25=14-7y =35z (Delhi 2017)

m (3 marks)

39. Find the coordinates of the foot of the
perpendicular drawn from point (5, 7, 3) to the line
x—15=y—29=z—5' (2023)
3 8 -5
Find the coordinates of the foot of the perpendicular
drawn from the point PO, 2, 3) to the line
X+3 y—l_z+4 (2023)

S 23

: (4 marks)

41. Find the value of A, so that the lines
1-x _ 7y-14 _ z-3 and 7-7x _ y-5 _ 6-z
3 A 2 3\ 1 5

are at right angles. Also, find whether the lines are
intersecting or not. (Delhi 2019) (Ev|
Find the vector and cartesian equations of the line
through the point (1, 2, -4) and perpendicular to the
two lines
7 =(8i-19j+10k)+\(3i—16j+7k) and
F=(15i+29]+5k)+ (3 +8]—5k).

(Delhi 2016, Al 2015)(Cr]
Find the vector and cartesian equations of the line
passing through the point (2, 1, 3) and perpendicular

36.

37.

38.

40.

42.

. 43.
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tothelines X~1-Y=2_28 4 X _¥_2Z
1 2 3 -3 2 5 R
(A12014) (Ev|
44. Find the value of p, so that the lines
Iy 12X 1-x_7y-14 _z- 3 and I,: 7/-7x_y=5_6-2 are
3 p 2 3p 1 5

perpendicular to each other. Also find the equation of
a line passing through a point (3, 2, -4) and parallel to

line . (A12014)
45. A line passes through (2, -1, 3) and is perpendicular
tothelines

7=(i+j—k)+A(2i-2j+k) and F=(2i—j—3k)+u(i+2j+2k).
Obtain its equation in vector and cartesian form.

(A12014) (Ev) |
46. Find the direction cosines of the line
x;2 2y6 4 562 Also, find the vector equation of

the line through the point A(-1, 2, 3) and parallel to the
given line. (Delhi 2014C)

WV IR (5/6 marks)

47. Show that the following lines do not intersect each
other:

x1y+1zlx+2ylz+1

(2023)

48. Find the angle between the lines
2x=3y=-zand 6x=-y=-4z (2023)
49. Find the vector and cartesian equations of a line
passingthrough(1,2,-4)and perpendiculartothetwo
x-8 _ y+19 _ z-10 and x-15 _ y—-29 _ z-5 '
-16 7 3 8 -5

lines

(Delhi 2017) (Gt |

11.5 Shortest Distance between Two

Lines
(1 mark)
50. The line of shortest distance between two skew Iinef i
is to both the lines. (2020)(R |
(3 marks)
51. Find the distance between the lines X—Tl =2
and x+1_% 23—1 (TermIl, 2021-22)@

52. Find the distance between the following parallel lines :
F=(2i+]—k)+Mi+]—k)
F=(i—2j+k)+u(i+j—k) (Term Il, 2021-22) (Ev]

2 z-3

x-1_y-2_z-3
3 4

53. Check whether the lines and

x-4 y-1

2 =2 _~ =7 areskewornot? (Termll, 2021-22)@

5 2
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(4 marks)

| 54. Two motorcycles A and B are running at the speed

morethantheallowedspeedontheroadsrepresented
by the lines F=?»(f+2}—l2) and F=(3f+3f)+u(27+]'+f<)
respectively.

Based on the above information, answer the following
questions.

(i) Find the shortest distance between the given lines.
(i) Find the point at which the motorcycles may

collide. (Term Il, 2021-22) (EV)

‘ 55. Find the shortest distance between the lines

F=(4i—j)+A(i+2j—3k) and

F=(i—j+2K)+u(2+ 47 -5k (2018) EV)
56. Find the shortest distance between the lines

F:(f+2f+l2)+?»(f—]’+l§)and

F = (2= (2i+ 420 (Delhi 2015C) (A
57. Find the shortest distance between the following lines:

F=2i-5]+k+A(3i+2]j+6k)and

F=7i—6k+u(i+2j+2k) (A1 2015C) (EV]
58. Find the shortest distance between the following lines:

x+1 y+1 z+1 x-3 y5 z-7

( Foreign 2014) @

59. Find the shortest distance between the lines whose
vector equations are

F=f+f+k(2f—}+f<)
andF:2f+j—lA<+u(3f—5}'+2I2). (Foreign 2014)@
60. Find the distance between the lines I; and I, given by
Iy :F =i+2j—4k+M\(2i+3j+6k)
Iy:7 :3:°+3]'—5f<+u(4f+6}+12f<). (Foreign 2014)
61. Find the shortest distance between the two lines
whose vector equations are
F:(f+2f+3l§)+7x(f—3}+2l§)and
F:(4f+5}+6lz)+u(2f+3}+f<).

W.NIEN (5/6 marks)

62. Find the vector equation of a line passing
through the point (2, 3, 2) and parallel to the line
F=(-2i+3])+M2i-3j+6k). Also, find the distance
between these two lines. (Al 2019) @

(Delhi 2014C) (EV]
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= CBSE Sample Questions =

11.3 Equationof a Line in Space

MCQ

1. Pis a point on the line joining the points A(O, 5, -2)
and B(3, -1, 2). If the x-coordinate of P is 6, then its
z-coordinate is
(a) 10 (b) 6 () -6 (d) -10

(2022-23)

- (2 marks)

2. Find the direction ratio and direction cosines of a
line parallel to the line whose equations are

6x-12=3y+9=2z-2. (2022-23) @
3.  Find the direction cosines of the following line:
3-x_2y-1_z (Term Il, 2021-22)
1 2 4

11.4 Angle between Two Lines

MCQ
4.  Assertion (A)

: The acute angle between the line
F=7+]'+2I2+k(f—]') and the x-axis is %
Reason (R) :

F=x17+y1]’+zlIA<+k(a1f+b1]'+c1IA<) and

The acute angle 6 between the lines

F=x2f+y2}+22I2+u(a2f+b2]'+czlz) is given by

a,a, +b,b, +c4c
CosO= layay +byby +c46, |

\/af +bf +cf \/a§ +b§ +c§
(a) Both AandR aretrue and Ris the correct
explanation of A.
(b) Both A and R are true but R is not the correct
explanation of A.

Detailed B<{o]R8aj[0] i

-\ N
Previous Years’ CBSE Board Questions

1. (d):Given pointis (p, q,r)

The foot of perpendicular drawn from point (p, g, r) on the
y-axis is (0, g, 0).

Now, distance between these two points is

Jlp-0)? +(a—a)? 2= \Jp?+r?

2. (c):Let P(4, —7, 3) be the given point and A be a point
on y-axis s.t. PA 1 to y-axis.
A=(0,-7,0)

Now, PA = \/(4—0)2 +(=7—(7))? +(3—0)?
= V42432 =\[16+9 =/25 =5units

(c) AistruebutRisfalse.

(d) Ais false but Ris true. (2022-23)(Ap)

11.5 Shortest Distance between Two
Lines

m (3 marks)

5. Find the shortest distance between the following lines:
r =(f+}'+2l2)+t(4f+2}+2l2)
(Term Il, 2021-22) (E]

F:(f+f—l2)+s(2f+}+l2),

WSS (5/6 marks)

6. An insect is crawling along the |line
r=61+2;+2k+k(:—2}+2f<) and another insect is
crawling along the line r:-4?-:2+u(3?-2}'-2:2).
At what points on the lines should they reach so
that the distance between them is shortest? Find

the shortest possible distance between them.
(2022-23)

7. The equation of motion of a rocket are : x = 2t, y = -4t,
z = 4t, where the time t is given in seconds, and the
coordinates of a moving point in km. What is the
path of the rocket? At what distances will the rocket
be from the starting point O(0, O, 0) and from the
following line in 10 seconds?

7 =20i—10j+40k+u(10i —20] +10k)

(2022-23) (U]
8.  Find the shortest distance between the lines
7 =3i+2]j—4k+\i+2j+2k)
andF =5i -2 +u(3i+2]+6k).
If the lines intersect, then find their point of
intersection. (2020-21)

N
[ Answer Tips (£

< Distance between two points (x4, y1,Z41) and (x,, Y5, Z,) is

given by \/(Xz —X1)2 +(y, -y, )2 +(zy _21)2

~

3. (a):Vector equation of XY-planeisr-k=0.

We have equation of x-axisisy=0,z=0
Distance of P(a, b, ¢) from x-axis

:\/(a—a)2 +b2+c2 =\/b2 +¢2 units.

5. (d):Given that the direction cosines of a line are

| (311)
i \a'a’a/
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We know that the sum of squares of the direction cosines | .
i Byusing cos

is 1.
1 1 1 3

= S+—+—>=1= —=1=4d?=3
a® a® a? a?

= a=+3

6. (a):Direction cosines are { cos90° cos135° cos 45°)

1 1
={0,c0s(90°+45°),—) =(0,—-sin45°,—
(0457 7 = 7
1 1

7. If aline makes a, B, y with positive direction of x, y,
z axis respectively, then direction cosines of line will be
€osa., COSf3, Cosy or —cosal, —CosP, - Cosy.

and cos?0 + cos?P + cos?y = 1

Since,a=f= y
coso= +—
N
Therefore, direction cosines are + i iii
NERENEMINE
8. Since,D.R’sare-18,12,-4
DC’s are ~18 12
J-182 +(122 +(-41 (-18)2+(122+ (-4
-4
JE182 (122 +(-4)2
-18 12 4 -9 6 -2
= = =
22 22 22 1111 11

9. Since the line makes angles 90° 135° and 45° with x,
y and z axes respectively.
1 1
[=¢c0s90° =0, m=cos135°=——= and n=cos45°=—
V2 V2
. . . . 1 1
Hence, direction cosines of the line are Q—T,f.

2 42
Concept Applied @

2 If a line makes angles o, § and y with x, y and z-axes
respectively, then | = cosa, m = cosp and n = cosy are
direction cosines of line.

10. Let the line makes an angle o, B, y with the positive

direction of x, y, z axes respectively.
o= 90° B =60°andy =0 (say)
Since, cos?o. + cos?P + cos?y = 1
= €0s?90°+cos? 60°+cos?0=1
= 1+c0526=1 = cos2e=§ = cose=ﬁ = 6=E
4 4 2 6
11. Here, the direction cosines of the given line are
cos a, cos f3, cos y and cos?a. + cos?f + cos?y = 1
= (1-sin?0) + (1 -sin?B) + (1 - sin?y) =
[ sinZo+ cos2o = 1]
= sin?o+sin?f +sin?y = 2.

12. Here, the direction cosines of the given line are cosa, |

cosP, cosy and cos?a. + cos?p + cos?y = 1.

245

5> 1+cos2a
ofg=—
2

1+cos2
2

cos?B= and so on.

= %[c052a+1+c0523+1+c0527+1]=1

= cos2o+cos2P +cos2y=-1

1
13. _5\/_(\/—l+\/_ 7

of magnitude 53, which are equally inclined to the
coordinate axes.

I?) are two possible vectors

14. Vector equation of a line passes through the points

i (3,4,-7)and (1, -1, 6) is given by

7 =(3i+4]—7K)+ M(i—j+6k)— (3i+4j-7k)]
F=3i+4]—7k+A(—-2i-5]j+13k)

15. The equation of line in vector from 7 =a+2b.

Here, G=2i—j+4k and b=i+j-2k
(a1,05,03)=(2,-1,4)

D.R’.s.by, by, byare 1,1, -2

The equation of line in cartesian form is given by

X—Gy _y-0y _Z-03 _ X- 2_y+1_z-4
by b, bs 1 1 -2
16. Thegivenlineis5x-3=15y+7=3-10z
7 3
5 Y15 *T10
711 1

5 15 10

Its direction ratios are = 11 i
515" 10

i i.e., Its direction ratios are proportional to 6, 2, -3.

Now, /62 +22+(-3)? =7

Its direction cosines are ]

2
7'7
17. The cartesian equation of a line is
3-x_y+4 2z-6

5 7 4
x-3 y—-(-4) z-3
—_— :727\‘

S5 7 g

= x=3-5Ay=-4+7A,z=3+2\

Take G=3i—-4]j+3k and b=-5i+7]+2k.

-. The vector equation of the line (i) is F=d+Ab
= F=(3i-4j+3k)+A(=5i+7]+2k)

N
LAnswier Tips ()

2 |If cartesian equation of a line is
thenits vector equation is

3
7

(i)

=

X=X; _Y-Y1_Z-4
a by G

F=(xqi+yy j+2,K)+Magi+ay j+agk)
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18. Thegivenlineis5x-3=15y+7=3-10z

7 3
X_§ y+E Z—E
T 11 1
5 15 10
Its direction ratios are = 1
5 15 10

i.e., Its direction ratios are proportional to 6, 2, -3.

Now, y62+22+(-3)2 =7

Its direction cosines are é -, — 3
777"
19. We have P(2, 2, 1) and Q(5, 1, -2), then the equation
of line PQis
x-2 y-2 z-1
5-2 1-2 -2-1 3 -1 -3
y— 2 -2-1
1 -3

x-2 y-2 z-1

Given, z = -2, then from (i), we have 2—=
= y=1
20. The cartesian equation of line AB is
2x-1 _y+2 z-3
2 2 3 4
X7y y+2 z-3

2 3

can be rearranged as
So,a=6,b=2,c=3
= \/c12+b2+c2 =\/62+22+32 =7

\l\w

Required direction cosines are ; %

N
[Answer Tips (7]

2 Distance between two points (x4, y1,24) and (X,, 5, 2,) is

given by \/(xz —x1)2 +(y, —y1)2 +(z, —21)2

21. GiventhatP(2,2,1)and Q(5, 1, -2)
- K R 1 .
P(2,2,1) ' Q5,1,-2)
Let the point R on the line PQ, divides the line in the ratio
k: 1. And x-coordinate of point R on the line is 4.

5k+2

So, by section formula 4= = k=2
k+1
Now, z-coordinate of pointR, 7= —2k+1 :ﬂ _
k+1 2+1

= z-coordinate of pointR=-1

22. We have the points P(1, 1, 8) and Q(5, 2, 10), then the

equations of line is x+1_y-1 _ z=(-8)
5+1 -2-1 10-(-8)
or x+1_y-1_z+8 (i)
6 -3 18

If the line crosses the zx-plane, theny = 0, so from (1)

x+1 1 and z+8 1
6 3 18 3
x=1landz=-2

The coordinates of the required pointis (1,0, -2).

— (i) :

| Since 7»=7
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23. Since, o.and B be the angle made by x-axis and z-axis
- and o= 60°and § = 45° (given)

Let 6 be the angle made by the line with y-axis.
Then, cos260° + cos245° + cos20 = 1
[ cos?o+cos?p +cos?y=1]

= 1+1+c0526=1
4 2

=  cos?0= 1—1—1_1 = cosE)—1 = 0=60°
2 4 4 2

Direction cosines of the line are
111
222
24. The equation of line AB is given by

<c0s60° cos45° cos60°> e,

x=0_y+1_z+1
4-0 5+1 1+1
= Xx=4\A,y=6A-1,z=2A-1

The coordinates of a general point on AB are

(4N, 61 -1,2A -1)

The equation of line CD is given by

x-3 y-9 z-4

3+4 9-4 4-4

= x=7u+3,y=5u+9,z=4

The coordinates of a general point on CD are
(7u+3,5u+9,4)

If the line AB and CD intersect then they have a common
point. So, for some values of A and u, we must have

A\=T7u+3,6A-1=5u+9,2A-1=4

=A (say)

u (say)

= 4r-7u=3 (i)
6\ - 51 =10 (i)
andxzé i)

Substltutlng K— in (i), we getu=1

and u = 1 satisfy (i), so the given lines AB and

CD intersect.

Key Points
2 Equation of aline passing through points (x4, y4, z;) and
(X2, Y2, 25) is given by
X=Xq _ Y—Y1 _ Z—2Zy
X=Xy Yo=YV1 2277

25. Any point on theline
x+1 y+3 Z+5

3 5 7
is(3r-1,5r-3,7r-5).
Any point on the line
x-2 y-4 z7-6
1 3 5
is (k+ 2,3k +4,5k+ 6)

=r(say)

—k(say) (i)

: For lines (i) and (ii) to intersect, we must have
 3r-1=k+2,5r-3=3k+4,7r-5=5k+6
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On solving these, we get r:%,kz_%

Lines (i) and (ii) intersect and their point of
. . (1 1 3)
intersectionis | =, —=,——

2 2 2

26. Thegivenlines are
F=(i+j—k)+A(8i-))=@A+1)i+(1-A)j—k (i)
and 7 =(4i—k)+1(2i+3k)=(2u+4)i+0-j+(3u—1)k (i)

If the lines (i) & (ii) intersect, then they have a common
point. So, we must have

(BA+1)i+(1-A)j—k=(2u+4)i+0-j+(3u-1)k
= 3A+1=2u+4,1-A=0and-1=3u-1

On solving last two equations, we get A = 1 and u = O. |

These values of A and u satisfy the first equation.

So, the given lines intersect.

Putting A = 1 in (i), we get the position vector of the point

of intersection.

Thus, the coordinates of the point of intersection are

(4) O) _1)-

x=7 _y-5
2

= Anypoint P(3a.+ 7, 20.+ 5, o + 3) lie on this line.

27. Let =Z;—3=oc (say)

x-1 y+1 z+1
let ——=2—~—=""<=
2 4 3 (say)
= AnypointQ(2p+1,4p-1,3p - 1) lieon this line.

D.R’s.of line PQare 2,2, 1, then

2+1-(30+7) 4B-1-(20+5) 3B-1—-(o+3)
2 - 2 - 1
= oc=_—32 and le

= Pointare P(S 1 5) and Q(E 1 0)
33 3’3’

2 2 2
Length of PQ:\/(S—S) +(1_E) +(0_§)
3 3 3 3
= E=E=5units
9 3
The equation of intercept PQ is

1 5

28. (a):If lines are perpendicular, then g==
b1 b2

n  bi-b2 T
= (e(0) =
|b1|b2 |

—=— = =
2 |b1|b2| 2
— 51‘52 :O
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Both A and R are true and R is the correct explanation

of A

29. (d):The given equation of lines can be rewritten as

x-0 y-0 z-0 and x-0 _y- 0 z-0
1/2 1/3 -1 1/6 -1 -1/4
1 1
0125, b1=§,C1=—1

and azz%, by, =-1, czz%l

a4 Ay +biby +c1Cy
\/af+b1 +ci \/a2 +b2 +c2
111

i 5 g+5 (-1)+(-1)- ( ) "

2 2 2 2
BT o)
2 3 6 4
= cos0=0 = 06=90°
30. (d): The given lines are perpendicular, if

Now, cos0=

a.a, + b1b2 + C1Cr = 0 (|)
3 Here, L;: —5 y=u_ 0 —0
0 3-a -2
x-2 y-0 z-0
Ly—="—=——
0 -1 2-a
Here, a4, by, c;are 0,3 - o, -2,and a,, by, c,are0,-1,2 -
respectively.
0x0-(3-a)-2(2-a)=0
= a:g [from (i)]

31. We know that vector equation of a line passing

through point @ and parallel to vector p is given by
F=d+\b

- Here G=3i+4j+5k and b=2i+2j-3k

Required equation is

F=(3i+4 j+5k)+M2i +2j —3k)
32. Equation of the line can be written as
X+3 _y- 4 z+8

3 -5 6

i Direction ratios of this line are 3, -5, 6.

The required line passes through (-2, 4, -5) and its
direction ratios are proportional to 3, -5, 6. So, its

equation |SX;72 74 ﬁ

5 6
33. For F=2i-5]+k+A(3i+2j+6k), we have
by =3i+2]+6k
Also for
F=7i—6k+u(i+2j+2k), we have b, =i+2j+2k

Let 6 be the angle between the lines.
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(3i+2j+6k)-(i+2j+2k) |
V32422467 12422422 |
3+4+12

7x3

[uy

= 0=cos”

[y

= 0=cos”

34. Any line parallel to z-axis has direction ratios
proportional to 0,0, 1.

The equation of a line through (o, B, v) and parallel to

z-axisis X~ _Y-B_z-v
0 0 1
35. Let the equation of line passing through (2, 1, 3) and
perpendicular to the lines
x—1:y—2:z—33ndizxz
1 2 3 -3 2
x-2 y-1 z-3
I m n
[-1+m-2+n-3=0and [-(-3)+m-2+n-5=0
| m n I m n
=3 = = —
10-6 -9-5 2+6

Ebe
5

2 -7 4
The equation of the required line is
x-2 y-1 z-3
2 -7 4
Also its vector equation is
F=(2i+]+3k)+ A(2i— 7]+ 4k).
36. Letthe equation of line passing through A(1, 2, -1) be
x-1_y-2_z+1 (i)
a b c
Now, given equation of line is,
5x-25=14-7y=35z
x-5 y-2 z-0
= ——= =
1/5 -1/7 1/35

X5 _y-2_z-0 (i)
7 -5 1
Since (i) and (ii) are parallel lines.
.a_b ¢
"7 5 1

From (i), we get
E:E:ﬂ is the cartesian equation of line.
7 -5 1
Also, the vector equation of line is (?+ 2f— I2)+ X(7?—5f+IA<).
37. The given lines are perpendicular, if
a0, + bbby +cic,=0
The given lines are as

N |~

y+

I x—Ozy—Ozz—O ;,
1 -1

P

xX-2 _z-1
1 -1

M\H‘

1
k

I, is perpendicular to I,
here, a, b, ¢, are 1, -1, 1/k and ay, b,, ¢, are 1, 1/2, -1
respectively

1 1
1(1)+(—1)(§)+(E)(—1)=0
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= gl 1.1 v
i 2 k 2 k
Commonly Made Mistake @
S Remembertwolines X=X1 YY1 _277%1 4pg
a9 by =
X=X3 _Y=Y¥2 _Z722 reperpendicular to each
az b, %)

Other if aa, + b1b2 + C1Cr = 0 and

..a; by ¢
parallel if =L =—1=-1,
a; by €

38. Vector equation of the
(1,2, -1) and parallel to the line

line passing through

{ 5x-25=14-7y=35z

. x=5 y-2 z x=5 y-2
ie, ——= = or——="—-=

1/5 -1/7 1/35 7 -5
is F=(i+2j—k)+\7i—5]+k)
39. We have point P(5, 7, 3) and equation of line as

x-15 y-29 z-5

3 - 8 =k(say)

Any point on this line is given by

Q(3k + 15,8k + 29, -5k + 5)
Direction ratio of line PQ are

(3k+15-5,8k+29-7,-5k+5-3)
ie,(3k+10,8k+22,-5k+2)
As, PQ is perpendicular to given line

3(3k + 10) + 8(8k + 22) - 5(-5k+2) =0
= 98k+196=0 = k=-2

Foot of perpendicular drawn from given point
P(5,7,3) onthe given lineis

(-6+15,-16+29,10+5) ie.,(9,13,15)

40. Let M be the foot of the perpendicular drawn from

z-0
1

i point P(0, 2, 3) to the line

x+3_y-1_z+4 _ i
s, g =\(say) (i)
Any pointon line (i) is (5L - 3,2A+ 1,3A - 4)
So, coordinates of M= (5A - 3,21+ 1, 3\ - 4) (1))
Now, direction ratios of PM are ( 5L -3 -0,2A + 1 - 2,
3L-4-3)

- ie,(5A-3,2A-1,3A-7)

Since, PM is perpendicular to line (i).
5(50-3)+2(2A-1)+3(3L-7)=0

= 250-15+4A-2+9A-21=0

= 38L-38=0 = A=1

So, coordinates of M are (2, 3, -1).

41. Thegivenlines are

) x=1_y-2 z-3 and I x-1 =y—5=z—6
-3 A7 2 -3\/7 1 -
Now, I; L1, [Given]
(—3)(—@}5-10:0
7 7
on A ﬂ=10 = A=7

= —+--10=0 =
7 7
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Since for A =7, given lines are at right angle.
Lines are intersecting.

42. Thegiven lines are
7 =(8i—-19j+10k)+ A(3i—16]+7k)
and 7=(15i+29]+5k)+u(3i+8j—5k)
Equation of any line through (1, 2, -4) with d.r's|,m,nis
7 =(i+2j—4k)+p(li+mj+nk) (i)
Since, the required line is perpendicular to both the given
lines.
3l-16m+7n=0and 3I+8m-5n=0
| m n I
= = = —
80-56 21+15 24+48 2
From (i), the required line is
:(f+2}—4lz)+p(27+3}+6f<)
Here, the position vector of passing point is G=i+2j-4k

-m._n
3 6

and parallel vector is b=2j+3]j+6k -
Cartesian equation of line is given by
x-1 y-2 z+4
2 3 6
43. Let the equation of line passing through (2, 1, 3) and
perpendicular to the lines
x-1 y-2 z-3 X y z
12 3 3T
x-2_y-1_z-3 ()
| m n
[-1+m-2+n-3=0and/-(-3)+m-2+n-5=0
L l.m _n I _m.n
10-6

95 216 2 7 4
The equation of the required line is
x-2 y-1 z-3
2 T 7 a4
Also its vector equation is
7 =(2i+]+3k)+\(2i— 7] +4k).
44. Thegiven lines are
x-1 y-2 z-3
"3 p/7 2
- x-1 _y-5
2 3p/7 1
I, is perpendicular to I,.

(—3)(_—3'”)+§~1+2(—5)=0

=6
-5

10p

= 2Zi2-10>
7 7

Now, equation of the line passing through (3, 2, -4) and

parallel tolyis

x-3 y-2 z+4

31 2

45. Thegiven lines are

=(i+]j—k)+1(2i-2j+k) and F=(2i—j—3k)+u(i+2]+2k)
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Equation of any line through (2, -1, 3) with d.r's |, m, n is
- F=(2i=j+3Kk)+p(li+m]+nk) 0

Since, the required line is perpendicular to both the given
lines.

2l-2m+n=0and/+2m+2n=0
| m n I m n
= = = ﬁfz—zi
-4-2 1-4 442 2 1 -2

From (i), the required line is

7 =(2i—j+3k)+p(2i+j—2k).

46. Thegivenlineis =—=

7
V=3
3

X+2 2y752
2 6 6

(i)

2 5
= —= —
2 6

Itsd.r'sare 2,3, -6

- 22+324(-6)2 =7

Itsdcsarezﬁ_é
7’7

7

i Equation of aline through (-1, 2, 3) and parallel to (i) is

x;l y32 z— 3_l(say)

Vector equatlon of a line passing through (-1, 2, 3)
and parallel to (i) is given by

F = (—i+2j+3k)+ A(2i +3] - 6k)

N
[Answer Tips (7
2 Ifa,b,cared.r'sof aline, then d.c’s of the line are
a b c

Va2 +b2+¢2 Na?+b2+¢2 Va2 +b2+c2

i 47. Thegivenlinesare

x-1_y+l _z-1 . gy x+2_y=1 z+l )
3 2 5 4 3 -2

Let P be the general point on line (i), then

x=3\A+1,y=2A-1landz=5A+1
=(31+1,20- 1,51+ 1)

Let Q be the general point on line (ii), then
x=4u-2,y=3u+landz=-2u-1
Q=(4u-2,3u+1,-2u-1)

Let the given lines intersects.

So P and Q coincide for some particular values of A and .

3A+1=4u-2= 3A-4u=-3 ..(iii)
24 -1=3u+1= 21-3u=2 (iv)
and5A+1=-2u-1= 5A+2u=-2 (V)

Solving equation (iii) and (iv), we get
A=-17andp=-12
But A =-17 and u = -12 do not satisfy the equation (v).
It means our assumption is wrong hence the given lines
do not intersect.

48. Givenline, 2x = 3y = -z can be written as
X _y _Zz Q)
1/2 1/3 -1
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The direction ratios of line (i) are <%%,—1 >

and the line, 6x = -y = -4z can be written as

X _y__z (i)
1/6 -1 -1/4
The direction ratios of line (ii) are <%,—1,—%>

It is known that if two lines are perpendicular then the
dot product of the direction ratios of the two lines is

equalto 0.
. . o111 1
Product of direction ratios = = x =+ = x(-1)+(-1)x|-=
2 6 3 4
1. 1.1,
12 3 4

So, angle between the lines is 90°.

49. Let the equation of line passing through (1, 2, -4) and

perpendicular to the lines
x-8 y+19 z-10 and = 15 _y-29 z-5
3 -16 7 3 8 5

I(3) + m(-16) + n(7) =
| m n

= = =
80-56 21+15 24+48

Imnlmn
=

24 36 72 2 3 6
The equation of the required line is

-1 y-2 z+4
2 3 6
and its vector equation is

0 and I(3) + m(8) + n(-5) =

F=(i+2j-4k)+ M2i+3]+6k)
50. The line of shortest distance between two skew lines
is perpendicular to both the lines.

51. For the given lines, l—_l_l,—_g_l — E_l
I, 1 m, 2 n2 3

n . .
1M _M therefore the given lines are parallel.
2 My

e

Any point on this lineis P(A, 2\ + 1, 3L + 2)
If it is the foot of the perpendicular on the line, then
1) +2(21+ 1)+ 3(3A+2) =
= k:—i
7
4
P(h,2k+1,37x+2)zP(—?,

Since, :

Let x

NN

3
=

Similarly x+1_% z-1_ =u(say)

3
Any point on this lineis Q(u - 1,2u - 2, 3u + 1).
= 1u-1)+2(2u-2)+3(3u+1)=
= u=

7
Qlu-1,2u-2,3u+1) E(——,——,—

302 dy =
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J( -6 4) (—12 3)2 (10 2)2 J293
PQ=\||=—+= | H|=-=| +H|=-=| =
77 7 7 7 7 7

52. Comparing the gives lines with ¥ =d+sb,F =¢+tb

units

01=2?+]'—Iz cb=i+j—k ; a, =i-2j+k

Distance between two given lines = %
f e e A i ]k
(i+j-kx(-i-3j+2k)| 1

= 7 :Tl 1 -1

1+1+1 3_1 3 9

=L -3+ jc2+ 1) +ki-3+1)| =L 5 —j-2k]
J3 J3
14 .

=——— =+/2units

J3

53. For the given lines,

x-1_y-2_z-3 _  x-4_y-1__

2 3 4 5 2
4-1 1-2 0-3| |3 -1 -3
2 3 4 2 3 4

A= 5 2 1 :5 2 1

| J470 | Ja70 |
[ Je52 (182 + (11)2 = \/470]
A= 3(3—8)+1(2—20))—3(4—15)|
J470 |
s —15—18+33‘
\470

A=0

Since, A = 0, therefore, the gives lines are not skew lines.
2 Shortest distance between two lines

X=Xy Y=V _Z=2 X=Xp Y=V _27Zp
q by = az b, €
gives by
Xp=X1 Yoa=Y1 22773
a by €1
A= D b, ©

\/(blc2 —bycy )2 +(cqap—Coa4 )? +(arby —a,by )2

54. (i) We have, 7= (i+2j—k) (i)
and7 =(3i+3))+w(2i+j+k) (i)
Here, d, =0i+0j+0k, d,=3i+3] ;

by =i+2j—k and b, =2i+j+k

3:+31



Three Dimensional Geometry

ik

byxby=|1 2 -1]=i(2+1)—j(1+2)+k(1-4) =3i-3j-3k
21 1

Now, (dy—a,)-(by xb,)=(3i+3])-(3i-3j—3k) =9-9=0

Hence, shortest distance between the given lines is 0.

(i) Equationofline(i):x=Ay=2Az=-A

Equation of line (i) : x=3+2u,y=3+w,z=u
So,A=3+2u (i)
24 =3+u (iv)
-A=u (V)
Substitute u = -A is (iii), we get

A=3-2\

= 3A=3

= A=1

= u=-1

So, the two lines intersect at point (1, 2, - 1).

Since, the point (1, 2, -1) satisfies both the equation of lines,
therefore point of intersection of given lines is (1, 2, -1).
So, the motorcycles may collide at point (1, 2, -1).

55. Wehave, 7
F=(i—j+2k)+u(2i+4j-5k)
Comparing with lines F=d, +\Ab, and 7 =d,+\b, , we get

(i)

Gy =(4i—]); by =i+2j-3k
Gy =i—]j+2k; by=2i+4j-5k

i ] k
Now, by xby=[1 2 -3| =i(~10+12)—j(-5+6)+k(4—-4) =2i—]
2 4 -5

and |by b, |=y(2)2 +(1)2 =5

G, —dy =—3i+2k

(51X§2)~(§2—51)
|byxby |

_|@i-j)si+2k)| _|-6+0+0| 6

S

56. Thegivenlines are

F=(7+2}'+I2)+k(f—]’+l2)and

F=(2i—j—k)+w(2i+]+2k)

On comparing, we get

Shortest distance,d =

NN

al—l+21+k bl—l j+k - s dy= 2i-j- kb2 2i+j+2k

=i(-2-1)-j(2-2)+k(1+2)=-3i+0-j+3k

= |by xb,|=+/(-3)2+3% =32

- (az—al).(leE;z) =1(-3)

=(4i—j)+M(i+2]j-3k) L)

So, dy—dq =

= d=
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-3(0) -2(3) = -9.

-9
=3\/— \/— 2\/§un|ts

LConcept Appicd (@]

O S.D. between the lines F=d; +Ab,, and F=d,+ub, is

(dy—ay)-(by xby)

givenby d= -
|by xbs |

57. Thegiven lines are
F=2i-5]+k+A(3i+2]+6k) and
F=7i-6k+u(i+2j+2k)

- S.D.betweenthelines F =d, + b, and 7 =d, +ub, isgiven by

[byxby |

On comparing, we get

Gy =2i—5]+k,by =3i+2]j+6k ; dy=7i-6k,by=i+2j+2k
=5i+5j-7k

o dy—aq

NN —o

i
1

. |by xb, |=+(-82+42 =45

(51+5 1—7k)-(—81+4k)‘

k
6|=i(4-12)- j(6-6)+k(6-2)=—8i+4k
2

Hence, d=
45 |
15(-8)-7(4)| 68 _17V5
= units
45 45 5
58. Let/ x+1 y+1 z+1
7 -6 1
= x=(1) _y=(1_z=1) g I2:7X—3:7y—5:7z—7
7 -6 1 1 -2 1

Vector equation of lines are
F=—i—j—k+M7i-6j+k) and F=3i+5]+7k+p(i—2j+k)
We get G, =—i-j-k,by =7i-6]+k
and d, =3i+5]+7k, b, =i—2j+k

(3i+5j+7k)~(~i~j—k) =43+ 6}+8k
i] ok

And, by xb,=|7 -6 1|=-4i-6j-8k
1 21

Shortest distance between two skew lines is,

d=|(51x52)-(62—51)
|by xby |

L | 4i-6j-8k).(4i+6)+8K)
Ja? +-oP+-87 |
~16-36-64 = d=2v29 units

V116
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59. Wehave, F=j+j+A(2i—]j+k)

S 51 :,':+},51 :2,’:—}+I2

Also, F=2i+]—k+u(3i-5]+2k)
. Gy =2i+]—k,by=3i-5]+2k

So, dy,—dq =i—k

ik

And,by xb, =|2 —1 1|=i(-2+5)—j(4—-3)+k(~10+3)=3i—j—7k

3-52

Shortest distance between two skew lines is,

_|(by xby)-(d, ~dy)

|by xb, |
| Gi-i- 7k)(: b |
|\/32 1% +(- 72|

60. Given lines are

L g3r710
V59l 59T

Iy :F =i+2j— 4k + (20 +3]+6k);

I, :7 =3i+3]—5k+u(4i+6]+12k)

We have d, =i+2j-4k,by = 2i+3]j+6k

and d, =3i+3j—5k, b, = 4i+6j+12k

Also, b, =4i+6j+12k=2b; = b, ||b,

Hence I, and I, are parallel lines.

Shortest distance between two parallel lines is,

_|bx(d,—dy)
|bl

|(2i+3]+6k)x(2i+j-

Al

= d=
| (22432462

(-9 +14%+(-4)> _J29

—9?+14}—4f<‘

= d:‘
| 7

units.

61. Here, thelines are

F:(f+2}+3l2)+ k(f—3f+2f<) and

F=(4i+5)+6k)+ u(2f+3} +k)

Here, G, =i+2]j+3k,b, =i—3j+2k and

Gy =4i+5]+6k,b,=2i+3j+k

The shortest distance between the lines is given by

_[(@2-ay)-(by xby)
|byxby |

G, —dy =3i+3]+3k

k
byxb,=|1 -3 2|=i(-3-
1

6)—j(1-4)+k(3+6)=—9i+3j+9k

CBSE Champion Mathematics Class 12

= by xby|=(-9)?+32+92 =319

 Also, (G, —dy )by xby) = (37 +3]+3k)-(~91+3] +9k)

=3x(-9)+3x3+3x9=9
‘ 9 3
unit.

NN

62. Vector equation of a line passing through (2, 3, 2) and
parallel to the line

F=(=2f+3))+M2f -3]+6k) is given by
F=(20+3]+2k)+u(2f 3] +6k)

Now, d, =—21+3]J, b=21-3]+6k

and d,=2i+3]+2k

Distance between given parallel lines

_|Ex(a2—al)|_|(2f—3f+612)x(4?+o}+212)|
| 1l I‘ IN4+9+36| ‘

=%|f(—6)+20}'+12f<|

1

=2 Jleor 207 +127 =—“5780 units

_A N
CBSE Sample Questions

1. (b): Theline through the points (0, 5,-2) and (3,-1, 2) is
X _y=5 z+2
3-0 -1-5 2+2
X_y-5_ z+2
3 -6 4
Any point on the line is P(3k, -6k + 5, 4k - 2), where k is an
arbitrary scalar.
3k=6

or

= k=2

The z-coordinate of the point Pwillbe 4x2-2=6. (1)
2. Theequations of thelineare 6x-12=3y+9=2z- 2,
which, when written in standard symmetric form, will be
x-2 y—(-8) z-1 (1/2)

1/6 1/3  1/2

: Since, lines are parallel, we have ai:bi:ii (1/2)
a, by ¢
Hence, the required direction ratios are
111
1,2,3 1/2
( = 2)or( ) (1/2)
. . . . 1 2 3
and the required direction cosines are ( = )
14’ 14" 14
(1/2)
y 1
3. Thegivenlinecanbewrittenas X=3_" 2_2 (1)
1 4
Direction ratios of the given lineare<1,1,4>. (1/2)
i Thus, direction cosines are (L 1 7> (1/2)

3v2'3J2'3V2



Three Dimensional Geometry

4. (a):The equation of the x-axis may be written as
F=ti. Hence, the acute angle 0 between the given line |

and the x-axis is given by

[1x1+(-1)x0+0x0| 1 =8

12 4(-12 +02 xV12 402 402 V2
Hence, both A and R are true and R is the correct
explanation of A. (1)

cos0=

_r
4

5. Let @y =i+j—k,dy=i+j+2kandb=2i+j+k
Here, the lines are parallel.

Shortest distance between lines :W
|(BK)x(2i+j+K)|

V4+1+1

i

Now, (3k)x (2i+j+k)=|0 =-3i+6] (1)
2

= |(3k)x(2i+]+k)[=/9+36 =35

= O -
=W X

Hence, the required shortest distance =ﬂunits .

J6
6. The given lines are non-parallel lines. There is a
unique line-segment AB. A lying on one and B on the
other, which is at right angles to both the lines, AB is the
shortest distance between the lines. Hence, the shortest
possible distance between the insects = AB
The position vector of A lying on the line
F=6i+2j+2k+\(i—2j+2k)
is (6+?L):7+(2—27»)}+(2+2X)IA< for some A. (1)
The position vector of B lying on the line
F=—4i-k+u(3i-2j-2k)

is (—4+3w)i+(-2u)j+(-1-2u)k for some . (1) |

AB=(~10+3u—A)i+(~2u—2+21)j+(-3-2u—-2A)k

Since, AB is perpendicular to both the lines
(-10+3u-N)+(-2u-2+20) (-2) +(-3-2u-21)2=0, (1)
ie,u-31=4 (i)
and (-10+3u-A)3+(-2u-2+2A) )(-2) +(-3-2u-21)) (-2)=0
ie,17u-3A=20
Solving (i) and (ii) for Land u,we getu =1, A = -1. (1)
The position vector of the points, at which they should
be so that the distance between them is the shortest, are
5f+4f and —f—2}'—3f<

AB=—-6i—-6] -3k

(1%)

(1/2) |

i)

253

The shortest distance = |AB|=v6%+6%2+32=9 (1)

7. Eliminating t between the equations, we obtain the

equations of the path %:%:% , which are the equations

of the line passing through the origin having direction ratios

<2,-4,4 > This line is the path of the rocket. (1)
When t = 10 seconds, the rocket will be at the point

(20, -40, 40). (1)
Hence, the required distance from the origin at 10

seconds = v20% +40% +40?% km=20x3km=60km (1)

The distance of the point (20, -40, 40) from the given line
|(dy—a;)xb| |-30jx(10i—20j+10k)|

= = = = = km (1)
bl |10i—20j+10k]|
= |_3AOO,+A300 kAl m= 300\/§sz 10v/3 km (1)
|10i—20]j +10k| 106

8. Wehave, d, =3i+2j -4k, by =i+2]+2k

G,=51-2], b,=3i+2]+6k

Gy—ady =21 —4]+4k (1)
ik

byxby=[1 2 2/=i(12-4)-](6-6)+k(2-6) (1)
326

=8i-4k

And (b, xb,)-(G,—d;)=16-16=0 (1)

The lines are intersecting and the shortest distance
between the lines is O.

Now for point of intersection, consider

3f42j—ak+a(+2]+26) =51 —2] +u@i+2j+6k)
= 3+A=5+3u

2+20=-2+2n

-4+20=6n
Solving (i) and (i) we get p =-2and A = -4.
These values satisfy equation (iii) also.
Now, substituting the value of u in equation of line, we get

()
.. (i)
. (i) (1)

F=5i-2]+(=2)3i+2] +6k)=—i-6]-12k
Point of intersectionis (-1, -6, -12). (1)




Self Assessment

(éase Based Objective Questions

(4 marks)

Two motorcycles A and B are running at the speed
more than allowed speed on the road along the lines

F=Ai+2j—k) and F=3i+3]j+p(2i+j+k)

respectively.

-

Based on the above information, attempt any 4 out
of 5 subparts.

(i)  The cartesian equation of the line along which
motorcycle A is running, is

1 1 z-1
e
(c) %:%:% (d) None of these

(ii) The direction cosines of line along which
motorcycle A is running, are

(a) <1,-2,1> (b) <1,2,-1>

21y 12 -1

NN J6'J6' V6

The direction ratios of

motorcycle B is running, are

(@) <1,0,2> (b) <2,1,0>

() <1,1,2> d <2,1,1>

(iv) The shortest distance between the gives lines is

(@) 4units (b) 243 units

(v)  The motorcycles will meet with an accident at

the point

(a) (_1, 1; 2) (b) (2y 1: _1)

() (1,2,-1) (d) does not exist
(I\—/Iultiple Choice Questions (1 mark)

Distance of the point (a, 3, y) from y-axis is

@ B (b) 1Bl

line along which |

() IBl+1vl

(d) o2 +y?

3. Ifthedirection cosines of aline arek, k, k, then
(@) k>0 (b) O<k<1
1 1
c k=1 d k=—% or-——
() (d) 7 Ne
4. Aline makes angles o, § and y with the co-ordinate
axes. If oo+ 3 = 90° thenyis equal to
(@ O (b) 90°
(c) 180° (d) None of these
OR
The equation of a line passing through the point
(- 3,2, -4) and equally inclined to the axes are
(@) x-3=y+2=z-4 (b) x+3=y-2=z+4
() X*+3_y-2_2z+4 () Noneof these
1 2 3
The vector equation of the symmetrical form of
equation of straight line X—_S:M:ﬂis
3 7 2
(@) F=(3i+7]+2k)+u(5i+4]—6k)
(b)  F=(5i+4]—6k)+u(3i+7]+2k)
(©)  F=(5i—4j—6k)+u(3i-7]—2k)
(d)  7=(5i—4j+6k)+w(3i+7]+2k)
6. The angle between the linesx=1,y=2andy = -1,
z=0is
(a) 90° (b) 30° (c) 60° (d) 0°
7. The angle between the lines X=>_Y+2_Z and
x_y_z. [
123"
(a) 0 b F @ = d =
2 3 4
(\7$A Type Questions (1 mark)
8. Find the direction cosines of the vector (27 +2j—k)-
9. Write the given equation of the line
X=3_y+4_Z-6 iy vector form.
3 7
10. If o, B,y are the direction angles of a vector and cos o
= E, cosf = 1 ,then find cos y.
15 3
OR
If the vectors AB is perpendicular to CD, where
A = (3v 4: _2)’ B = (1y _1’ 2)v CE (k’ 3v 2) and D = (3’ 5’ 6):
then find the value of k.
11. If (%%n) are the direction cosines of a line, then

what is the value of n?
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12. Find the equation of a line, which is parallel to

2i+j+3k and which passes through the point :

(5,-2,4).

(S—A | Type Questions (2 marks)

13. Write the vector equation of the line through the
points (3,4, -7) and (1, -1, 6).

14. Find the angle between the straight lines
x+1y22+3 x1y+2z3

n
2 5 4 1 2 -3
15. Find the shortest distance between the linesx=y =z
z
and x=1-y==.
Y=o
OR

Find the angle between the lines passing through the
points (4,7,8),(2,3,4)and (-1,-2,1),(1, 2, 5).

16. Find the shortest distance between the lines
X-5 _y- 7 ﬁ n x-8 _y- 7 275
4 -5 5 7 1 -3

(S—A Il Type Questions (3 marks)

17. A(O, 6, -9), B (-3, -6, 3) and C(7, 4, -1) are three
points. Find the equation of line AB. If D is the foot of
the perpendicular drawn from the point C to the line
AB, then find the coordinates of the point D.

18. Prove that the line through A(O, -1, -1) and B(4, 5, 1)
intersects the line through C(3, 9, 4) and D(-4, 4, 4).

19. Find the angle between the pairs of lines given by
7 =3i+2j —4k+ A+ 2] + 2k) and
F=5i— 2] +u(3i + 2] + 6k).

OR
Find the foot of perpendicular from (0, 2, 7) on the
line x+2 y-1 z-3
-1 3 =2

20. Find the shortest distance and the vector equation
of the line of shortest distance between the

lines given by

F=(=3i— 7]+ 6k) + 1 (=3i +2] + 4k).

Detailed B<{o]R88aj[0] )}

1. (i) (b) : The line along which motorcycle A is running, !

is 7 =A(i+2j—k), which can be rewritten as
(Xi+y]+2zk)=\i+21]— Ak

= X=AYy=2MZ2=-A = 5:}%%_}&71 A

[N

Thus, the required cartesian equationis X_Y _ %
1 2 -1

- 21. Find

F=(3i+8j+3k)+A(38i—j+k)and |
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the angle between the lines whose
direction cosines are given by the equations
[+m+n=0and2+m2-n%2=0

(éase Based Questions

22. If a4, by, c1 and ay, by, ¢, are direction ratios of two
lines say L, and L, respectively. Then L, || L, iff

(4 marks)

a—lzb—lzc—l and L1J.L2 iffalaz+b1b2+C1C2 =0.

a; by €
L L

[l gﬁ/
Based on the above
following questions.
(i) Find the coordinates of the foot of the
perpendicular drawn from the point A(1, 2, 1) to
the line joining B(1, 4, 6) and C(5, 4, 4).
(i) Find the direction ratios of the line which is

perpendicular to the lines with direction ratios
proportional to (1, -2, -2) and (0, 2, 1).

(I:A Type Questions (4 /6 marks)

23. Find the foot of perpendicular from the point

(2, 3, -8) to the line 2=X_Y _1=Z Ajso, find the
2 6 3

perpendicular distance from the given point to the

line.

24. Find the shortest distance between the lines
(8+3N)1 —(9+16M)] +(10+ 7k
and F=151+29]+ 5k +u(3i +8] - 5k).
OR
Show that the straight lines whose direction cosines

aregivenby 2l+2m-n=0and mn+nl+Im=0are at
right angles.

information, answer the

given by 7=

25. Find the equation of the perpendicular drawn from
the point P(2, 4, -1) to the line X*+3 _y+3 _2-6
1 4 -9
Also, write down the coordinates of the foot of the
perpendicular.

(if) (d): Clearly, D.R!s of the required lineare < 1,2,-1 >.

D.Csare
1 2 -1 g
\/12+22+( 12 12422 4(<1)2 12422 +(-1)2
-1
f J— N

{ (i) (d): The line along which motorcycle B is running,
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is 7=(3i+3])+u(2i+j+k), which is parallel to the vector )

2?+]‘+I2.
D.R!s of the required line are <2, 1, 1>.

(iv) (d):Here,d, =0i+0j+0k,d, =3i+3],b; =i+2j—k,
b, =2i+j+k

“. az—al =3/l:+3}
ijok

and byxb, =1 2 -1|=3i-3j-3k
21 1

Now, (@, —d, )- (b; xby) = (3i+3])-(3i—3j —3k)

=9-9=0
Hence, shortest distance between the given lines is 0.
(v) (c):Since, the point (1, 2, -1) satisfies both the
equations of lines, therefore point of intersection of given
linesis (1,2, -1).
So, the motorcycles will meet with an accident at the
point (1, 2, -1).

2. (d): Distance of point (., B, y) from y-axis or any point
The direction ratios of the line along the vector AB are

(0,8,0) =la—0P + (B2 +(y—0P = Jo2 +7°

3. (d):If direction cosines of a line are k, k and k, then
I=k,m=kandn=k

Since, P+ m?+n?=1

K2+k2+k2=1= K=t o k=t -

NE

4. (b):We know that coszoc +cos?B+cos?y=1
= cos?o+cos?(90° - ) + cos?y =1
= cos?o+sino+cos?y=1=1+cos?y=1 = cos’y=0
= cosy=0=y="T =90°
OR
(b) : Since, the line is equally inclined to the axes.
I=m=n (i)
The required equation of the line is
X+3_y-2_z+4 [Using (i)]
| | |
= x+3_y-2_z+4 = x+3=y-2=z+4
1 1 1
5. (d):+Thevector formof X=X1 _Y=Y1 _2=2; is
a b c

F=(xqi+yq j+21K)+Mai+bj+ck)
.. Required equation in vector formis
= F=(5f—4f+6l§)+u(3f+7f+2l2)
6. (a):The first line is parallel to z-axis and the second
line parallel to x-axis, therefore the angle between the
required line is 90°.
7. (b):Direction ratios of the given lines are respectively
7,-5,1and 1,2, 3.
Here, a,a, + b;b, + ¢1¢, = (7)(1) + (-5)(2) +

=7-10+3=0

(1)(3)

i 12. Wehave, x, =

i Now, B-a:-zf—
| Since, vector equation of a line passes through two points

CBSE Champion Mathematics Class 12

Angle between the given lines is g

8. Direction cosines of (2?+2}—IA<) are

2 2 -1
J2R+22+12 YR +22 12 (22 +(27 +(-1)2
2 2 -1

Ja+a+1 JA+4+1 41441
22 -1
e, - ——
3’3" 3

9. Wehave, G=5i-4j+6k and b=3i+7]+2k

Vector equation of lineis F=g+Ab or

 F=(51-4]+6k)+MBi+7]+2k)

10. We know that cos? o, + cos? B+ cos?y =1

= ﬁ+1+cos v=1
225 9
= coszy—l—& i: cosy=+ i
225 225 15

OR

01=1—3=—2,b1=—1—4=—5,C1=2—(—2)=
The direction ratios of the line along the vector CD are
az=3_k,b2=5_3=2,C2=6_2=4
Given AB is perpendicular to CD .

a10; + byby + ¢, = 0= (-2) (3 -k) +(-5)(2) + 4(4) =
=-6+2k-10+16=0=k=0

11. Given, (%%n) are the direction cosines of a line

(1)2 (1T , 23 +J23
= |+ 2] 40?12 n2= o=
2 3 36 6

_2, Z4q =4

S’Yfl.:
and a=2,b=1,c=3
Required equation of the line is X=5_y+2_z-4

1~ 3

13. LetF=xi+yj+zk,d=3i+4j-7k andb=i—j+6k

57+13k

is represented by 7 =d+Al(b—a).
Therefore, the required equation is

Xi+yj+zk=31+4j—7k+\=2i—5]+13k)

= (x—3)f+(y—4)f+(z+7)l2=7»(—2?—5J?+13/A<)

14. Thedirection ratios of lines are

=2,b;=5,¢,=4anda,=1,b, =
2-1+5-2+4(-3)

V22152142 \[12192 (_3)2
(2+10-12)

~ V412511614419

2,¢c,=-3

cosf=

=0 = 06=90°



Three Dimensional Geometry

15. Thelinesare Yo and fzﬂzf,
1 1 -1 O

| x
=N

Here, d,=0,b, =i+]j+k, dy=jand by=i—]
by xby =(i+]j+k)x(i—j)=i+]—2k

Shortest distance between the lines is
(@, —dy)(by xb,)]

|by xb, |
|j-(+j-2k1_ 1
li+j-2k] V6

OR
Let the given points are A(4, 7, 8), B(2, 3, 4), C(-1, -2, 1)
and D(1, 2, 5).
Direction ratios of AB (a4, b, ¢,) are (-2,-4,-4)
Direction ratios of CD (a,, by, ¢,) are (2,4,4)

2 b, —4 4

WehaVe,af]':;:—l,—ziz_landcil:;:_l
a, 2 b, 4 c, 4
a_b_o
a, by, ¢
Thus, AB||CD.

Hence, angle between the lines is O.

16. Here,x;=5,y,=7,z2,=-3;a,=4,b;=-5,¢c,=-5;x,=8,
y2=7,22=53nd02=7,b2= 1,C2=_3

3 0 8
4 -5 -5
7 1 -3

.. Shortest distance=

Ji15+52 +(-35+12)2 +(4+357 |

_|3(15+5)+8(4+35)| |60+312| 372
J400+529+1521| | 2450 | 352

37242 186v2
70 35
17. Wehave, A (0, 6,-9),B (-3, -6, 3) and C(7, 4, -1).
The equation of line passing through the points
A(0, 6,-9) and B(-3, -6, 3) is
x-0 _ y—-=6 :z+9 . L:g:ﬂ
-3-0 -6-6 3+9 -3 -12 12

units

N 5_y—6_z+9_
-4
=Ay=4r+6,z=-4)-9

1 7 A (say)
X
C(7,4,-1)

(A, 4N+ 6,-4)-9)
A(0,6,-9) D B(-3,-6,3)
Let the coordinates of D be (A, 4\ + 6, - 4\ - 9). (i)
Direction ratios of CD be (A - 7, 4\ + 2, - 4A - 8) and
direction ratios of AB are (1, 4, - 4).

i cosb=
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- Now, CD is perpendicular to AB.
S0, 1A~ 7) +4(4r+2) - 4(-41-8) =0

= A-7+16A+8+160+32=0 = A=-1

Substituting the value of A in (i), we get (-1, 2, -5)

Hence, the coordinates of D are (-1, 2, -5).

18. As we know, the cartesian equation of line passes

through A(x,, 4, z;) = (0, -1, -1) and B(xy, y,, z,) = (4,5, 1) is
X=X _¥Y=V1 _
X2 =X1 _Yz—Yl -
x-0 y+1 z+1
4-0 5+1 1+1

z-z4
-7

4 6 2

and cartesian equation of the line passes through C(3, 9, 4)
and D(-4, 4, 4) is

x_y+1 z+1 (i)

(i)

Now, shortest distance between the lines

Xpg=X1 Ya2—VY1

a by ¢

=7y

as b, )

\/(bicz - b2c1)2 +(cqay — c2<21)2 +(a.by — azbl)2

3-0 9+1 4+1
4 6 2
~ 7 -5 0
J0+10) +(~14-0)2 + (20 + 42)2
3 10 5
4 6 2
|7 50
~ [100+196 + 484
_3(0+10)-10(14)+5(-20+42) _30-140+110 _
J780 J780

i Hence, the given lines intersect.

[-.- If shortest distance between lines is zero then the lines
intersect]

19. We have F=3i+2j—4k+A(i+2j+2k)
Gy =3i+2j-4k and by =i+2]+2k
and F:Sf—2f+u(3f+2}+6f<)
G, =5i—2]j and b, =3i+2j+6k
Here, b, =i+2j+2k and b, = 3i +2j+ 6k
Let 6 be the angle between the given lines, then

| biby | 1x3+2x2+2x6
1B 115, J12+22422\[32422 462
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_3+4+12 19 19 ie—cosfl(ﬁ)
V949 3x7 21 N
OR
x+2_y—1_z—3'
-1 3 -2
x+2 y-1 z-3

= = =\ (say)
-1 3 -2 Y
= Xx=-A-2,y =3A+1,z=-2A+3
Any point on the line (i) be
(-A-2,3A+1,-21+3).
Let Q be the foot of the
perpendicular drawn from the
point P(0, 2, 7) to the given

We have, equation of line is

=

(i)

P(0,2,7)

Q
line. (-A-2,30+1,-21+3)

Let the coordinatesof Qbe (- A - 2,3A+ 1, - 21+ 3)

Directionratiosof PQbe-A-2,3A-1,-2A-4

PQis the perpendicular to the given line.
-1(-A-2)+3(3r-1)-2(-21-4)=0

= A+2+9A-3+4A+8=0= ho-t

2
Substituting the value of A in (ii), we get (_73 _71 4)
Hence, the coordinates of Q are (_%_%, 4)'

20. Givenlines are F:3?+8}+3f<+k(3?-}+f<) and

F=—3i-7]+6k+u(=3i + 2]+ 4k)
In cartesian forms, we have

and X*+3_y+7 _z-6_
-3 2 4

Any point on (i) has coordinates P(3A + 3, - A + 8, A + 3)

and on (ii) Q(- 3u-3,2u-7,4u+ 6)

Direction ratios of PQ are

a=-3u-3-3A-3=-3u-31-6

b=2u-7+Ar-8=2u+Ai-15

c=4u+6-A-3=4u-1+3

As PQ is perpendicular to (i) and (ii).
-9u-91-18-2u-A+15+4u-1+3=0

= -7u-11A=0=7u+11A=0

and 9u+9A+18+4u+2A-30+16pu-4A+12=0

= 29u+7A=0

Solving (iii) and (iv), we get u=0,A = 0.

i)

(i)

..(ii)

(i)

.(iv)

Coordinates of P(3, 8, 3), Q(- 3, - 7, 6) and direction

ratios of PQare <- 6,- 15,3>0r<2,5,- 1>

So, shortest distance PQ = /62 +152 +(-3)?
=+/270 =330 units.

and vector equation of PQ is

F=3i+8]+3k + (2] +5] k)

21. Wehave,l+m+n=0

or n=-(l+m)
and 2+ m?2-n2=0

(i)

LLLLy
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- Substituting n =~ (I + m) in (i), we get

P+m?2-(1+m)?=0

P+m?-2-m?-2ml=0 = 2Im=0

Im=0 = (-m-n)m=0 [ |=—m-n]

(m+nm=0

m=-n or m=0

[=0,I=-n (Usingl=-m-n)

Hence, dr’s of two lines are proportional to O, -n, n and
-n,0,nie,0-1,1and-1,0, 1.
Therefore, the vector parallel to these given lines are

>

A

G=—j+kandb=—i+k
1

—

Now, cosf= d-b ——~i
’ lallbl V2 2
= cosezfzcosE
2 3
.
3

22. (i) Equation of line joining B(1, 4, 6) and C(5, 4, 4) is

x-1 y-4 z-6

4 0 -2
Let coordinates of foot of perpendicular be D(x, y, z)
drown from the point A(1, 2, 1)
D.R!'sof ADare<x-1,y-2,z-1>.
Now, 4(x-1)+0(y-2)+(-2)(z-1)=0 = 4x-2z=2
Also, (x, y, z) will satisfy equation of line BC.
Here, (3, 4, 5) satisfy both the equations.
Required coordinates are (3, 4, 5).
(ii) Let a, b, ¢ be the direction ratios of the required
line. Since it is perpendicular to the lines whose
direction ratios are proportional to (1, -2, -2) and (0, 2, 1)
respectively.
a-2b-2c=0 (i)
0-a+2b+c=0 ..(ii)
On solving (i) and (ii) by cross-multiplication, we get

a b ¢ a b c

= = = =
-2+4 0-1 2 2 -1 2

Thus, the direction ratios of the required line are
<2,-1,2>.

i 23. We have, equation of line as

4-x y 1-z

andDr'sare-2,6,-3.

= x=-2A+4,y=6landz=-3A+1

If the coordinates of L be (4 - 2A, 6A, 1 - 3A) and P be

(2, 3, -8) then direction ratios of PL are proportional to

(4-21-2,6A-3,1-31+8)ie,(2-2\61-3,9-3A).

Since, PL is perpendicular to give line
-2(2-20)+6(6L-3)-3(9-3A1) =0

= -4+4)+36)-18-27+90=0
il)

= 490=49 = A=1
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Hence, the coordinates of L are

(4-2X,6)11-30)ie,(2,6,-2)
P(2,3,-8)

Now, PL=1/(2—2)2 +(6-3)2 +(~2+8)2
=\/m=3\/§units
24. Given, F=(8+31)i —(9+16)\)j+(10+7W)k
~8i-9j+10k +A(31 —16]+7k)
Compare with F, =d, +Ab;, we get
G, =81 -9j+10kandb, =31 —16]+7k (i)

Also, F =157 +29] +5k+u(3i +8] -5k)

= G,=15]+29]+5kandb,=3i+8] -5k i)

Now, shortest distance between two lines is given by

(by xby)-(d, —dy)

|by x b, |
Pk
Since, b, xb,=(3 -16 7
3 8 -5

—1(80-56)— ] (~15-21)+k(24+48) =241 +36]+72k

= |byxb,|= \/ (24)? +(36)? +(72)?

10 6 =84
and(d, —d,)=(15-8)i +(29+9)] +(5-10)k =7i+38]-5k
Hence, shortest distance

(24f+36jA+72IA<)-(7f+38f—5IA<)‘

84 |
_ 168+1368—360‘= 1176‘=14units
84 || 84 |
OR
Wehave, 2[+2m-n=0 (i)
- m:n—ZI
2
andmn+nl+Im=0 (i)
Substituting m=—— in (ii), we get

(n_m)n+nl+l(n_2l)=0
2 2
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n?—2nl+2nl+nl-27
> =
= n?+nl-2P=0
= (n+2)(n-)N=0 = n=-2landn=1
21-21  1-2I B -
m= == = m=-2,m=—
2 2 2

Hence, the direction ratios of two lines are proportional
tol,-2l,-2land | = |
2

0

’

= 1,—2,—2and1,_71,1

= 1,-2,-2and 2,-1,2
Also, the vectors parallel to these lines are

G=1-2j—2kand b=2{— [+ 2k, respectively.

b ((-2j-2k-2i-j+2k) 242-4

I 3-3 9

. cosf= fb_
allb

0]
I

= 9=g Hence proved.

25. Let Q be the foot of the perpendicular drawn from
the point P (2, 4, -1) to the given line. The coordinates of a
x+5 y+3 z-6
1 4 -9
arex=A-5y=4r-3,z=-9A+6
Let the coordinates of Qare (A - 5,4A - 3, -9\ + 6) ()]
P(2,4 -1)

general point on A (say)

d xX+5_y+3_2z-6
1 4 -9

Direction ratios of PQ are
A-5-2,41-3-4,-9A+6+1
ie,A-7,4N-7,-9 +7
Direction ratios of the given line are proportional to

P 1,4,-9

Since, PQ is perpendicular to the given line
1A -7)+4(4h-7)-9(-94+7)=0
= A-7+160-28+811-63=0
= 98L=98
= Ar=1
Putting A = 1 in (i), we get the coordinates of Q as
(-4,1,-3).

The equation of lineis X=2 _y—-4_ z+1
4-2 1-4 -3+1
= X-2_y-4_z+1  x-2 y-4_ z+1
6 3 =2 6 3 2
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»  Maximum MCQ, LA Il type questions were asked from Topic 12.2 Linear Programming Problem and its Mathematical

Formulation.
QUICK RECAP

& Linear programming (LP) is an optimisation technique in which a linear function is optimised (i.e., minimised or
maximised) subject to certain restrictions which are in the form of linear inequalities.

Linear Programming

Linear Programming Problem

& Alinear programming problem (LPP)is a problem that is concerned with finding the optimal value of a linear function
subject to given constraints.

Optimisation problem

& A problem which maximise or minimise a linear function subject to the given constraints.

> Feasible Region: The common region determined by all the constraints of an LPP is called the feasible region.

The feasible region may be either bounded or unbounded.
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(i) Bounded feasible region: If the feasible region is
enclosed within a circle, then it is called bounded
feasible region.

(i) Unbounded feasible region : If the feasible
region is not bounded, then it is called unbounded

feasible region.

» Feasible Solution : The set of points, within or on
the boundary of the feasible region is said to be
the feasible solution.

Note:

(i) The region other than feasible region is called
infeasible region.

(ii) Any point outside the feasible region is called an |

infeasible solution.

Optimal Value : The maximum or minimum value of
the objective function is called optimal value.

Optimal Solution : Any point in the feasible region

which gives the optimal value is called optimal :

solution.

Corner Point : The intersection point of two boundary
lines of the feasible region.

261

Some Important Theorems of LPP

& Theorem 1: Let R be the feasible region for a linear

programming problem and let Z = ax + by be the
objective function. When Z has an optimal value
(maximum or minimum), where the variables x and
y are subject to constraints described by linear
inequalities, the optimal value must occur at a corner
point of the feasible region.

Theorem 2 : Let R be the feasible region for a linear
programming problem and let Z = ax + by be the
objective function. If R is bounded, then the objective
function Z has both maximum and minimum value on
R and each of these occurs at a corner point of R.
Remark : If R is unbounded, then a maximum or a
minimum value of the objective function may not
exist. However, if it exists, it must occur at a corner
point of R.

Steps to solve LPP

@ Herearethe following steps to solve an LPP.

Step 1: Convert inequations into equations.

Step 2: Find the point of intersection.

Step 3: Draw the graph of inequations.

Step 4 : Find the value of the objective function
corresponding to each corner point.
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Let R be the feasible region (convex polygon) for a linear programming problem and
let Z = ax+ by be the objective function. When Z has an optimal value (maximum or
minimum), where the variables x and y are subject to constraints described by linear
inega lities, this optimal value must occur at a corner point (vertex) of the feasible
region.

Remark: If R is unbounded, then a maximum or a minimum value of the objective
function may not exist. However, if it exists, it must occur at a corner point of R.

Let R be the feasible region for a linear programming problem, and let Z = ax + by be the
objective function. If R is bounded, then the objective function Z has both a maximum
and a minimum value on R and each of these occurs at a corner point (vertex) of R.

Definition /

Finding the optimal values (maximum or minimum) of quantities subject to the constraints when
relationship is expressed as linear inequations or inequalities.

\ 4

General Form of LPP

4 Graphical Method S
of Solving LPP :

\ 4

Step - 1: Feasible Solution

Find set of points, whose co-ordinates
satisfy the constraints and non negativity
of a linear programming problem.

A4

Step - 2 : Feasible Region

Mark common region determined by all
the constraints or points satisfying the
constraints of an LPP.

\ 4

Step - 3 : Optimal Feasible Solution
Any point which maximises or minimises
the objective function gives the solution
of objective function.

Maximize (or minimize}Z = c,x; + cox, + ...+ ¢,x, (Objective function) Subject to

apx; tap; tagxt ot ax (S, =, 2)b

Ay Xy T Xy T aysXs ot ayX,(S, =, 2)b,
: : : (constraints)

A%yt Ay T Qs T a,,x, (S,=,2)b,

X1, X3, X3, ..., X,, = 0 (non-negative restrictions)

where all a;’s, b;’s and ¢;’s are constants and x;’s are variables.

\ 4

Formulation of LPP
The three steps in the mathematical formulation of an L.P.P. are as follows :
Identify the objective function as a linear combination of variables (x and y)
and construct all constraints ie . linear equations and inequations involving
these variables. An L.P.P. stated mathematically as
Maximise (or minimise) Z = ax + by
Subject to the constraints:
ax+b;y<(or>or=or>or<)c;, wherei=1,..,n,
x >0,y >0 (non-negative constraints).
Find the solutions (feasible region) of these equations and inequations by some
mathematical method.
Find an optimal solution ie . select particular values of the variables x and y

that give the desired value (maximum/minimum) of the objective function.
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= Previous Years’ CBSE Board Questions =

12.2 Linear Programming Problem and
its Mathematical Formulation

MCQ
1. Which of the following points satisfies both the
inequations 2x +y<10and x + 2y > 8?

(2023) (1]

2. Thesolution set of the inequation 3x + 5y < 7 is
(a) whole xy-plane except the points lying on the
line 3x+5y=7.

(b) whole xy-plane along with the points lying on 3

theline 3x+ 5y =7.

(c) open half plane containing the origin except the
points of line 3x + 5y = 7.

(d) open half plane not containing the origin.

(2023) (U]

3. If the corner points of the feasible region of an LPP

are (0, 3), (3, 2) and (0, 5), then the minimum value of |

Z=11x+7yis
(a) 21 (b) 33 (c) 14 (d) 35 ~
(Term I, 2021-22) (Ev|
4. The number of solutions of the system of
inequations x + 2y < 3,3x +4y 212, x20,y 2 1is
(@ O (b) 2 (c) finite (d) infinite
(Term I, 2021-22)
5. The maximum value of Z = 3x + 4y subject to the
constraints x>0,y >20andx+y<1is
(@ 7 (b) 4 (c) 3 (d) 10 ~
(Term I, 2021-22) (Ev|

6. Thefeasible region of an LPP is given in the following
figure
’\ y
\\ (0,104)
(0, 38)

ol (52,00\(76,0n

Then, the constraints of the LPP are x>0,y > 0 and
(@) 2x+y<52andx+2y<76
(b) 2x+y<104andx+2y<76
() x+2y<104and2x+y<76
(d) x+2y<104and2x+y<38
(Term I, 2021-22)

7. If the minimum value of an objective function
Z = ax + by occurs at two points (3, 4) and (4, 3) then

(@) a+b=0 (b) a=b
(¢) Ba=b (d a=3b N
(Term I, 2021-22) (U |

8. For the following LPP, maximise Z = 3x + 4y subject

to constraintsx -y >-1,x<3,x20,y >0

10.

11.

12,

- 13.

the maximum value is
(@ O (b) 4 (c) 25 (d) 30
(Term I, 2021-22)

The corner points of the feasible region determined
by the system of linear inequalities are (0, 0), (4, 0),
(2, 4) and (O, 5). If the maximum value of z = ax + by,
where a, b > 0 occurs at both (2, 4) and (4, 0), then
(@ a=2b (b) 2a=b
(0 a=b (d) 3a=b  (2020)(1U]
In an LPP, if the objective function z = ax + by has the
same maximum value on two corner points of the
feasible region, then the number of points at which
Zmax OCCUI'S iS
(@) O (b) 2 (c) finite (d) infinite
(2020) (U )
The feasible region for an LPP is shown below :
Let z = 3x - 4y be the objective function. Minimum
of zoccurs at

YA
(4,10)

(0,8) (6,8)

(6,5)

(O, 0) (5' O) » X

0) (b) (0,8)
0) (d) (4,10)

(NCERT Exemplar, 2020)

The graph of the inequality 2x + 3y > 6 is

(a) half plane that contains the origin

(b) half plane that neither contains the origin nor
the points of the line 2x + 3y = 6.

(c) whole XOY-plane excluding the points on the
line 2x + 3y = 6. N

(d) entire XOY-plane. (2020)( U |

The objective function of an LPP is

(a) aconstant

(b) alinear function to be optimised

(c) aninequality N
(d) aquadratic expression (2020) @

(@) (O,
(€ (5

WP (3 marks)

14.

Solve the following linear programming problem
graphically :
Maximise z = -3x - 5y
Subject to the constraints
-2x+y<4
X+y>3
xX-2y< 2,
x>0,y 0. (2023)
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(4 marks)

15.

16.

17.

Solve the following linear programming problem 5
graphically :
Maximize z = 3x + 9y
Subject to constraints
x+ 3y <60

x+y=>10

x<y

X y>0 (2021) (V]

The corner points of the feasible region determined by
the system of linear inequations are as shown below:

C(3,4)

o 1 2 3 4 5 6 7

Answer each of the following :

(i) Letz=13x - 15y be the objective function. Find
the maximum and minimum values of z and also
the corresponding points at which the maximum
and minimum values occur.

(ii) Let z = kx + y be the objective function. Find k, if
the value of z at A is same as the value of z at B.

(2021)
Solve the following LPP graphically :
Minimizez=5x+7y
Subject to the constraints R
2x+y=8,x+2y>10, x,y=0 (2020) (Ev| 3

18,

19.

CBSE Champion Mathematics Class 12

Solve the following LPP graphically :
Minimise Z = 5x + 10y
Subject to constraints x + 2y < 120, x + y > 60,
x-2y>0andx,y>0
(NCERT Exemplar, Delhi 2017) @
Maximise Z=x+ 2y
Subject to the constraints:
x+2y>100,2x-y<0, 2x+y<200, x,y=>0
Solve the above LPP graphically. R
(NCERT, Al 2017) (Ev|

W.NIBN (5/6 marks)

20.

21.

22.

23.

Solve the following linear programming problem
graphically.
Maximize : P = 70x + 40y
Subjectto: 3x+2y<9,3x+y <9,x>0,y>0.
(2023) (Ev)

Solve the following linear programming problem
graphically.
Minimize : Z = 60x + 80y
Subject to constraints:
3x+4y>8
5x+2y>11
x,y=>0

(2023) (Cr)

Find graphically, the maximum value of z = 2x + 5y,
subject to constraints given below:
2x+4y<8,3x+y<6,x+y<4;x>0,y>0

(Delhi 2015) (V]

Maximise z = 8x + 9y subject to the constraints given

below :

2x+3y<6,3x-2y<6,y<1;x,y=>0 N
(Foreign 2015)(Ev|

= CBSE Sample Questions =

objective function Z = 4x + 6y occurs at

12.2 Linear Programming Problem and |

MCQ

its Mathematical Formulation

The solution set of the inequality 3x + 5y < 4 is

(a) anopen half-plane not containing the origin.

(b) an open half-plane containing the origin.

(c) thewhole XY-plane not containing the line

3x+5y=4,

a closed half plane containing the origin.
(2022-23) (EV)

The corner points of the shaded unbounded feasible
region of an LPP are (0, 4), (0.6, 1.6) and (3, 0) as
shown in the figure. The minimum value of the

(d)
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(@) (0.6,1.6)only

(b) (3,0)only

(c) (0.6,1.6)and (3,0)only

(d) at every point of the line-segment joining the

points (0.6, 1.6) and (3, 0) (2022-23)
Based on the given shaded region as the feasible
region in the graph, at which point(s) is the objective
function Z = 3x + 9y maximum?

a) PointB
b) PointC
c) PointD
d) every point on the line segment CD

(Term 1, 2021-22) (U]

In the given graph, the feasible region for a LPP is
shaded. The objective function Z = 2x - 3y, will be
minimum at

AY
(4, 10)
(0, 8) (6,8)
(6,5)
(0,0)] (5,0)
(a) (4,10) (b) (6,8)
(c) (0,8) (d) (6,5)

(Term I, 2021-22) (Ap)

A linear programming problem is as follows :
Minimize Z = 30x + 50y

Subject to the constraints,

3x+5y>15

2x+3y<18

x=>20,y>0

In the feasible region, the minimum value of Z occurs at
(a) aunique point

(b) no point

(c) infinitely many points

(d) two points only (Term [, 2021-22) @

For an objective function Z = ax + by, where a, b > O;
the corner points of the feasible region determined

by a set of constraints (linear inequalities) are :
(0, 20), (10, 10), (30, 30) and (0, 40). The condition on |
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a and b such that the maximum Z occurs at both the
points (30, 30) and (0, 40) is
(@) b-3a=0 (b)
() a+2b=0 (d)

a=3b
2a-b=0

(Term I, 2021-22)
In a linear programming problem, the constraints on
the decision variables x and y are x - 3y 20,y 2 O,
0 < x < 3. The feasible region
(@) is notin the first quadrant
(b) is bounded in the first quadrant

(c) isunbounded in the first quadrant
(d) does not exist (Term I, 2021-22) @

(3 marks)

Solve the following Linear Programming Problem
graphically:
Maximize Z = 400x + 300y subject to x + y < 200,

X <40,x220,y20 (2022-23) (V)

WIS (5/ 6 marks)

10.

Solve the following linear programming problem
(L.P.P) graphically.

Maximize Z=3x +y

Subject to constraints;

x+2y>100

2x-y<0

2x +y <200

X y>0 (2020-21) (Ap)

The corner points of the feasible region determined
by the system of linear constraints are as shown below:
Y

11+
10
9 o2
8- C(6,8)
-
6_
571 D(6, 5)
-
3_
2_
! E(4,0)

o T T T 1717171 X
1 234567

B(4,10)

Answer each of the following:

(i) LetZ=3x - 4y be the objective function. Find the
maximum and minimum value of Z and also the
corresponding points at which the maximum and
minimum value occurs.

(ii) Let Z = px + qy ,where p, g > 0 be the objective
function. Find the condition on p and g so that
the maximum value of Z occurs at B(4,10) and

C(6, 8). Also mention the number of optimal
solutions in this case. (2020-21) @
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Detailed B<{o]R8x ) [0] 5

A y N
Previous Years’ CBSE Board Questions

1. (d):Wehave,2x+y<10andx+2y>8
Let us check which of the given points satisfy the given

inequation one by one.
(@ (-2,4)

2x(-2)+4=-4+4=0<10

6=-10+6=-4<10

and -2+2x4=-2+8=6 %8
(b) (3,2)
2x3+2=6+2=8<10
3+2x2=3+4=7¢£8
(c) (-5,6)
2x(-5)+
-54+42x6=-5+12=7#%#8
(d) (4,2)

2x4+2=10<10;4+2x2=8>8
(4, 2) satisfy both the inequations.

2. (c):Giveninequationis 3x+ 5y <7
Let us draw the graph of 3x + 5y =7

x| O | 233
y | 1.4 0]

Substitute, x = 0 and
y = 0 in the inequation,
we get

3(0) + 5(0) <

ie., 0<7whichistrue.
. The solution set
of the inequality is
an open half plane
containing the origin
except the points on
line 3x+5y=7.

y
4
3_

‘\@:wim

.

1 2330

3. (a):Given,Z=11x+7y

At(0,3),Z=11x0+7x3=21
At(3,2),Z=11x3+7%x2=47
At(0,5),Z=11x0+7x5=35
Thus, Z is minimum at (0, 3) and minimum value of Zis 21.

4. (a):Given,

X+2y<3,3x+4y>212,x20,y21
The graph of given constraints is shown here.

y
+
*2, No.3)
9 3x+4y=12
(0,1.3) y=1
QU @0 S
0 (&N
y

T <<

Since, there is no common region, so, no solution exists.

Key Points

> Afeasible region is an area defined by a set of
coordinates that satisfy a system of inequalities.

5. (b):We have to maximise Z = 3x + 4y
Subject to constraints, x>0,y >0andx+y <1

(TBZE) CBSE Champion Mathematics Class 12

NG

B(0, 1)\ x

X (0,00

The shaded portion OAB is the feasible region, where
0(0,0),A(1,0) and B(0, 1) are the corner points.

{ At0O(0,0),Z=3x0+4x0=0
i AtA(1,0),Z=

3x1+4x0=3
AtB(0,1),Z=3x0+4x1=4
. Maximum value of Z is 4, which occurs at B(0, 1).

[Concept Appiied (€]

2 Any pointin the feasible region of a linear
programming problem that gives the optimal value
(maximum or minimum) of the objective function is
called an optimal solution.

6. (b):Clearly, the pair of points given in graph, and
(0, 104); (52,0) and (0, 38); (76, 0) satisfy the corresponding
equations given in option(b) i.e., 2x +y < 104 and
X+2y<76.

7. (b):Since, minimum value of Z = ax + by occurs at two
points (3, 4) and (4, 3).

3a+4b=4a+3b =a=b
8. (c):Given,Z=3x+4y
Subject to constraints, x -

|v
o

y>-1,x<3; x>0,y
y /

B(3
qu////

X
C(3,0)

i The shaded region OABC is the feasible region, where

corner points are O(0, 0), A(0, 1), B(3, 4) and C(3, 0)
At0(0,0),Z=3(0)+4(0) =
AtA(0,1),Z=3(0)+4(1)=
AtB(3,4),Z=3(3)+4(4) =
AtC(3,0),Z=3(3)+4(0) =

Maximum value of Z is 25, which occurs at B(3, 4).

9. (a):Since, maximum value of z = ax + by occurs at both
(2,4)and (4, 0).

2a+4b=4a+0 =4b=2a = 2b=a

10. (d) : In an LPP, if the objective function z = ax + by
has the same maximum value on two corner points of the

i feasible region, then the number of points at which z,,,,
{ occurs is infinite.
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11. (b) : We know that minimum of objective function
occurs at corner points.

Corner points Value of z=3x - 4y
(0,0) 0
(5,0) 15
(6,5) -2
(6,8) -14
(4,10) -28
(0,8) -32 < Minimum

12. (b):From the graph of inequality 2x + 3y > 6. Itis clear
that it does not contain the origin nor the points of the line
2x+ 3y =6.

Y
(0,2
B (\
".(3,0)
(0] AT X

13. (b):A linear function to be optimized is called an
objective function.

14. We have, maximise z= -3x - 5y

Converting the given inequations into equations, we get
-2x+y=4 (i)
x+y=3 i
X-2y=2

We draw the graph of these lines.

As, x>0, y>0 so the solution lies in first quadrant.

From graph, corner point of feasible region are A(O, 4),
B(8/3, 1/3) and C(0, 3)

The value of z at these corner points are shown as :

Corner points z=-3x-5y
A(0, 4) -20
B(8/3,1/3) -29/3 < Maximum
C(0, 3) -15

Hence maximum value of z:% .

15. We have, maximize z = 3x + 9y

Subject to constraints, x + 3y <60,x+y>10,x<y,x,y>0
To solve L.PP. graphically, we convert inequations into
equations.
l1:x+3y=60,l,:x+y=10,l3:x=y,x=0andy=0

I, and I;intersect at (5, 5). 1, and I5 intersect at (15, 15).

267

The shaded region ABCD is the feasible region and is
bounded. The corner points of the feasible region are

A(0, 10), B(5, 5), C(15, 15) and D(0, 20)

Y’ x+ 3y =60
100 Nyiy-10 ’
Corner Points Value of z= 3x + 9y
A(O, 10) 90
B(5,5) 60
C(15, 15) 180 | Maximum (Multiple
D(0, 20) 180 | optimal solutions)

The maximum value of Z on the feasible region occurs at

| the two corner points C(15, 15) and D(0, 20) and it is 180

in each case.

16. (i) Corner Points | z=13x - 15y
0(0,0) 0
A(4,0) 52 (Maximum)
B(5, 2) 35
C(3,4) -21
D(0, 2) -30 (Minimum)

Thus, maximum value of Z is 52 at A(4, 0) and minimum
value of Zis -30 at D(0, 2)
(i) Since value of z = kx + y at A(4, 0) is same as the value
of Zat B(5, 2).
k-4+0=k-5+2 = 4k=5k+2=k=-2
17. We have, minimize z = 5x + 7y,
Subject to constraints, 2x +y>8,x+ 2y > 10, x,y >0
To solve LPP graphically, we convert inequations into
equations.
Now, l;:2x+y=8,l,:x+2y=10andx=0,y=0
I, and I, intersect at E(2, 4).

. Let us draw the graph of these equations as shown below.

5 The corner points of the feasible region are D(O, 8),
i B(10,0) and E(2, 4).
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Corner points Value of z=5x+ 7y
D(0,8) 56
B(10,0) 50
E(2,4) 38 (Minimum)

From the table, we find that 38 is the minimum value of z at
E(2,4). Since the region is unbounded, so we draw the graph
of inequality 5x + 7y < 38 to check whether the resulting
open half plane has any point common with the feasible
region. Since it has no point in common. So, the minimum
value of z is obtained at E(2, 4) and the minimum value of
z=38.

$»
[Answer Tips (7]

2 If the region is unbounded, then a maximum or
minimum value of the objective function may not exist.
If it exists, it must occur at a corner point of region.

18. We have, Minimise Z = 5x + 10y,
Subject to constraints:

x+2y<120

x+y>60

x-2y>0andx,y>0

To solve L.P.P graphically, we convert inequations into :

equations.
l1:x+2y=120,1,:x+y=60,l3:x-2y=0andx=0,y=0
I, and I, intersect at E(0, 60), I, and I intersect at C(60, 30),
I, and I; intersect at D(40, 20).

The shaded region ABCD is the feasible region and is bounded.
The corner points of the feasible region are A(60, 0), B(120, 0),
C(60, 30) and D(40, 20).

y
1401

120t

100t
g0l  D40,20)

\fSOR E(0, 60)
40

207
, " \A(60,0) B(120.0)

X 0 + + + + t
v 20 40 6&100 120 1 60
I

l2

C(60, 30)

1

Corner points Value of Z = 5x + 10y
A(60,0) 300 <« (Minimum)
B(120,0) 600
C(60, 30) 600
D(40, 20) 400

Hence, Z is minimum at A(60, 0) i.e., 300.

Commonly Made Mistake @

> Remember to convert inequations into equations.

19. Maximise Z = x + 2y, Subject to constraints :
x+2y>100,2x-y<0,2x+y<200and x,y>0.

Converting the inequations into equations, we obtain the

lines

—_

b:2x-y=0

CBSE Champion Mathematics Class 12

(i)
..(iif)
(i)
.(iv)

(V)

1:x+2y=100

[EE—

5:2x+y =200
I4 X= 0
andls:y=0
By intercept form, we get
XY

100 50
= The line I, meets the coordinate axes at (100, 0) and (0, 50).
[,:2x=y
= The line I, passes through origin and cuts [, and 5 at
(20, 40) and (50, 100) respectively.
RS

100 200
= Theline I; meets the coordinates axes at (100, 0) and
(0,200).
I,:x=0is the y-axis, I5 : y = O is the x-axis

200 & C(0, 200)

Now, plotting the above points on the graph, we get
the feasible region of the LPP as shaded region ABCD. The
coordinates of the corner points of the feasible region
ABCD are A(20, 40), B(50, 100), C(0, 200), D(0, 50).

Now, Z, =20+ 2 x40 =100

- Zy=50+2x100 =250, Z- = 0 + 2 x 200 = 400

Z,=0+2x50=100
Z is maximum at C(0, 200) and having value 400.

20. We have, maximize P = 70x + 40y
Subjectto:3x+2y<9
3x+y<9
x>0,y>0
Convert all inequations into equation, we get
3x+2y=9 . (i)
3x+y=9 . (i)
x=0andy=0
Solving (i) and (ii), we get
x=3,y=0

. So, point of intersection of equation (i) and (ii) are (3, 0).
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0,9

(0,9/2)
, B
X o (3,0)& X
3x+2y=9
3x+y=9

The given shaded region is the feasible region.

The corner points of the feasible region are O(0, 0), |

A(0, 9/2) and B(3, 0).

Corner points | Value of p=70x+40y

0(0,0) 70x0+40x0=0

Al0,972) 70><0+40><%=180

B(3,0) 70 x 3+ 40 x 0 =210 (maximum)

So, P is maximum at point B(3, 0).

21. We have, minz = 60x + 80y ;
Subject to constraints;
3x+4y>8,5x+2y>11; x,y=0
y

(11/5,0)

5x+2y=11

From graph, it is clear that feasible region is unbounded.
The corner point of the feasible region are A(8/3, 0),
B(2,1/2) and C(0, 11/2).

The value of Z at these corner points are as follows :

As the feasible region is unbounded,
160 may or may not be the minimum value of Z.

So, we graph the inequality 60x + 80y < 160i.e.,3x+4y <8

Corner Points Z = 60x + 80y
A(8/3,0) 160 .
(Minimum)
B(2,1/2) 160
C(0,11/2) 440
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and check whether the resulting half plane has points in
- common with the feasible region or not.
From graph, it can be seen that feasible region has no
common point with 3x +4y < 8

Minimum value of Z is 160 at the line joining the
points (8/3,0) and (2, 1/2).

22. Letl;:2x+4y=8,1,:3x+y=6,l;:x+y=4;x=0,y=0

Solving I, and I, we get B(gg)

i Shaded portion OABC is the feasible region, where
coordinates of the corner points are O(0, 0), A(O, 2),
522 c20

55
The value of objective function at these points are :

Corner points |Value of the objective function z = 2x + 5y
0(0,0) 2x0+5x0=0
A(0, 2) 2x0+5x2=10(Maximum)
8 6 8 6
Bl .o —+5x_=9.
(5 5) 2><5+5><5 9.2
C(2,0) 2x2+5x0=4

The maximum value of zis 10, which is at A(O, 2).

[Concept Avplied (€]

2 If the region is bounded then the objective function Z
has both maximum and minimum value of region.

23. Letl;:2x+3y=6,1,:3x-2y=6,l3:y=1;x=0,y=0

Solving I, and I;, we get D (1.5, 1)

. 30 6
i Sol l;and I, tC(—,—)
- Solvingl, and I, we ge 1313
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Shaded portion OADCB is the feasible region, where
coordinates of the corner points are O(0, 0), A(O, 1), .

D(1.5, 1), c(@,i), B(2,0).
1313
The value of the objective function at these points are :
. Value of the objective function
Corner points
z=8x+9y
0(0,0) 8x0+9x0=0
A(O,1) 8x0+9x1=9
D(1.5,1) 8x15+9x1=21
30 6 30 6
Cl—— —4+9x—=22, i
(13 13) 8><13+9><13 22.6(Maximum)
B(2,0) 8x2+9x0=16
. . L 30 6
The maximum value of zis 22.6, whichisat C (EE)

Commonly Made Mistake @

> Remember the difference between feasible solutions
and infeasible solutions.

_A N
CBSE Sample Questions

1. (b):The strict inequality represents an open half
plane and it contains the origin, as (0, 0) satisfies it. (1)

2. (d):The minimum value of the objective function
occurs at two adjacent corner points (0.6, 1.6) and
(3,0) and there is no point in the half plane 4x + 6y < 12 in
common with the feasible region.

So, the minimum value occurs at every point of the line-

segment joining the two points. (1)
3. (d):We have,

Corner points | Value of Z=3x+ 9y

A(0, 10) 3x0+9x10=90

B(5,5) 3x5+9x5=60

C(15, 15) 3x15+9x15=180 (Maximum)
D(0, 20) 3x0+9x20=180 (Maximum)

Zis maximum at C(15, 15) and D(O, 20).
Z is maximum at every point on the line joining CD.
(1)
4. (c):We have,

CBSE Champion Mathematics Class 12

eh( AY

D(0, 6)

A(0,3)
X = B < » X
RG] (5,0) ~
\/ \(9"%
Y 3x+5y=15
Corner points | Value of Z = 30x + 50y
A(O, 3) 30x0+50x3=150 (Minimum)
B(5,0) 30x5+50x0=150 (Minimum)
C(9,0) 30x9+50x0=270
D(0, 6) 30x0+50x6 =300

Since, minimum value of Z occurs at both A and B. So, Z is
minimum at every point ontheline joining AB. So, minimum
value of Z occurs at infinitely many points. (1)

6. (a):As,Zis maximum at (30, 30) and (O, 40).

= 30a+30b=40b = b-3a=0 (1)

7. (b):From the graph, we can say that the feasible
region is bounded in the first quadrant.
x-3y=0

PO >
! ' &

8.  We have Z =400x + 300y subject to
x+y<200,x<40,x>20,y>0

i The corner points of the feasible region are C(20, 0),
i D(40,0), B(40, 1600), A(20, 180)

Y
%

100t
C(20,0)w

X — t
-200 -100 ©

Corner points Value of Z = 2x - 3y x+y=200
(0,0) 2x0-3x0=0
(0,8) 2x0-3x8=-24 (Minimum) V’v \A
(4, 10) 2%x4-3x10=-22 x=20 (1)
(6, 8) 2x6-3x8=-12 Corner points Z = 400x + 300y
(6,5) 2x6-3x5=-3 C(20,0) 8000
(5,0) 2x5-3x0=10 D(40,0) 16000
Value of Z is minimum at (O, 8). (1) B(40, 160) 64000
5. (c):Here, the feasible region is shaded. | A(20, 180) 62000 (1)
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Maximum profit occurs at x = 40,y = 160

and the maximum profit =3 64,000 (1)

9. MaximizeZ=3x+y
Subject to constraints
x+2y =100
2x-y<0
2x+y <200
x20,y20
Converting the given inequations into equations, we get
x+2y=100 () 2x-y=0 . (i)
2x+y=200 ... (iii)
Now, draw the graphs of (i), (ii) and (iii).
Y

2(2& B(0, 200)
180T
160 +
140 +
120 +
100 +
80 +
01
407

20+ ,
X U T T T T T T T 1T X
|/ 10 20 30 40 50 60 70 80 901% B
4 2x-+y =200 X*2y=100 a)
The feasible region is shaded region and corner points are
A(0, 50), B(0, 200), C(50, 100) and D(20, 40). (1)
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The values of Z at corner points are shown in the following

table:

Corner points Z=3x+y

A (0, 50) 50

B (0, 200) 200

C (50, 100) 250 (Maximum)
D (20, 40) 100

Thus, maximum value of Zis 250 at x = 50, y = 100. (1)
10. (i)

Corner points Z=3x-4y
0(0,0) 0
A (0, 8) -32 (Minimum)
B (4, 10) -28
C(6,8) -14
D (6,5) -2
E(4,0) 12 (Maximum)
: (1%)
Thus, maximum value of Zis 12 at E(4, 0).
and minimum value of Zis -32 at A(O, 8). (1)

(ii) Since maximum value of Z occurs at B(4, 10) and
C(6,8).
4dp+10g=6p+8q = 29=2p = p=q (2)
Number of optional solutions are infinite.
[+ Every point on the line segment BC joining the two
corner points B and C also give the same maximum value]
(1/2)




Self Assessment

(Ease Based Objective Questions

(4 marks)

1.

Deepa rides her car at 25 km/hr. She has to spend % 2
per km on diesel and if she rides it at a faster speed of
40 km/hr, the diesel cost increases to ¥ 5 per km. She
has ¥ 100 to spend on diesel. Let she travels x kms
with speed 25 km/hr and y kms with speed 40 km/hr.
The feasible region for the LPP is shown below :

y

Based on above information, attempt any 4 out of 5
subparts.
(i) What s the point of intersection of line [, and [,?

40 50 50 40
(a) (?,?) (b) (?,?)
-50 40 -50 -40
( (—3 ,?] (d) (—3 — )

(if) Thecorner points of the feasible region shownin
above graph are
40 50
0, 25),(20,0), | —,—
@ (0,25),(20,0) (3 3j
(b) (0,0),(25,0),(0,20)
40 50
0,0), | —,— |, (0,20
© (©,0 (3 3) (0,20)
50 40
3’3
(ili) If Z = x + y be the objective function and
max Z = 30. The maximum value occurs at point

(d) (0,0),(25,0), ( ) (0,20)

50 40
(a) (??) b) (0,0)
@ (250 @ (0,20)

(iv) If Z = 6x - 9y be the objective function, then
maximum value of Zis

(a) -20 (b) 150

(c) 180 (d) 20

(I\—/Iultiple Choice Questions

(v) If Z = 6x + 3y be the objective function, then
what is the minimum value of Z?

(@ 120 (b) 130 (c) O (d) 150

(1 mark)

2.

The optimal value of the objective function is
attained at the points

(@) on X-axis

(b) on Y-axis

(c) which are corner points of the feasible region
(d) none of these

OR

Regionrepresented by x>0,y >0is
(a) first quadrant (b) second quadrant
(c) third quadrant (d) fourth quadrant

Which of the following statement is false?

(a) The feasible region is always a concave region.

(b) The maximum (or minimum) solution of the
objective function occurs at the vertex of the
feasible region.

(c) Iftwo corner points produce the same maximum
(or minimum) value of the objective function,
then every point on the line segment joining
these points will also give the same maximum
(or minimum) value.

(d) None of these

The feasible region for an LPP is shown in the
following figure. Let F = 3x - 4y be the objective
function. Maximum value of Fis

A

y
iz

(0,4)

X'«

y o
(@ o (b) 8
(c) 12 (d) -18

Corner points of the feasible region determined by the
system of linear constraints are (0, 3), (1, 1) and (3, 0).
Let Z = px + qy, where p, q > 0. Condition on p and g, so
that the minimum of Z occurs at (3,0) and (1, 1) is

(@) p=2q (b) p:%
(© p=3q d p=q
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6. Which of the following sets is convex?
@ {y)xe+y?21} (b)) {(xy):y*2x}
(© {(xy):3x2+4y225} (d) {(x,y):y22,y<4}

(\7$A Type Questions (1 mark)

7. If the feasible region for a LPP is , then the
optimal value of the objective function Z = ax + by
may or may not exist.

8. The value of objective function is maximum under
linear constraints at of feasible region.

9. InaLPP, if the objective function Z = ax + by has the
same maximum value on two corner points of the

feasible region, then every point on the line segment

joining these two points give the same
value.

10. The feasible region for a LPP is always a

polygon.
OR

Corner points of the feasible region for an LPP are

(0,2),(3,0),(6,0),(6,8)and (0, 5). Let F = 4x + 6y be the |

objective function. Then minimum value of F occurs
at which point?

((:.ase Based Questions (4 marks)

11. Case Study - Let R be the feasible region (convex
polygon) for a linear programming problem and let
Z = ax + by be the objective function. When Z has an
optimal value (maximum or minimum), where the
variables x and y are subject to constraints described
by linear inequalities, this optimal value must occur
at a corner point (vertex) of the feasible region.
Here are the following steps to solve an LPP.
Step 1: Convert inequations into equations.
Step 2: Find the point of intersection.

Step 3: Draw the graph of inequations.

Detailed B<{o]R8x ) [0]\ 5

1. (i) (b) : Let B(x, y) be the point of intersection of the

given lines

2x+ 5y =100 ()]
...(ii)

and X+ =12 8x+5y=200
25" 40

On solving (i) and (ii), we get

_50 40
37 3
The point of intersection B(x, y) = (%%)

(i) (d):The corner points of the feasible region shown in
the given graph are

0(0.0), A(25,0), B (%,?) and C(0, 20).
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Step 4 : Find the value of the objective function
corresponding to each corner point.

Based on the given information, answer the following

questions.

(i) Insolvingthe LPP: “minimize f=6x+ 10y subject
to constraints x> 6,y>2,2x+y>10,x>0,y 20,
what are the redundant constraints ?

The feasible region for a LPP is shown shaded in

(ii)

the figure.
YA (4,10)
(0,8) (6,8)
(6,5)
(0,00 G0 X

Let Z = 3x - 4y be the objective function. What is the
minimum value of Z?

(L—A Type Questions

12. Minimise Z = 30x + 20y subject to
X+y<8,x+4y>12 5x+8y>20,x,y=0

(4/ 6 marks)

13. Letz=x+y,thenwhat is the maximum of z subject to
constraintsy>|x|-1,y<1-1x|,x20,y>0?
14. What is the maximum value of Z = 4x + y subject to
the constraints, x + y<50,3x+y<90,x>0,y>07?
OR
Given the LPP
Minimise f = 2x4 - x,
x120,x,20;
X1+ X, 2 5;
_Xl + X2 S 1;
5x, +4x,<40
Then, find the minimum value of the given LPP.
15. Maximise the function Z = 11x + 7y, subject to the

constraints: x<3,y<2,x>0and y>0.

(iii) (a):Here,Z=x+y

Corner points Valueof Z=x+y

(0,0) 0

(25,0) 25

50 40

33 30 « Maximum

20

(0, 20)

Thus, max Z = 30 occurs at point (%%)

(iv) (b):
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Corner points Value of Z = 6x - 9y

(0,0) 0
(25,0) 150 < Maximum
50 40
(?v?) _20
(0,20) -180

(v) (c):

Corner points

Value of Z = 6x + 3y

(0,0) 0 « Minimum
(25,0) 150
50 40
(?,?) 140
(0, 20) 60

2. (c):When we solve an L.P.P. graphically, the optimal
(or optimum) value of the objective function is attained at
corner points of the feasible region.

OR
(a) Regionrepresented by x>0,y >0is first quadrant.

3. (a):Thefeasible region is always a concave region.

4. (c) : The feasible region as shown in the figure, has
objective function F = 3x - 4y.

Corner points | F=3x -4y
(0,0) 3x0-4x0=0
(12, 6) 3x12-4x6=12 « Maximum
(0, 4) 3x0-4%x4=-16 <« Minimum
Hence, the maximum value of Fis 12.
5. (b):
Corner points Z=px+qy;p,q>0
(0,3) px0+qgx3=3q
(1,1) pxl+gxl=p+q
(3,0) px3+qgx0=3p

The minimum of Z occurs at (3,0) and (1, 1).
p+q=3p = 2p=q

-4
= p=5
6. (d)

7. If the feasible region for a LPP is unbounded, then
optimal value of the objective function Z = ax + by may or
may not exist.

8. The value of objective function is maximum under
linear constraints at any vertex of feasible region.

9. InaLPP, if the objective function Z = ax + by has the
same maximum value on two corner points of the feasible
region, then every point on the line segment joining these
two points give the same maximum value.

10. The feasible region for a LPP is always a convex |

polygon.
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OR
Corner points F=4x+ 6y
(0,2) 4x0+6%x2=12 <« Minimum
(3,0) 4x3+6x0=12 <« Minimum
(6,0) 4x6+6x0=24
(6,8) 4x6+6%x8=72 « Maximum
(0,5) 4x0+6x5=30

Hence, minimum value of F occurs at (0, 2) and (3, 0). So
it will occur at any point of the line segment joining the
points (0, 2) and (3, 0).

11. (i) Whenx>6andy=>2,then
2x+y=>22x6+2ie,2x+y>14

Hence,x>0,y>0and 2x +y>10 are automatically satisfied

| by every point of the region
{(xy):x=6}n{(x,y):y=2}

(i) Construct the
objective function:

following table of values of the

Corner points Value of Z=3x - 4y
(0,0) 3x0-4x0=0
(5,0) 3x5-4x0=15
(6,5) 3x6-4%x5=-2
(6,8) 3x6-4x8=-14
(4,10) 3x4-4x10=-28
(0, 8) 3x0-4x8=-32 « Minimum

Minimum of Zis - 32 which occurs at (0, 8).

12. Converting the given inequation into equation, we
getx+y=8,x+4y=12,5x+8y=20
Let us draw the graph of these equations as shown below

The point of intersection of the lines x + 4y = 12 and
20 4

| x+y=8is B:(—, )

We have, corner points A(O, 3), B(? %) and C(0, 8).

Now, Z = 30x + 20y
Z(0, 3) = 30(0) + 20(3) = 60

Z(é, ﬂ)z 30(§ )+ ZO(ﬂ)z 226.6
3 3 3 3

Z(0,8) =30(0) + 20(8) = 160
~. Minimum value of Z is 60 which is attained at point
A(0, 3).

13. Maxz=x+y
x-1, x=0 <{1—x, x>0

Ly < andx,y=>0
-x-1,x<0 y y

subjectto y >
1+x, x<0
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v
v
The common region OAB is showing with shades.
Corner points Valueofz=x+y
0(0,0) z=0+0=0
A(1,0) z=1+0=1(Maximum)
B(0,1) z=0+1=1(Maximum)
From table, maximum value of z = 1. :
14. Letl,:x+y=50 )
l,:3x+y=90 . (i)
102& (0,90)
80
40 B(20,30)
20 1
A(30,0 (50,0)
X 000 | 20 \40 \6% X
, \ :1
Y’ 2

From graph the corner points are O(0, 0), C(0, 50), B(20, 30)

and A(30, 0).
The value of objective function at these corner points are
as follows :

Corner points Valueof Z=4x+y
0(0,0) Z=0

A (30, 0) Z =120 (Maximum)
B (20, 30) Z=110

C(0,50) Z=50

- Maximum value of Z = 120 which is attained at point
(30,0).
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OR

Converting inequations into equations, we get
X1+X2= 5,_X1+X2= 1, 5X1+4X2=40, X1=O,X2=0

We draw the graph of these equations as shown below:

X2

X} i ——ey — X
' / o 2 4D No !
, (5,0)
X2 5x, +4x,=40
Here, ABCD is the feasible region
The values of f at the points A, B, Cand D are

Corner points Value of F = 2x, - x,
A(2,3) 2(2) - 3= 1 (Minimum)
B(4,5) 2(4)-5=3
C(8,0) 2(8)-0=16
D(5,0) 2(5)-0=10

F is minimum at A(2, 3) and minimum value of Fis 1.

15. We have, maximise Z = 11x + 7y, subject to the
constraints x<3,y<2,x>0,y>0.

Let [;:x=3
12 Y= 2
yA A
< C B > |
©,2) (3,2) 2
> A R
X<¥—0[0,0) 3,0 %
v v
y I

The feasible (shaded) region as shown in the figure as
OABC is bounded. Let us evaluate Z at corner points

- 0(0,0),A(3,0),B(3,2) and C(0, 2).

Cornerpoints |Z=11x+7y

(0,0) 11x0+7%x0=0

(3,0) 11x3+7x0=33

(3,2) 11x3+7%x2=47  « Maximum
0,2) 11x0+7x2=14

i Hence, Zis maximum at (3, 2) and its maximum value is 47.

#
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QUICK RECAP

Conditional Probability

& Let E and F be two events of a random experiment, then the conditional probability of occurrence of E under the

condition that F has already occurred, i.e., P(E/F) is given by

P(ENF)
P(F)

*This topic is not in the NCERT Textbook but given in current CBSE Syllabus.

P(E/F)= , where P(F)#0




Probability

> Properties of Conditional Probability

(i) ForaneventAandsample space S,
P(S/A) = P(A/A) = 1

(ii) If A and B are any two events of a sample
space S and F is an event of S such that
P(F) #0, then
P((A U B)/F) = P(A/F) + P(B/F) - P((A "~ B)/F)
In particular, if Aand B are disjoint events, then
P((A UB)/F)=P(A/F) + P (B/F)

(iii) P(A’/B)=1- P(A/B)

(iv) 0<P(A/B)<1

& Multiplication Theorem on Probability
> Let A and B are two events associated with a

sample space S. Then A n B denotes the event |
that both A and B have occurred. The event |

AN Bisalso written as AB.
Also, P(An B) = P(A)-P(B/A) = P(B)-P(A/B), provided
P(A) =0, P(B) =0
Note : If A, B and C are three events associated
with a random experiment, then
P(An B C) =P(A)-P(B/A)-P(C/(A N B))

= P(A)-P(B/A)-P(C/AB)
Similarly, multiplication rule of probability can be
extended to four or more events.

< Independent Events

» Events are said to be independent, if the
occurrence or non-occurrence of one does not
affect the probability of the occurrence or non-
occurrence of the other.

» Two events A and B associated with a random

experiment are said to be independent if

(i) P(A/B) =P(A) provided P(B) =0

(ii) P(B/A) = P(B) provided P(A) #0

Note:

(i) TwoeventsAand Bassociated with arandom
experiment are independent if
P(An B) = P(A) - P(B)

(i) Two events A and B are said to be

dependent if they are not independent, i.e., if

P(An B) = P(A) - P(B)

(iii) Events Ay, A, .., A, are mutually in-
dependent if the probability of the
simultaneous occurrence of (any)
finite number of events is equal to the

o
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product of their separate probabilities. While
these events are pairwise independent if
P(A; " Aj) = P(A)P(A)) for all i ).

(iv) If A and B are independent events, then so
arethe events Aand B’; A’ and B; A" and B".

Theorem of Total Probability

& |IfEq, Ey, Es, ..., E, are mutually exclusive and exhaustive

events associated with a sample space S of a random

experiment and A is any event associated with S, then
P(A) = P(E;) P(A/E,) + P(E5) P(A/E,)

+ ...+ P(E,,) P(A/E,)

Bayes' Theorem

& |[fEy, Ey, Ej, ..., E, are mutually exclusive and exhaustive
events associated with a random experiment and A is
any event associated with the experiment, then

P(E;)P(A|E;)

P(Ei |A)=m,

wherei=1,2,3,..,n

Random Variable

» A random variable is a real valued function,
whose domain is the sample space of a random
experiment. Generally, it is denoted by X.

Probability Distributions

((

> Let real numbers x4, Xy, ..., X, are the possible
values of a random variable X and p4, p,, ..., p, are
the corresponding probabilities to each value
of the random variable X. Then the probability
distribution is

X Xq X o Xp
PX): p1 P2 - Pp
Note:

(i) 1>p;>0

(ii) Sum of probabilities (p; +py +...+p,) =1

» Mean:If Xisarandom variable, then mean (X) of
Xis defined as

_ n
X = W=piXq+ PpoXo+ .+ ppX, :Zpixi
i=1

Mean of a random variable is also called the
expectation of X, denoted by E(X).




Conditional Probability /—

Probability of occurrence of an event 4, given that B has (
P(AnB)

P(B)

already occurred i.e., P(4|B) =

\ 4

Properties
0<PAB)<1
P((AUB)|F) = P(A|F) + P(B|F) — P((ANB)|F) where P(F) # 0
= P(A|F) + P(BJF) (if A & B are disjoint) ——  Partition of a Sample Space /—
P(4|B)=1- P(4)B)

) A set of events E|, E, ....... , E, is said to represent a partition of
sample space S if

.r \.< ENE=0,i#);0,j=1,23c, 1
\ / ElVE, U ... UE,=Sand P(E;)>0foralli=1,2 ... ,n

In other words, the events £}, E,, ....... , E, represent a partition of
Independent the sample space S if‘ t'h.ey are pairwise disjoint, exhaustive and
/ have non-zero probabilities.
Occurrence or non-occurrence of one does not affect the g
occurrence of the other i.e e A GO
) P4 | B) = P(4) provided P(B) %0, its Probability Distributions |
P(B | 4) = P(B) provided P(4) # 0 A real valued function, whose domain is the sample space of a
In general, if n events A4y, 4, ......, 4, associated with a ) random experiment. Generally, it is denoted by X.
random experiment are independent, then P(4; N 4, N Let real numbers x,, x,, ..., X, are the possible values of a
..... NA,) =P, P4,) ... P(4,) random variable X and p,, p, ..., p, are the corresponding
probabilities to each value of the random variable X. Then the
— Mutually Independent /— probability distribution is

X x x o .ox,
) If P4 N B) = P(4) P(B), P4 n C) = P(A) P(C),

_ PX) :pi Py Pu
P(BM O)=P(B) P(C), and P(xk) ie . P(X=1x;) lies between O and 1 fork=1, 2, ....... ,n
P(A BN C)=P(A4) P(B) P(C)

sz—l

— Mutually Ex lusie /—
P(X<x1) Pitpyt e TPy,
Ifand only if A N B =¢. PXZ2x)=p;+pis1 t ceeee + Dus
P(X<x;)=PX<x)+PX=x) etc.
)— Dependent /—
If P(4 N B) # P(4) - P(B) v
Mean
¢ \) . K
® Theorems ® X = BOO=1=pyx, + ppxs oo+ P, = D Pi%i
\ ) i=1
— Multiplication /
Total Probability / P(A N B)=P)-PB|A) =PB) - P4 | B), provided
) P(A) #0, P(B) # 0 ie ., P(AB) = P(4) - P(B | A) = P(B) -
P(4) = P(E) P(A | E) + P(Ey) P(A | Ey) + oo ( P(4 | B), provided P(4) # 0, P(B) # 0
+ P(E,) P(4 | E,) where, E|, E,, E;, ...... , En are mutually
exclusive and exhaustive events. v
Ek ension
— Bayes’ /— If A, B, C are three events associated with a random
experiment, then P(ABC) or P(A N BN C)=P(4) - P(B |
P(E;) P(A|E;) A)-P(C|(4NB))=PA) P(B|A4)P(C|AB)
P(Ej|A)= ———————, where i = 1, 2, 3,......n, . .
ZP(E ) P(A|E If 4y, A,, ......, 4, are n events associated with a random
where, E|, E,, E;, ... , E, are mutually exclusive and experiment, then P(4; N 4, ...... N A4,)=P(4)) P(4,] 4))
exhaustive events. P(As | (A} O A42)) oo P(A, | (A OV Ay o O A, ).
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= Previous Years’ CBSE Board Questions =

13.1 Introduction
MCQ

1. Five fair coins are tossed simultaneously. The
probability of the events that atleast one head comes
upis

27 5 31 1
(a) o (b) = (©) - (d) 5

(2023)

2. Adie is thrown once. Let A be the event that the
number obtained is greater than 3. Let B be the !

event that the number obtained is less than 5. Then
P(AUB)is

2 3

= b) = 0 d
(a) : (b) : (c) (d)

(1 mark)

3

1 (2020)

thrown, but if tail comes up, the coin is tossed again.
Find the probability of obtaining head and number 6.
(2021 C)

4.  Two cards are drawn at random and one-by-one
without replacement from a well-shuffled pack of 52
playing cards. Find the probability that one card is
red and the other is black. (2020)

5. Fromapackof 52 cards, 3 cards aredrawn at random
(without replacement). The probability that they are
two red cards and one black card, is .
(2020C)

6. A bag contains 3 black, 4 red and 2 green balls. If
three balls are drawn simultaneously at random,

then the probability that the balls are of different |

colours is

BT (2 marks)

7. A box By contains 1 white ball and 3 red balls.
Another box B, contains 2 white balls and 3 red balls.
If one ball is drawn at random from each of the boxes

(2020)

B, and B,, then find the probability that the two balls

drawn are of the same colour. (Term 11, 2021-22)

8. A bag contains cards numbered 1 to 25. Two cards
are drawn at random, one after the other, without
replacement. Find the probability that the number
oneach card is a multiple of 7.

(Term 11, 2021-22 C)

9. If A and B are two events such that P(A) = 0.4,
P(B) = 0.3 and P(A U B) = 0.6, then find P(B’ " A).

(2020)

10. Out of 8 outstanding students of a school, in which
there are 3 boys and 5 girls, a team of 4 students
is to be selected for a quiz competition. Find the
probability that 2 boys and 2 girls are selected.

(A12019) |

A coin is tossed once. If head comes up, a die is |

(4 marks)

11. A bag A contains 4 black and 6 red balls and bag B
contains 7 black and 3red balls. Adie is thrown. If 1 or
2 appearsonit,thenbagAischosen,otherwise bagB. If
two balls are drawn at random (without replacement)
from the selected bag, find the probability of one of

them being red and another black.  (Delhi 2015) @

13.2 Conditional Probability

MCQ

12. For two events A and B, if P(A) = 0.4, P(B) = 0.8 and
P(B/A) = 0.6, then P(A U B) is

(@) 024 (b) 03 (c) 048 (d) 0.96
(2023)
13. Iffor any two events A and B,
p(A)=ﬂandp(AmB)=l, then P(B/A) is
5 10
@ L ®»l o7l oY
10 8 8 20
(2023)

14. In the following questions, a statements are
Assertion (A) is followed by a statement of Reason
(R). Choose the correct answer out of the following
choices:
Assertion (A) : Two coins are tossed simultaneously.
The probability of getting two heads, if it is known

that at least one head comes up, is %

Reason (R) : Let E and F be two events with a random
P(ENF)
P(E)

(a) Both (A) and (R) are true and (R) is the correct
explanation of (A)

(b) Both (A) and (R) are true, but (R) is not the
correct explanation of the (A)

(c) (A)istrue,and (R)is False.

(d) (A)isfalse, but (R) is true. (2023)

15. Acardis picked at random from a pack of 52 playing
cards. Given that the picked card is a queen, the
probability of this card to be a card of spade is

@+ o2 ot @l

experiment, then P(F/E)=

3 13 4 2
(2020)(Ap)
YN (2 marks)
16. Find [P(B/A) + PA/B)L if P(A) = —, P(B) = 2 and
PAUB)=>. (2020)



280

17. 12 cards numbered 1 to 12 (one number on one
card), are placed in a box and mixed up thoroughly.

Then a card is drawn at random from the box. If it is
known that the number on the drawn card is greater
than 5, find the probability that the card bears an

odd number. (Al 2019)

18. Mother, father and son line up at random for a family
photo. If A and B are two events given by A = Son on

one end, B = Father in the middle, find P(B/A).
(2019)

19. A black and a red die are rolled together. Find the
conditional probability of obtaining the sum 8, given

that the red die resulted in a number less than 4.
(2018)

(4 marks)

20. Assume that each born child is equally likely to be a |

boy or a girl. If a family has two children, what is the
conditional probability that both are girls? Given that

(i) theyoungestis agirl. ~
(i) atleastoneisagirl. (Delhi 2014)

21. A couple has 2 children. Find the probability that
both are boys, if it is known that
(i)  oneofthemisaboy,
(i) the older child is a boy.

WY IB (5/6 marks)

22. Consider the experiment of tossing a coin. If the coin
shows head, toss it again, but if it shows tail, then
throw a die. Find the conditional probability of the
event that ‘the die shows a number greater than 4’
given that ‘there is at least one tail’. (Delhi 2014C)

(Delhi 2014C)

13.3 Multiplication Theorem on
Probability

(4 marks)

23. A bag contains 3 red and 7 black balls. Two balls are |

selected at randomone-by-one without replacement.
If the second selected ball happens to be red, what is
the probability that the first selected ball is also red?

(Delhi 2014C) (Ev)
13.4 Independent Events

MCQ
24. If Aand B are two independent events with P(A) = %
and P(B) = % then P(B’|A) is equal to
1 1
= b) =
(a) 7 (b) 3
(© % @ 1 (2020) (R

(1 mark)

25. A problem is given to three students whose

probabilities of solvingitare %% and % respectively. |

CBSE Champion Mathematics Class 12

If the events of solving the problem are independent,
find the probability that at least one of them solves iE
(2020)(U |

(2 marks)

26. The probability that A hits the target is % and the

probability that B hits it, is % If both try to hit the
target independently, find the probability that the
target is hit. (Term 11, 2021-22)

27. Events A and B are such that

1 7 S
P(A)=2, PBI=75 andP(AUB)=

NP

Find whether the events A and B are independent or
(Term II, 2021-22) (Ap)

28. The probability of finding a green signal on a busy
crossing X is 30%. What is the probability of finding
a green signal on X on two consecutive days out of
three? (2020)
29. Giventwo independent events A and B such that P(A)
=0.3and P(B) = 0.6, find P(A’ " B’). (2020)

30. The probability of two students A and B coming to

not.

school ontime are % and ; ,respectively. Assuming

that the events ‘A coming on time’ and ‘B coming on
time’ are independent, find the probability of only
one of them coming to school on time. (2019)

31. A die marked 1, 2, 3inred and 4, 5, 6 in green is
tossed. Let A be the event “number is even” and B be
the event “number is marked red”. Find whether the
events A and B are independent or not.

(Delhi 2019) (An)

OR
A die, whose faces are marked 1, 2, 3 in red and
4,5, 6ingreen, is tossed. Let A be the event “number
obtained is even” and B be the event “number
obtained is red”. Find if A and B are independent

(Al 2017)

32. Prove that if E and F are independent events, then
the events E” and F’ are also independent. (Delhi 2017)

(4 marks)

33. In agame of Archery, each ring of the Archery target
is valued. The centremost ring is worth 10 points
and rest of the rings are allotted points 9 to 1 in
sequential order moving outwards.

Archer Ais likely to earn 10 points with a probability
of 0.8 and Archer B is likely to earn 10 points with a
probability of 0.9.

events.
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34.

35.

1 point
2 points
3 points
- = = 4 points
« =« « 5 points
= = = 6 points
- = 7 points
- - 8 points
=9 points
= 4= 10 points

Based on the above information, answer the following
questions :

If both of them hit the Archery target, then find the
probability that

(a) exactly one of them earns 10 points.

(b) both of them earn 10 points.

A and B throw a pair of dice alternately. A wins the
game if he gets a total of 7 and B wins the game if he
gets a total of 10. If A starts the game, then find the
probability that B wins. (Delhi 2016)

Probability of solving specific problem independently
by A and B are %and % respectively. If both try to

solve the problem independently, find the probability
that

(i)  the problemis solved
(if) exactly one of them solved the problem.

(Delhi 2015C) (Ap) |

NP (5/6 marks)

36.

If A and B are two independent events such that

P(Z\mB):% and P(Amé)z% _then find P(A) and P(B).

(Delhi 2015)

13.5 Bayes’' Theorem
(2 marks)

37.

38.

There are two bags. Bag | contains 1 red and 3 white
balls, and Bag Il contains 3 red and 5 white balls. A
bag is selected at random and a ball is drawn from it.
Find the probability that the ball so drawn is red in
colour. (Term 11, 2021-22)

A purse contains 3 silver and 6 copper coins and a
second purse contains 4 silver and 3 copper coins. If a
coin is drawn at random from one of the two purses,

(Term Il, 2021-22, 2020)
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(4 marks)

| 39.

40.

43.

44,

find the probability that it is a silver coin.  (2020) @

41.

42.

Case study : A building contractor undertakes

a job to construct 4 flats on a plot along with

parking area. Due to strike the probability of many

construction workers not being present for the job

is 0.65. The probability that many are not present

and still the work gets completed on time is 0.35.

The probability that work will be completed on time

when all workers are present is 0.80.

Let E; : represent the event when many workers

were not present for the job;

E, : represent the event when all workers were

present; and

E : represent completing the construction work on

time.

Based on the above

following questions :

(i)  What is the probability that all the workers are
present for the job?

(i) What s the probability that construction will be

(iii)

information, answer the

completed on time?
What is the probability that many workers are
not present given that the construction work is
completed on time?

OR

What is the probability that all workers were
present given that the construction job was
completed on time? (2023)

There are two boxes, namely box-I and box-Il. Box-I
contains 3red and 6 black balls. Box-Il contains 5 red
and 5 black balls. One of the two boxes, is selected at
random and a ball is drawn at random. The ball drawn
is found to be red. Find the probability that this red
ball comes out from box-II. (Term I, 2021-22)

There are two bags, | and Il. Bag | contains 3red and 5
black balls and Bag Il contains 4 red and 3 black balls.
One ball is transferred randomly from Bag | to Bag Il
and then a ball is drawn randomly from Bag Il. If the
ball so drawn is found to be black in colour, then find
the probability that the transferred ball is also black.

(2020)

A bag contains 5 red and 4 black balls, a second bag
contains 3 red and 6 black balls. One of the two bags
is selected at random and two balls are drawn at
random (without replacement), both of which are
found to be red. Find the probability that these two
balls are drawn from the second bag. (2020 C)

A bag contains two coins, one biased and the other
unbiased. When tossed, the biased coin has a 60%
chance of showing heads. One of the coins is selected
at random and on tossing it shows tails. What is the
probability it was an unbiased coin? (2020)

In a shop X, 30 tins of ghee of type A and 40 tins of
ghee of type B which look alike, are kept for sale.
While in shop Y, similar 50 tins of ghee of type A and
60 tins of ghee of type B are there. One tin of ghee is
purchased from one of the randomly selected shop
and is found to be of type B. Find the probability that

itis purchased from shop Y. (2020)
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45.

46.

47.

48.

49.

50.

Suppose a girl throws a die. If she gets 1 or 2, she
tosses a coin three times and notes the number of |
tails. If she gets 3, 4, 5 or 6, she tosses a coin once |

and notes whether a ‘head’ or ‘tail’ is obtained. If she
obtained exactly one ‘tail, what is the probability

that she threw 3, 4, 5 or 6 with the die?  (2018)

Often it is taken that a truthful person commands,
more respect in the society. A man is known to speak
the truth 4 out of 5 times. He throws adie and reports
that it is a six. Find the probability that it is actually a
six. Do you also agree that the value of truthfulness
leads to more respect in the society?  (Delhi 2017)

Of the students in a school, it is known that 30%
have 100% attendance and 70% students are
irregular. Previous year results report that 70% of

all students who have 100% attendance attain A |

grade and 10% irregular students attain A grade in
their annual examination. At the end of the year, one
student is chosen at random from the school and he
was found to have an A grade. What is the probability
that the student has 100% attendance ? Is regularity
required only in school? Justify your answer. (Al 2017)

Three persons A, B and C apply for a job of Manager |

in a Private Company. Chances of their selection (A, B
and C) are intheratio 1:2: 4. The probabilities that A,
B and C can introduce changes to improve profits of
the company are 0.8, 0.5 and 0.3 respectively. If the
change does not take place, find the probability that it
is due to the appointment of C. (Delhi 2016)

A bag contains 4 balls. Two balls are drawn at random
(without replacement) and are found to be white.
What is the probability that all balls in the bag are
white? (Al 2016)

Three machines E;, E, and E; in a certain factory
producing electric bulbs, produce 50%, 25% and

25% respectively, of the total daily output of electric
bulbs. It is known that 4% of the bulbs produced by |

each of machines E; and E, are defective and that 5%
of those produced by machine E; are defective. If one
bulb is picked up at random from a day’s production,
calculate the probability that it is defective.

(Foreign 2015)

|WNES (5/6 marks)

51.

52.

In answering a question on a multiple choice test, a

student either knows the answer or guesses. Let %

be the probability that he knows the answer and %

be the probability that he guesses. Assuming that a
student who guesses at the answer will be correct

with probability % What is the probability that the

student knows the answer, given that he answered it
correctly? (2023)

A manufacturer has three machine operators A, B

and C. The first operator A produces 1% of defective
items, whereas the other two operators B and C |

53.

54.

55.

56.

57.

58.

59.

CBSE Champion Mathematics Class 12

produces 5% and 7% defective items respectively. A
is on the job for 50% of the time. B on the job 30%
of the time and C on the job for 20% of the time. All
the items are put into one stockpile and then one
item is chosen at random from this and is found to
be defective. What is the probability that it was

produced by A? (Delhi 2019) (Ap|

An insurance company insured 3000 cyclists, 6000
scooter drivers and 9000 car drivers. The probability
of an accident involving a cyclist, a scooter driver and
a car driver are 0.3, 0.05 and 0.02 respectively. One
of the insured persons meets with an accident. What

is the probability that heisa cyclist? (Al 2019) @

There are two boxes | and Il. Box | contains 3 red and
6 black balls. Box Il contains 5 red and ‘n’ black balls.
One of the two boxes, box | and box Il is selected at
random and a ball is drawn at random. The ball drawn
is found to be red. If the probability that this red ball

comes out from box Il is 3 , find the value of ‘'n’.
5 (2019)

Bag A contains 3 red and 5 black balls, while bag B
contains 4 red and 4 black balls. Two balls are trans-
ferred at random from bag A to bag B and then a ball
is drawn from bag B at random. If the ball drawn from
bag B is found to be red find the probability that two
red balls were transferred from A to B.

(Foreign 2016)

In a factory which manufactures bolts, machines A,
B and C manufacture respectively 30%, 50% and
20% of the bolts. Of their outputs 3, 4 and 1 percent
respectively are defective bolts. A bolt is drawn at
random from the product and is found to be defective.
Find the probability that this is not manufactured by
machine B. (Al 2015)

A bag contains 4 red and 4 black balls, another bag
contains 2 red and 6 black balls. One of the two bags
is selected at random and two balls are drawn at
random without replacement from the bag and are
found to be both red. Find the probability that the
balls are drawn from the first bag. (Delhi 2015C)

In answering a question on a multiple choice test, a

student either knows the answer or guesses. Let g

be the probability that he knows the answer and %

be the probability that he guesses. Assuming that
a student who guesses the answer will be correct

with probability % what is the probability that the

student knows the answer given that he answered it
correctly? (Al 2015C)

Acardfromapackof 52 playing cardsis lost. Fromthe
remaining cards of the pack three cards are drawn at
random (without replacement) and are found to be
all spades. Find the probability of the lost card being

aspade. (Delhi 2014)



Probability

60. There are three coins. One is a two-headed coin
(having head on both faces), another is a biased coin
that comes up heads 75% of the times and third |

is also a biased coin that comes up tails 40% of the
times. One of the three coins is chosen at random and
tossed, and it shows head. What is the probability
that it was the two-headed coin? (Al 2014)

61. Aninsurance company insured 2000 scooter drivers,
4000 car drivers and 6000 truck drivers. The
probability of an accident for them are 0.01,0.03 and
0.15 respectively. One of the insured persons meets
with an accident. What is the probability that he is a

scooter driver or a car driver? (Foreign 2014)(Ev)

62. A man is known to speak the truth 3 out of 5 times.
He throws a die and reports that it is ‘1’ Find the

probability that it is actually 1. (Delhi 2014C) @ s

63. An urn contains 4 balls. Two balls are drawn at
random from the urn (without replacement) and are
found to be white. What is the probability that all the
four balls in the urn are white? (Al 2014C)

Random Variables and its Probability
Distributions

XYM (2 marks)

64. Let X be a random variable which assumes values

X1, X9, X3, X4 such that 2P(X = x;) = 3P(X = x,) = P(X =

X3) = 5P (X = x4). Find the probability distribution of X.

(Term 11, 2021-22)

65. Acoinis tossed twice. The following table shows the
probability distribution of number of tails :

X 0 1 2
P(X) K 6K 9K

(a) Find the value of K.
(b) Is the coin tossed biased or unbiased? Justify

your answer. (Term I, 2021-22)

66. Two balls are drawn at random from a bag containing
2 red balls and 3 blue balls, without replacement. Let
the variable X denotes the number of red balls. Find
the probability distributionof X.  (Term Il, 2021-22)

67. The random variable X has a probability distribution

P(X) of the following form, where ‘k’ is some number,

k, ifx=0
P(X=x)= 2k, ‘|fx=1
3k, ifx=2
0, otherwise
Determine the value of ‘k’. (Delhi 2019)

(4 marks)

68. The probability distribution of a random variable X,
where kis a constant is given below :
0.1, ifx=0
2
P(X = x) = kx ,.|fx—1
kx, if x=20r3
0, otherwise

69.

70.

71.

72.

73.

74.

75.

76.
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Determine
(a) thevalueofk
(b) P(x<2)
(c) Mean of the variable X (2020)

Three rotten apples are mixed with seven fresh
apples. Find the probability distribution of the
number of rotten apples, if three apples are drawn
one by one with replacement. Find the mean of the
number of rotten apples. (2020)

The random variable X can take only the values O, 1,
2,3.Giventhat P(X=0)=P(X=1)=pand P(X=2) =
P(X = 3) such that px? = 25px, find the value of p.

(Delhi 2017)

Inagame,amanwins? 5 for gettinga number greater
than 4 and loses ¥ 1 otherwise, when a fair die is
thrown. The man decided to throw a die thrice but
to quit as and when he gets a number greater than 4.
Find the expected value of the amount he wins/loses.

(Al 2016)

Let X denote the number of colleges where you will
apply after your results and P(X = x) denotes your
probability of getting admission in x number of
colleges. It is given that

kx ,ifx=0or1
2kx Jifx=2

PX=X)=1k(5-x) ifx=3or4
0 Jifx>4

where k is a positive constant. Find the value of k.
Also find the probability that you will get admission
in

(i) exactly one college

(ii) atmost 2 colleges

(iii) atleast 2 colleges. (Foreign 2016)

Three cards are drawn successively with replacement
from a well shuffled pack of 52 cards. Find the
probability distribution of the number of spades.
Hence find the mean of the distribution.

(A1 2015) (Ev)

From a lot of 15 bulbs which include 5 defectives,
a sample of 2 bulbs is drawn at random (without
replacement). Find the probability distribution of the
number of defective bulbs. (Delhi 2015C)

Three cards are drawn at random (without
replacement) from a well shuffled pack of 52 playing
cards. Find the probability distribution of number of
red cards. Hence find the mean of the distribution.

(Foreign 2014) @

Aclass has 15 students whose ages are 14,17, 15, 14,
21,17,19,20, 16, 18,20,17,16,19 and 20 years. One
student is selected in such a manner that each has
the same chance of being chosen and the age X of the
selected student is recorded. What is the probability
distribution of the random variable X? Find the mean
of X. (Al 2014C)
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WY B (5/6 marks)

77. A box contains 10 tickets, 2 of which carry a prize

of ¥ 8 each, 5 of which carry a prize of ¥ 4 each, and

remaining 3 carry a prize of ¥ 2 each. If one ticket is

drawn at random, find the mean value of the prize.
(2023)

78. Two numbers are selected at random (without
replacement) from the first six positive integers. Let X

denote the larger of the two numbers obtained. Find |

CBSE Champion Mathematics Class 12

the probability distribution of the random variable X,
and hence find the mean of the distribution.
(Al2014)

79. In a game, a man wins rupees five for a six and loses
rupee one for any other number, when a fair die is
thrown. The man decided to throw a die thrice but
to quit as and when he gets a six. Find the expected

(A1 2014C)

value of the amount he wins/loses.

= CBSE Sample Questions =

13.1 Introduction
(3 marks)

1. Three friends go for coffee. They decide who will pay
the bill, by each tossing a coin and then letting the
“odd person” pay. There is no odd person if all three

tosses produce the same result. If there is no odd |
person in the first round, they make a second round |

of tosses and they continue to do so until there is
an odd person. What is the probability that exactly
three rounds of tosses are made? (2022-23)

13.2 Conditional Probability
(2 marks)

2. Given that E and F are events such that P(E) = 0.8,
P(F) = 0.7, P(E ~ F) = 0.6. Find P(E|F).

(2020-21) (Ap)

13.4 Independent Events
(1 mark)

3. The probabilities of A and B solving a problem

independently are %and% respectively. If both of

them try to solve the problem independently, what is |

the probability that the problem is solved?(2020-21)

13.5 Bayes’' Theorem

MCQ
Case study-based questions are compulsory. Attempt any 4
sub parts from each question. Each sub-part carries 1 mark.

4. In an office three employees Vinay, Sonia and Igbal
process incoming copies of a certain form. Vinay
process 50% of the forms, Sonia processes 20% and
Igbal the remaining 30% of the forms. Vinay has an

error rate of 0.06, Sonia has an error rate of 0.04 and |

Igbal has an error rate of 0.03.

-

information answer the

L
=\

Based on the above

following:

(i) The conditional probability that an error is
committed in processing given that Sonia
processed the form is

() 0.0210 (b) 004 (c) 047 (d) 0.06

(ii) The probability that Sonia processed the form

and committed an error is
(@) 0.005 (b) 0.006 (c) 0.008 (d) 0.68

(iii) The total probability of committing an error in
processing the form is

(@ o0 (b) 0.047 (c) 0234 (d) 1

(iv) The manager of the company wants to do a
quality check. During inspection he selects
a form at random from the days output of
processed forms. If the form selected at random
has an error, the probability that the form is not
processed by Vinay is

30 20 17

(@ 1 (b) 47 () 47 (d) 47

(v) Let A be the event of committing an error in
processing the form and let E4, E; and E; be the
events that Vinay, Sonia and Igbal processed the

3

form. The value of Y P(E;|A) is
i1

0.03 (c)

@ o (b) 006 (d) 1

(2020-21)

(4 marks)

5. There are two antiaircraft guns, named as A and B.
The probabilities that the shell fired from them hits
anairplane are 0.3 and 0.2 respectively. Both of them
fired one shell at an airplane at the same time.




Probability

(i)  What is the probability that the shell fired from
exactly one of them hit the plane?

(i) Ifitis known that the shell fired from exactly one
of them hit the plane, then what is the probability
that it was fired from B? (2022-23)

6. An insurance company believes that people can be !

divided into two classes: those who are accident
prone and those who are not. The company’s
statistics show that an accident-prone person will
have an accident at sometime within a fixed one-year
period with probability 0.6, whereas this probability
is 0.2 for a person who is not accident prone. The

company knows that 20 percent of the populationis

accident prone.

Detailed B<{®]R88x ) [0] i

1. (c):Since each coin turns up on either a head or tail.
Total possible outcomes = 2° = 32
Let A be the event that all tails comes up.
n(A)=1{i.e,(T,T,T,T,T)
1 31

So, required probability =1-P(A)=1-—=—
quired p ility (A)= 5 %

2. (d):Here,A={4,5,6},B={1,2,3,4}

ANB-={4}

Now, P(AU B) = P(A) + P(B) -
_3

6

3. We have the sample space associated with the given

random experiment as follows :

{(H,1),(H,2),(H,3),(H,4),(H,5),(H,6),(T,H),(T, T}

So, the total number of elementary events = 8 = n(S)

There is only one way in which head and number 6

occurringi.e., (H, 6)

n(E)=1

P(ANB)
+i_l =1
6 6

So, the required probability =% =%
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Based on the giveninformation, answer the following

questions.

(i)  What is the probability that a new policyholder
will have an accident within a year of purchasing
a policy?

(i)  Suppose that a new policyholder has an accident
within a year of purchasing a policy. What is the
probability that he or she is accident prone?

(Term11,2021-22)

Random Variables and its Probability
Distributions

(2 marks)

7. A bag contains 1 red and 3 white balls. Find the
probability distribution of the number of red balls if
2 balls are drawn at random from the bag one-by-one

without replacement. (Term II, 2021-22) @

8. A refrigerator box contains 2 milk chocolates and
4 dark chocolates. Two chocolates are drawn at
random. Find the probability distribution of the
number of milk chocolates. What is the most likely
outcome? (2020-21)

m (3 marks)

9. Find the mean number of defective items in a sample
of two items drawn one-by-one without replacement
from an urn containing 6 items, which include 2
defective items. Assume that the items are identical

in shape and size. (2022-23)
4. Required probability = 2—6 26 26 26
52" 51 52 51
26 26 26
= 2x—
52 51 51
5. Wehave,n(s)=52
i Probability that first drawn card is red i.e., P(Rl)—z—;
Probability that second drawn card is black i.e., P(B)=%
Probability that third drawn card isred i.e., P(R,)= ig

So, required probability = P(R;) x P(B) x P(R,)
26 26 25 13

~52°51°50 102
6. Required probability = M
3
_ 4%x3%x2 Z
9IX7x8 7
3%x2
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7. By contains 1 white ball and 3 red balls.
B, contains 2 white balls and 3 red balls.
P(two ball drawn of same colour)
= P(white ball of B; and white ball of B,) or P(red ball of B;
and red ball of B,)
1 2 3 3 2 9 11

4545202020

8. Since the bag contains cards numbered 1 to 25.
So, the numbers which are multiple of 7 are {7, 14, 21}.

3 2 1
R d probability =—x—=-—"—
equired probability 25 22-100

9. Wehave, P(A)=0.4,P(B)=0.3and P(AUB) =

9,P(AnB)=P(A)+P(B)- PAUB)=0.4+0.3-0.6=0.1

Now, P(B" " A)

10. Total number of students = 8

The number of ways to select 4 students out of 8 students
|

=8¢, :%:

The number of ways to select 2 boys and 2 girls

|
= 3C,x 5C, = x> _3x10=30
21117 213!
. 30 3
R d probability ==~ ==
equired probability 0-7"

1

11. Probability of choosing bag A = P(A)= =3

o N

Probability of choosing bag B = P(B) = %:

WIN

Let E; and E, be the events of drawing a red and a black ball
from bag A and B respectively.

éc,x ¢y
1OC2

’cyx3¢

P(E,) = 10¢
2

and P(E,) =

Required probability = P(A) x P(E,) + P(B) x P(E,)

=1 6C1X4C1+2 7C1>< Cl 8 E 22

3 10C 3 1°C2 45 o= az
12. (d):We have, P(A) = 0.4, P(B) = 0.8 and P(B/A) =
We know that P(B/A)= P(ANB)

P(A)
= o.ézw
04

= P(ANB)=0.24

Now, P(AU B) =P(A) +P(B)
Hence, P(AuU B) =0.96

-P(AnB)=0.4+0.8-0.24=0.96

P(BNA)
P(A)

14. (a):Sample space ={HH, HT, TH, TT}

Let A be the event of coming up two heads

1
4

7/10 7

13. (c):We know that, P(B/A)= =
4/5 8

A={HH} = P(A)==

=P(A-B)=P(A)-P(AnB)=0.4-0.1=0.3 '
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and B be the event of coming up atleast one head

B={HH,HT, TH}=P(B) = =

Also,AnB={HH}=P(AnB) ==

So, required probability =P(A/B)=

1
PIACB) _4_
-4

1
P(B) 3

IN

So, assertion is true.

Also, reason is true and it is the correct explanation of
assertion.

15. (c) : Let A be the event that the card is a spade and B
be the event that the picked card is a queen.

We have a total of 13 spades and 4 queen cards.
Also only one queen is from spade.

1
P(ANB) 57 1
P(AB) = =24-_
(AIB) PB) 4 4
52
W ey Points (0

2 Astandard 52-card deck comprises 13 cards in each of
the four suits : clubs, diamonds, hearts and spades.

16. We have, P(A)=—- P(B)—f and P(AUB) =
10’ 10
Now,
P(ANB)=P(A)+P(B)-P(AUB)=—-42_3_ 11476 1
1075757 10 10
P(ArB) P(ANB)
(P(B/A)+P(A/B= TS O P
1 1
_10 ,10 _1.1_7

3/10 2/5 3 4 12

17. The sample space, Sis given by
$={1,2,3,4,5,6,7,8,9,10,11, 12}
Let A be the event that number on the drawn card is odd,

and B be the event that number on the drawn card is
greater than 5.

A={1,3,57,9, 11}
B=1{6,7,8,9,10,11, 12}
and, AnB={7,9,11}
n(A) 6

ns) 12’
oy _ 7

n(S) 12
n(AmB): 3

n(S 12
Now, P(é):
B

Now, P(A)=

P(AnB)=

)
P(AnB) _3/12 3
PB) 7/12 7

- Hence, required probability is g
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18. Let M, F and S denote mother, father and son
respectively.

Sample space S = {MFS, MSF, FMS, FSM, SMF, SFM}

Given, A = Sonononeendi.e, {MFS, FMS, SMF, SFM}

and B = Father inthe middlei.e., B = {MFS, SFM}
AN B={MFS, SFM}

P(A)= 4 EP(B)—— L and P(AmB):g:1

6 3 3 6 3
pg|A)=PANE)_1/3 1
P(A) 2/3 2

19. E:Sum 8’ and F: ‘red die resulted in a number less than 4’
ie,E={(2,6),(3,5),(4,4),(573),(6,2)}
ie,F={(1,1),(1,2),(1,3),(2,1),(2,2),

(2, 3), (3, 1), (3, 2), (3, 3), (4, 1), (4 2), (4 3), (5 1), |

(5,2),(5,3),(6,1),(6,2),(6,3)}
Hence, ENF ={(5, 3), (6, 2)}, P(E) =
P(F)=18/36,P(EN F)=2/36
Required probability = P (E/F)
_PEAF)_2/36 _2 1

P(F) 18/36 18 9

20. LetG;(i=1,2)and B;(i=

or a boy respectively.

Then sample space is,
$={G1G,, G1By, B1Gy, B1B,}

Let A be the event that both children are girls, B be the

event that the youngest child is a girl and C be the event
that at least one of the children is a girl.

Then A ={G,G,}, B ={G,G,, B,G,}
andC= {B]_Gz, Gle, G]_Bz}
— AN B={G,G,}and ANC = {G,G,}

5/36,

1,2) denote the it child is a gir!

. . I _P(AnB) 1/4 1
i Required probability = P(A/B) = =L T_=
(i) q P y = P(A/B) PB ~2/2°2
.. . R _ P(ANC) 1/4 1
ii) Required probability = P(A/C) = 7 _=
(ii) q p y = P(A/C) PO ~3/4°3

21. LetBi(i=1,2)and G,(i = 1, 2) denote the it child is a boy
or agirl respectively.
Then sample space is, S = {B;B,, B1G,, G1B,, G,G,}

Let A be the event that both are boys, B be the event that |

one of them is a boy and C be the event that the older child
is aboy.

A ={B1B5}, B ={G;By, B1Gy, B1B5}

C={B4B,,B;G,}= AnB={B,B,}and ANC ={B;B,}

: , o _PANB) _1/4 1
(i) Required probability = P(A/B) PE) ~3/4-3
; , I _PANC) 1/4 1
(i) Required probability = P(A/C) PO ~2/4°2

22. The sample space S of the given random experiment is
S={(H,H),(H,T),(T,1),(T,2),(T, 3), (T, 4), (T, 5),(T, 6)}

Let A be the event that the die shows a number greater

than 4 and B be the event that there is at least one tail.
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A={(T,5),(T,6)}

andB={(T,1),(T, 2),(T,3), (T, 4), (T, 5), (T, 6),(H,T)}

ANB ={(T, 5), (T, 6)}
P(B) = P{(T, 1)} + P{(T, 2)} +P{(T, 3)}
+P{(T, 4)} + P{(T, 5)} + P{(T, 6)} + P{(H, T)}
VATV VIRV R A
1 1
P(ANB)=P{(T,5)}+P{(T, 6)}—5 175
p(AnB) _1/6 2

Required probability = = ==L-=-=
equired probability =p(a/B) o) 329

23. Let A be the event of drawing a red ball in first draw
and B be the event of drawing a red ball in second draw.

3
C 3
P(A)=—L1 ="
(A) ¢, ~10
Now, P(B/A) = Probability of drawing a red ball in the
second draw, when a red ball already has been drawn in
2
the first draw _9—C1 2
¢, 9
The required probability = P(A N B)
3 2 1
=P(A)-P(B/A) =—xZ=—
(A)-P(B/A) = 10 9 15

N
[Answer Tips (7]

2 Conditional probability is calculated by multiplied the
probability of the preceding event by the renewed
probability of the succeeding event.

24. (c) : Given, A and B are independent events.

Also, P(A) = 1 and P(B) = 1
3 4

Now, P(8']A) = ZE0A)
P(A)
- PP [ A, Bare independent events]
P(A)
1 3
=P(B)=1-P(B)=1--=>
(B") (B) = 12

25. Let A, B, C be respectively the events of solving
problem by three students and P(A), P(B), P(C) be their
probability of solving the problem respectively.

21 21 1
P(A) = 3,P(B) 2 and P(C) A

Required probability =1 - P(A "B " C)

=1-P(A) P(B) P(C)

(- A,B,Careindependent ... A, B, C are alsoindependent)
-[1-PA)][1-P(B)][1-P(C)]
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27. Given: P(A)=~.P(B)=—_-. P(AUB)=—~
2 12

To find whether A and B are independent or not.
Two events are independent if P(AnB)=P(A)-P(B)
P(AUB)=1-P(ANB)

= l_1panB) =PANB)=1-1-2

4 472
and P(A) - P(B) = Sx/ =
212724

Since P(An B) # P(A) - P(B)

A and B are not independent.
28. Let G be the event of a green signal.
Required probability = P(GGG’) + P(G'GG)

_(3Y7,7(3Y.97 .7 9
10 ) 10 10 \10 100 10 10 100
63 63 126 63

1000 1000 1000 500

" [Topper’s Answer, 2022]

29. Given, A and B are independent events. So,
A’ and B are also independent events.

Now, P(A” N B’) = P(A’) x P(B’)

=[1-P(A)][1-P(B)]=[1-0.3][1-0.4]

[Given, P(A) = 0.3 and P(B) = 0.6]
=0.7x0.4=0.28
30. Let A denotes the student A coming school on time

and B denotes the student B coming school on time.

- P(A)=g and P(B)=f

So, we have, P(A)=1-P(A)=1— ;

1423
7 7
Probability of only one of them coming to school on

time =P(AnB)+P(ANB)

\Hu-n

and P(B)=1-P(B)=

=P(A)xP(B)+P(A)xP(B)

5 4 2 3 20 6 26
=S-X—ot=oXo =——+——=—
7°777%7 T297 39 29
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31. We have, S ={1, 2, 3, 4, 5, 6} and A be the event that (i)  P(problem is solved)

number is even = {2, 4, 6}

2
B be the event that numberisred ={1, 2, 3}
3.1

6 2
andANB={2}

= P(B)=

 PANB)=1 N0
6

Also, P(A)-P(B)=Lxt=1 (i)
2 2 4

From (i) and (ii),
P(A) - P(B) # P(A " B)
So, A and B are not independent.

32. Since, E and F are independent events.

P(E N F) = P(E) P(F) (i)

Now, P(E'"F')=1-P(EUF) [ P(EENF)=P((EUF))]
- [P(E) + P(F) - P(EN F)]

=1-P(E) - P(F) + P(E) P(F) [Using (i)]

=(1-P(E)) (1 - P(F)) = P(E") P(F’)

Hence, E" and F’ are also independent events.

33. (a) We have, P(A) = 0.8, P(B) =
P(exactly one of them earn 10 points) =

= P(A) + P(B) - 2P(A N B)

= P(A) + P(B) - 2P(A) P(B)

=0.8+0.9-0.8x0.9x2

=0.26

(b) P(both of them earn 10 points) =

=P(A) P(B)=0.8x0.9=0.72

34. Total outcomes = 36
Favourable outcomes for A to win
={(1,6),(6,1),(2,5),

P(AUB)-P(ANB)

(A &B are independent)

P(A~B)

—

5,2),(3,4),(4,3)}

Probability of A to win, P(A) =

m&\m
[ R

[N

Probability of A to lose, P(A)= 1_3 5

Favourable outcomes for B to win = {(4, 6), (6, 4), (5, 5)}
3 1

36 12

Probability of Bto lose, P(B)= 1—i 1
12 12

Probability of B to win, P(B) =

Required probability
=P(A)P(B)+P(A)P(B)P(A)P(B)
+P(A)P(B)P(A)P(B)P(A)P(B)+....
115 1+51151151

35. Let X and Y denote the respective events of solving
the given specific problem by A and B,

then P(X) = + and P(Y)=
2 3
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=P(XUY)=1-P(X)P(Y) =1—(1—%)(1—%)=1—%x

(if) P (Exactly one of A and B solves the problem)

P(X)-P(Y)+P(X)-P(Y)
1( 1)( 1) 2 11 1(21)1
=—|1-= H|l-= | ===+ = ==|=+= |==
2 3 2 23 23 2\3 3/ 2
[Concept Avpiied (€]

2 P(notA)=1-P(A)

2.2
3 3

36. Itis given that A and B are independent events and

P(/KmB):i
15
= PAPBI=2 N0
15
Also, P(AmB)— - P(A)P(B)-f -(i)
Let p=PA)=P(A)=1-PA) =
~and q=P(B)=P(B)=1-P(B) =
Now, from (i) and (ii), we get
(1-pla= % (i)
1 .
and p(1-q)= s .(iv)
Subtracting (iii) from (iv), we get
pogeli2 1 o1
6 15 30 P79 30
Putting this value of p in (iii), we get
(1ot h-2 = Za22
=30 15 = 3097 "33

= 30¢%-29g+4=0= 30q%-24q-5q+4=0

= 6q(5q-4)-

4 1
= ngorg

1(59-4)=0 = (5g-4)(6g-1)=0

Forq :% , from (iv), we have

(1 ﬂ)_lﬁ (1)_1:> _2
P56 7P 5) 67 %
1

For g=—
=%

(iAo
Pt 67867 P 5

4
=—or P(A)=
= or P(A)

, from (iv), we have

. P(A)=

Commonly Made Mistake e

2 Remember the difference between exclusive and
exhaustive events.

5 1

o
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37. Let E; be the event that bag | is chosen,

red ball is drawn.
Clearly, E; and E, are mutually exclusive and exhaustive
events.
Since, one of the bagis chosen at random
1 1 1
P(E1)=5 and P(Ez)=§ P(A|E1)=Z and P(A|E,)=
By using law of total probability, we get
P(A) = P(E,) P(A| E4) + P(E5) P(A | E5)]

o] w

1113135

242881616

38. Let E4, E, and A denote the events defined as follow :
E, = selecting a purse 1

E, = selecting a purse 2

A =drawing asilver coin

Since one of two purses is selected randomly

1

1
P(E,)== andP(E,)==
( 1) 5 andP( 2) >

3

1 4
NOW, P(A/El):§:§ andP(A/Ez):?

Using the total law of probability, we have,
Required probability, P(A) = P(E,)- P(A/E;) + P(E,) - (A/E))
111 4 1 2 19

= PA)==-Z4+=X— =—+4+-="
23 2 7 6742

39. Given, E; : represent the event when many workers
were not present for the job.

P(E;) =0.65

E, :represent the event when all workers were present.
P(E;)=1-P(E;)=1-0.65=0.35

E = represent completing the construction work on time.
() Required probability =P(E,) = 0.35

(i) Given, P(E/E;)=0.35 and P(E/E,)=0.80
P(E)=P(E,)P(E/E,)+P(E,)P(E/E,)

(- Law of total probability)
=0.65x0.35+0.35x0.80=0.2275 +0.28=0.5075
(iii) (a) We have to find P(E4|E)
By using Bayes’ theorem,
P(E,|E)= P(E,)-P(EIE,)
P(E,)-P(E|E,)+P(E,)-P(E|E;)

_PIE;)-P(EIE;) _0.65x035_ , 0
P(E) 0.5075
OR

(b) We have to find P(E,|E)
By using Bayes’ theorem

E
P(E
P(E,)-P(E|E,) (E) (Ez)

P(E,|E)= -
(E21E) P(E,)-P(EIE,)+P(E,)-P(EIE,) P(E)
_035x080 _ 028 _ .,
~ 05075 05075

40. Let E4, E; and A denote the events defined as follows :
E, = Selecting box |
E, = Selecting box I

| Similarly,
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A= Getting ared ball
E;betheeventthatbagllis chosenand Abe the event that

(El)- PE,)= ;
_3_1, o1
PIAIEL) = 2= PIAIE )= 10 5

Using Bayes’ Theorem
P(E,)-P(A|E,)

PE21A)= P(E,)P(A|E,)+P(E,)-P(A|E,)

1.1 1 1
=1 % % 1 =141=213 %X%:g
273722 64 12

The probability that a red ball comes out from box Il

.3
s —.
P05

41. Let E; be the event that ball transferred from bag | to
bag Il is red, E, be the event that ball transferred from bag
| to bag Il is black and B be the event that ball drawn from
bag Il is black.

5

3
So, P(E,)=—, P(E,)==
o (1) ) (2) )

3 4
P(BIE;)=—, P(B|E,)=—
(BIE,) 8 (BIE,) 8
So, required probability = P(E, | B)
_ P(E;)xP(B|E,)
P(E;)xP(B|E{)+P(E,)xP(B|E,)

5 4
_ g%g _ 20 20
33,5 4 9+20 29
8 8 8 8

42. Let E4, E;, and A denote the events defined as follows :
E, =First bagis chosen

E, = Second bag is chosen

and A = two balls drawn at random are red

Since, one of the bag is chosen at random

PE,)=P(E,) =~

If E4 has already occurred, i.e., first bag is chosen.
Therefore, the probability of drawing two red balls in this
3¢, 10
9c2 36

3

C, 3
P(A|Ey) =52 =—

C2

case =P(A|E;)=

By Bayes’ theorem,
P(E,)-P(A|E,)

Required probability, P(E,|A)=
q P Y, FE2 P(E,)-P(A|E;)+P(E,)-P(A|E,)

1.3 s 3
_ 2"36  _ 72 _72_8
1101 3710 3 13713

X+ B
236236727272

43. Let E4 be the event of choosing a biased coin and E, be
the event of choosing an unbiased coin.

= P(E))=P(E;) = %

i Given, probability of biased coin has the chance of showing
- heads is 60%
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Probability of biased coin has the chance of showing |

tail is 40%
Let A be the event of showing taiI
40 2

PAE——fPAE——
(AlE;) 1003 (AlE;)

Using Bayes’ theorem, we get
P(E,)P(A|E,)
P(E,|A)= 2
2= BiE A, )+ PIE, (AIE,)

1

11 11
272 4 _ 4 _
1211 11 9
XTI IX S T
2522 54 20
44. Let E; be the event of getting ghee from shop X, E, be
the event of getting ghee from shop Y and A be the event
of getting ghee of type B.

_2
y 9

1 40 4
P(E =—,PE= AlE,) = —=2=
(Ey) (E,) P(A|Eq) = 0= 7"
60 6
PAIE,)) = ——=—
(AlE2) 110 11

Using Bayes’ Theorem, we have
P(E,)P(A|E,)

P(E4|A) =
P(E)P(A|Ey)+P(E,)P(A|E,)
1.6 6
211 11 42 4221
— PEJA =211 11 _ A2 21
(E1A 14,1 6 4 6 44+42 86 43
2772711 711

45. Let E4 be the event that the outcome on the die is
lor2,E,betheeventthattheoutcomeonthedieis3,4,5,6.
2 1 4 2
* P(Ej)==—==and P(Ey))=—=—
(Ey)= 5=3 (E5) 53
Let A be the event of getting exactly one tail.

Now, P(A|E;) be the probability of getting exactly one tail

by tossing the coin three times if she gets 1 or 2 = g and

P(A|E,) be the probability of getting exactly one tail in a |

single throw of coin if she gets 3,4, 5,6 = %
The probability that the girl threw 3, 4, 5, 6 with the die, if
she obtained exactly one tail is given by P(E,|A).
P(E,)-P(A|E,)
P(E,A) =
P(E,)-P(A|E;)+P(E,)-P(A|E,)

21
__ 32 _8
T13.21 1
3 8 32
Concept Applied O

2 IfEy, Ey E, ..., E, are mutually exclusive and exhaustive
events associated with a random experiment and A is
any event associated with the experiment, then

P(E, |A):w, wherei=1,2,3,..,n

’ZP(E,-)P(AIE;)

46. Let Eq be the event that ‘6’ occurs, E, be the event that

‘6’ does not occur and A be the event that the manreports | _

thatitis ‘6’

Probability of selection of A, P(A) =
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(Ei) =

Now, P( A|E1) be the probability that the man reports that
thereis ‘6’ on the die and ‘6’ actually occurs

P(Ez) =

= Probability that the man speaks the truth =%

And P(A|E,) be the probability that the man reports that
thereis ‘6’ when actually ‘6’ does not occurs
= Probability that man does not speaks the truth

Required probability = P(E4|A)
_ P(E;)-P(A|E,)
P(E;)-P(A|E;)+P(E,)-P(A|E,)

1 4

65 _ 4 _4
1451 4:5 9
6 5 6 5

Yes, we are agree that the value of truthfulness leads to
more respect in the society.

i 47. Let E; be event of students which have 100%
| attendance, E, be the event of students which areirregular

and A be the event of students which have an A grade.
Then, P(E;) =0.3, P(E,) =0.7, P(A|E;) = 0.7 and P(A|E,) = 0.1
So, P(Probability that student has 100% attendance given
that he has A grade)

P(E,)-P(A|E,)

=P(E;|A)=
1 P(E,)-P(A|E;)+P(E,)-P(A|E,)
[Using Bayes’ theorem]
~ 0.3x0.7
7 0.3x0.7+0.7x0.1
__03x07 _03_3_ ..
0.7(0.3+0.1) 04 4

As per answer, the probability of regular students having
grade A is more than 50%. So, the regularity is required.
No, regularity is required everywhere as it maintains our
respect in society.

48. Let I be the event that changes take place to improve
profits.

Probability of selection of B, P(B) =

Probability of selection of C, P(C) =
Probability that A does not introduce changes,
P(I|A)=1-0.8=0.2

Probability that B does not introduce changes,
P(1|B)=1-0.5=0.5

Probability that C does not introduce changes,
P(1]C)=1-0.3=0.7

So, required probability =P(C|l)

P(C)P(T|C)

~ P(A)P(1|A)+P(B)P(T|B)+P(C)P(I|C)

NIDNIN e
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;XOJ
= =0.7
1><O.2+g><0.5+i><0.7
7 7 7

49. Consider the following events.
E : Two balls drawn are white
A:There are 2 white balls in the bag
B: There are 3 white balls in the bag
C : There are 4 white balls in the bag

P(A)=P(B) = P(C) ==
2 3
PEIA)=7 2=, P(EIB)=7 2==
2 C2
4
C
P(EIC)=5—2=1
(EIC)=4 :,
o~ PC)-P(EIC)
P(A)-P(E|A)+P(B)-P(E|B)+ P(C)-P(E|C)
1 1
3" _3
1><1+1><1+1><1 >
3 6 3 2 3
50. Let A be the event that the bulb is defective.
50 25 25
P(E))= —,P(E;) = —— ,P(E3) = —
(E4) 100 (E2) 100 (E3) 100
4 4 5
P(AIE;) = — , P(A|E,) = =
(AIED) = == PIAIE,) = = PIAIES) =
Required probability, P(A) = P(E;)P(A|E,)

+ P(Eo)P(A|E,) + P(E3)P(A|ES)

100 100 100 100 100 100
_ 200+100+125 425 17
10000 10000 400
51. LetE4, E, and A be the events defined as follows :
E, : The student knows the answer

E, : The student guesses the answer
A : The student answers correctly

We have, P(El):%P(Ez):g

5

Also, P(A|E2)=% and P(AJE,) = 1
Required probability

PEIEy)

_P(ELIA)= P(E;)-P(AIE;)
P(E;)-P(A|E1)+P(E;)-P(AIE))
3
57 _ 33 9
3,,21 T3x3+2 11
5753

52. Let E4, E,, E5 and E be the events defined as follows:
E, : The item is manufactured by operator A
E, : The item is manufactured by operator B
E;: Theitem is manufactured by operator C
E:Theitemis defective.

P(E,)= 50 5 3 20 2

= P(E,)=— =2
100 10’ PlE2)= 100 ~10° (Es) 100 10
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1 5 7
= :PE|E,)=——:P(E
00 (EIE2) 100 PEIES)= 100

Now, we have, to find P(E,/E) (i.e., item is defective and it is
produced by operator A)

B P(E,)P(EIE;)
P(E{/E)= P(E;)P(E|E4)+P(E,)P(E|E,)+P(E5)P(E|ES)
s .1
B 10"100 > .2

"5 1 .3 5 2 7 5415414 34

10 100 10 100 10 100

53. Total number of persons insured
= 3000 + 6000 + 9000 = 18000
Let E4, E; and E; be the event that the person is a cyclist, a

scooter driver and a car driver respectively.

3000 1 6000 1
PIEy) =000 1 pg)_ 6000 1
18000 &' 18000 3
and P(Eg)zﬂ:l
18000 2

Let E be the event that insured person meets with an
accident.

P(E|E,) = 0.3, P(E|E,) = 0.05, P(E|E;) = 0.02
| By Bayes’ theorem,
Required probability
_ P(E|E,)-P(E,)
P(E|E;)-P(E;)+P(E|E,)-P(E,)+P(E|E5)P(E5)
1 0.3
0.3x +0.05x_+002x) 703015006 046 23
6 3 6
54. Let us consider the following events
E,=baglis selected
E, =bas Il is selected
A = getting ared ball
Here P(E))=P(Ey) =% P(AIE,)=> =L andP(AIE,) =——
| T 93 2 54n
By Baye’s theorem, we have
PEIA) = o2 PUAES)
P(E;)-P(A|E{)+P(E,)-P(A|E;)
1>< 5 5
3__ 2754n 3__54n
75111 5 751 5
X —X—— D
2 3 2 5+n 3 5+n
5
N g 54n 5 _3(n+5)
5 (5+n+15)/[3(5+n)] 5+n n+20
N 3_ L:, 3n+60=75 = 3n=15= n=5

5 n+20
Hence, the value of nis 5.
55. Let E4, E5, Ez and C be the events as defined below :
E, : Twored balls are transferred from bag A to bag B.
E,: Onered ball and one black ball is transferred from bag
AtobagB.
E;: Two black balls are transferred from bag A to bag B.

- C:Balldrawn from bag Bis red.
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3 3 5
C 3 C,x>’C, 15
-2 _ ’p(Ez)z 1 1_

So, PIEy) = 2= -
o PE)= 50 =2 5c, 28

2

5

C, 10
P(Ey) = —2="—
(€)= 52=5g

Also, P(C|E,) = P(C|E2) =

Required probablllty, P(E1|C)
P(E,)P(C|E,)
P(E1)P(C|E1)+P(E2)P(C|E2)+P(E3) (CIE3)

3 _6

28”10 18 18
3 6 15 5 10 4 18+75+40 133
28 10 28 10 28 10
56. LetEy, E, E;and E be the events as follows:
E, : The bolt is manufactured by the machine A
E, : The bolt is manufactured by the machine B
E;: The bolt is manufactured by the machine C

E:Theboltis defective

4
= P(CIEs) = —
(ClE5) = 0

30 5
P(E =2 =2
(E:)= 100 10 P(E2)= 1oo “10°
20 2
P(E,)=""=2
(Es) 100 10
3 4 1
PE|E E|E E|E,
(|1)100(|2)100(|)100

Now, P(EZ|E)=7E(E2)' (EIE;)

3 P(E,)-P(EIE;)
i=1
S 4
_ 10°100 20 20
-3 3 L5 4.2 1 T9+20+2 31

10° 100 10100 10100

Required probability = The probability that bolt is
defective and not manufactured by machine B.

)1.20_11

31 31

57. Let E; and E, denote the events of selection of first bag
and second bag respectively. Let A be the event that 2 balls
drawn are both red.

=1-P(E,|E)

1
P(Ey)= =P(E,)
4 2
Now, P(AIE,)=~2=23_3 ppp)-—C2 1x2_1
8C 87 14 8C2 8.7 28
The required probability = P(E;|A)
13
_ P(E,)-P(AIE,) _ 214 3x2 g
P(E;).P(AIE))+P(E))PIAIE,) 13 1 1 T3x2+1 7
214 228

58. Let E4, E, and A be the events defined as follows :
E; : The student knows the answer

E, : The student guesses the answer

A : The student answers correctly

We have, P(El)zg,P(Ez)zg

5
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Also, P(A|E2)=% and P(AIE,) = 1

Required probability
P(E,)-P(AIE,)

=P(E,|A
(ExlA)= P(E,)-P(AIE,)+P(E,)-P(AIE,)
3
5 3x3 9
_71 21 3x3+2 11
53

59. Let E4, Ey, E5, E4 and A be the events defined as below :
E;:Missing card is a card of heart.

E, : Missing card is a card of spade.

E;: Missing card is a card of club.

i E4:Missing card is a card of diamond.

A: Drawing three spade cards from the remaining cards.

13 1
Now, P(E,)=P(E,)=P(E;)=P(E,)=—=~
ow, (1) (2) (3) (4) 502
12
C
PUAIE,) =
C3
13C
P(A|E) = P(AIE3) = P(AIE) = 5=

3
Required probability = P(E,|A)
_ P(E,)P(AIE,)
P(E;)P(A|E;)+P(E,)P(A|E,)+P(E5)P(A|ES)

1 12C3
=x

1 13C3 i 1 12C3 i 1 13C3 ! 1 13C3

X5q X517 X571 X517
4 c; 4 C; 4 Cc; 4 Cs
) 220 220 10
286+220+286+286 1078 49
60. Let A be the two-headed coin, B be the biased coin

. showing up heads 75% of the times and C be the biased

coin showing up tails 40% (i.e., showing up heads 60%) of
the times.

Let E4, E; and E5 be the events of choosing coins of the type
A, Band Crespectively. Let Sbe the event of getting a head.
Then

1

1 1
g,P(Ez):E,P(E:g):*

P(E,)-P(S|E;)
2 (E;)-P(SIE;)

1 i=1
_ 3t 20 20
1,,13,13 20+15+12 47
3 34 35
61. Let the events are defined as

E,:Personis ascooter driver

Required probability =P(E, |S)=

| E,:Personisacardriver
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E;:Personisatruckdriver
A : Person meets with an accident.

Then, P(E;) =00 _1 p(g,)_ 4000 _2
12000 6" 2712000 &’
6000 3
pe;)=30%0 _3,
12000 6
Also, P(AJE;)=0.01=——, P(A]E,)=0.03= —,
100 100
15
P(A|E;)=0.15= .
(AlE3) 100

Required probability = 1 - P(the person who meets
with accident is a truck driver)

i.e., Required probability = 1 - P(E5|A)

4 P(AIE,)P(E,)
P(AIE;)P(E; )+P(AIE,)P(E,)+P(A|E5)P(E )
15 3
7X7
1 100" 6 4
11,3 2,15 3 1+6+45
1006 100" 6 100" 6
4. 45 _ 7
52 52

62. Let E; be the event that ‘1’ occurs, E, be the event that
‘1’ does not occur and A be the event that the man reports

thatitis ‘1.
1 5
P(El):*y P(Ez):g

Now, P(E J be the probability that the man reports that

1
thereis ‘1’ on the die given that ‘1’ actually occurs.

So, P(:J = Probability that the man speaks the truth
1

vl w

And P[E J be the probability that the man reports that

2
thereis ‘1’ when actually ‘1’ does not occur.
A

So, P
E,

/N

J = Probability that man does not speak the truth

Required probability = P(%)

A
e #{ £ ) 1,3

= i -6 -2
A A 13,52 13

63. Consider the following events.
E : Two balls drawn are white

A : There are 2 white balls in the urn
B: There are 3 white balls in the urn
C : There are 4 white balls in the urn

| Let P(X =x3) =k.
k
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2

c 1

PEIA)=32==,
2

4C2
2

P(CIE)=
(CIE)=

3

C, 3.1
P(EIB)=7% 2=Z=§

C2

P(EIC)=522=1

P(C)-P(EIC)
(A)-P(E|A)+P(B)-P(E|B)+P(C)-P(

E|IC)
x1

3

IR

11 1
—X—+=—x—-+=x1

3 6 3
3P(X =xp) = P(X=x3) =

w
”MH

64. 2P(X = x4) 5P(X = x4)

k

S0 P(X=x;)=X : P(X=xy)= P(X=x4):§

We know that sum of all probabilities in probability
distributionis 1.

L= E+k+k+K 1
2 3 5
15k+10k+30k+6k=1 — 61k =30
30
(2
61
So, probability distribution of X :
30 15 30 10
P(X=x,)= s P(X=x,)=
61x2 61 61x3 61
30 30 6
X=xa)=1 + PX=xa)= s =1
65. (a) : We know Zp(x;) = 1
= K+6K+9K=1= 16K=1 = K:%
. 11 1, .
(b) P(getting 2 heads) =§X§=Z (if the coin was
unbiased)
But from given p.d. table, P(getting 2 heads) —6;&%

Coin tossed is biased

i 66. Given, the number of red ballsin abag is =2

The number of blue ballsina bagis =3
So, total number of ballsina bagis=2+3=5
Since, two balls are drawn at random without replacement
and X denotes the number of red balls. So X can be 0,
land2.
Case |l : When no red ball is drawn, X =0
P(X=0) = P(BB) = P(B) - P(B)
3 2 6 3
54 20 10
Case ll : When one red ball is drawn, X =1
P(X =1)=P(RB)+P(BR)=P(R)P(B)+P(B)P(R)

266

42020205
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Case lll : When two red ball are drawn, X =2

P(X =2) =P(RR) = P(R) - P(R)
21 2 1
574 20 10
Hence, the required probability distribution is given by
X 0 1 2
3 1
P(X) 0 0

67. We have, P(X= x)— .
ifx=2

otherwise
1 = k+ 2k +3k=1

3

5
ifx=0
ifx=1

Since, 2P(x;) =
= 6k=1 = k:—
6

68. The probability distribution of x is

X=x 0 1 2 3
PX=x) | 0.1 k 2k 3k
(@)« YP(X)=1 =0.1+k+2k+3k=1

— 6k=1-01 = 6k=09= k= % -0.15

(b) P(x<2)=P(0)+P(1)+P(2)
(c) Mean, X=Y X-P(X)

=0.15x1+2x0.3+3%x045=21

69. We have, number of rotten apples = 3 and number of
good apples =7
Total number of apples = 10
Let X be number of rotten apples.
So, X can take values 0, 1,2, 3
Let E be the event of getting a rotten apple.

-3 el
P(E)= 15 PE)=15

=0.1+0.15+0.3=0.55

Now PX=0) = 3. 7 7 7 _ 343
101010 1000
P(X=1)=3C i 7.7 441
101010 1000
PX=2)=3C, - 3.7 _ 189
2'70'10' 10 1000
PX=3)=3C, >3 _ %

%10 10 10 1000
So, probability distribution table is given by

X 0 1 2 3
POO 343 441 189 27
1000 1000 1000 1000

Now, mean (X)=Y' X-P(X)

_ 343 441 189 27
= 0x +1x +2X +3x

1000 1000 1000 1000
_ 441 378 81 900 9

+ + = =—
1000 1000 1000 1000 10
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- 70. We have, P(X=0) =P(X=1) =
Let P(X=2) =

P(X=3)=

Since, X is a random variable taking values O, 1, 2, 3
PX=0)+PX=1)+P(X=2)+P(X=3)=

= p+p+k+k-1=>2p+2k=1=>p+k=% (i)
Now, Zp, = 22piX;

= p(0) + p(1) + k(4) + k(9) =
= p+13k=2p+ 10k

2[p(0) + p(1) + k(2) + k(3)]

— p-3k=0 i)
Subtracting (ii) from (i), we get 4k = E:>k %
11 3
F t p==—===
rom (i), we get p= 2788

: 71. Let X be the amount he wins/loses.

Then, X can take values -3, 3,4, 5.
P(X = 5) = P(Getting a number greater than 4 in the first

throw)= ===
3

P(Getting a number less than or equal to 4 in

o~ N

P(X = 4) =

 the first throw and a number greater than 4 in the second

4 2 2
7X7 J—
6 6 9
P(X = 3) = P(Getting a number less than or equal to 4 in the

first two throws and a number greater than 4 in the third

throw) =

throw):—xﬂ 2_4
6 6 6 27
P(X = -3) = P(Getting a number less than or equal to 4 in all
threethrows):—xﬂ 4_8
6 6 6 27
The probability distribution is
X 5 4 3 -3
1 2 4 8
B = =z - o
& 3 9 27 27
1 2 4 8
E(X)=) XP(X)=5|= [+4|= |+3| = |-3| —=
00-52000=53 43 (7 ()
_57_19
279

Hence, expected value of the amount he wins/loses is % .

72. The probability distribution of X is
X 0 1 2 3 4
P(X) 0 k 4k 2k k

The given distribution is a probability distribution.

4
dpi=
i=0

— O+k+dk+2k+k=1—8k=1= k= % -0.125

- (i) P(getting admission in exactly one college)

=P(X=1)=k=0.125
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(i) P(getting admission in atmost 2 colleges)
=P(X<2)=0+k+4k=5k=0.625

P (getting admission in atleast 2 colleges)
=P(X>2)=4k+ 2k +k=7k=0.875

73. Let X denote the number of spade cards in a sample of
3 cards drawn from a well-shuffled pack of 52 cards.
Since there are 13 spade cards in the pack, so in a sample
of 3 cards drawn, either there is no spade card or one
spade card or two spade cards or 3 spade cards. Thus
X=0,1,2and 3.
Now, P(X = 0) = Probability of getting no spade card

_ 3939 39 27

52 52 52 64

P(X = 1) = Probability of getting one spade card
13 39 39 39 13 39 39 39 13 27

T5252 52 52 52 52 52 5252 64
P(X = 2) = Probability of getting 2 spade cards

131339 133913 391313 9

7525252 525252 525252 64

(iii)

P(X = 3) = Probability of getting 3 spade cards
181313 1
52 52 52 64
Hence, the probability distribution of X is
X 0 1 2 3
27 27 9 1
PIX) 64 64 64 64
Now, mean of this distribution is given by
X021><2+213i _48_3
64 64 64 64 64 4

74. Let Xdenote the number of defective bulbsinasample
of 2 bulbs which are to be drawn.
Here, number of defective bulbs =5
Number of non-defective bulbs =15 -5 =10
X can take values O, 1, 2.

Now, P(X = 0) = Probability of getting no defective bulb
= Probability of getting 2 non-defective bulbs.
_ ¢, 10x9 3 9

15c, 15x14 7 21
P(X = 1) = Probability of getting 1 defective bulb
_ 2 x™°c; 5x10x2 10

5c,  15x14 21

P(X = 2) = Probability of getting 2 defective bulbs
_°C,  5x4 2

B5c, 15x14 21

Thus the probability distribution of Xis given by
X 0 1 2

Px) | 2 10 2

21 21 21

| 3x—.
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2 A combination determines the number of possible
selection in a collection of items where the order of
the selection does not matter.

75. Let X denote the number of red cards
values 0, 1,2, 3.

Total number of cards = 52

Number of red cards = 26.

%C, 26x25x24 4

. So X can take

Now, P (X=0) =

52c, 52x51x50 34
260 x26C, 26x26x25x6 13
PX=1)= —L* =2 _13
Cs 2x52x51x50 34
26 26
P(X=2) = C522>< C1 _26x25x26x6 _13
Cs 2x52x51x50 34
26
P(X=3)= 52C3=26X25X24=i
Cs 52x51x50 34
Probability distribution of X is given by
4 13 13 4
P | oo 13 B 4
(X) 34 4 ” 2
Mean (X)=Y XP(X)

= ol e el ol
34 34 34 34) 2
76. Here the ages of the given 15 students are 14, 17, 15,
14,21,17,19, 20, 16, 18,20, 17, 16, 19 and 20 years.
The required probability distribution of X is given by
X |14 (15|16 |17 |18 |19 |20 |21
2111231231

15|15 |15 /15|15 | 15|15 | 15

P(X)

Mean, X = XP(X)

—14><—+15><—+16><—+17><i+18><—+19><—
15 15 15 15 15 15

+20><i+21><—
15 15

15(28+15+32+51+18+38+60+21) 263

77. The probability of drawing a ticket out of 10:%

The probability of drawing a ticket with prize of ¥ 8 is

2><i
10
The probability of drawing a ticket with prize of ¥ 4 is

5><i
10

The probability of drawing a ticket with prize of ¥ 2 is
1

10
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We can show thison atable as:

Number of tickets 2 5 3
X 8 4 2
P(X) 2 5 3

10 10 10

Mean = X;P(X;)
Hence the mean prize

8><g+4><i+2><i §+2+§_?E?4 20

5 10 10 5 5 5
78. The first six positive integers are 1, 2, 3,4, 5 and 6.
Let X be the larger number of two numbers selected the
possible outcomes are :
Sample space Siis given by

S=1(12) (L 3). (L 4) (L 5) (1 6). (2, 1), (2. 3) oo (2, 6), |

(3,1),(3,2),(3,4) ... (3,6),(4,1),(4,2),(4,3),(4,5), (4, 6),
(5,1),(5,2) ... (5,4),(5,6),(6,1),(6,2) ... (6,5)}

X cantake values 2, 3,4, 5, or 6.
Total number of ways = °C, = 15

TheprobabilitydistributionofarandomvariableXisgivenby

X 2 3 4 5 6
P(X) | 1/15 | 2/15 | 3/15 | 4/15 | 5/15

Mean = ) XP(X)

= 2><i+3><£+4><£+5><i+6><i
15 15 15 15 15

_ 2 6 12 20 30 70 14

15 15 15 15 15 15 3°

79. When a die is thrown, probability of getting a six = %
Probability of not gettingasix=1 - % 2

If he gets a six in first throw, then, probability of getting a |

. 1
six= =
6
If he does not get asix infirst throw, but he gets a sixin the
second throw, then

Probablllty—éx1 i
6 6 36

Probability that he does not get a six in first two throws |

and he gets a six in third throw —5 E 125
6 6 6 216
Probability that he does not get a six in any of the three
3

throws = > :ﬁ.

6 216
In first throw he gets a six, will receive ¥ 5.
If he gets a six in second throw, he will receive3 (5-1)=4
If he gets a six in third throw, he will receive3 (-1 -1+ 5)
=33
If he does not get a six in all three throws, he will receive
T(-1-1-1)=%-3.
Let X be the amount he wins/losses.
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- Then, X can take values -3, 3,4, 5
‘ The probability distribution is
X 5 4 3 -3
P(X) 1/6 5/36 25/216 | 25/216
Expected value —1><5+ > X4+ —— 25 %3
6 36 216

{125 )3
216
5,20 75 375_

6 36 216 216
He neither loses or wins.

A N
CBSE Sample Questions

1. P(not obtaining an odd person in a single round) = P(All
three of them throw tails or All three of them throw heads)

1111111

X=X —F =X =X == (1%)
272722727274
P(obtaining an odd person in a single round)
i =1-P(notobtaining an odd personin asingle round) = 3/4

Required probability = P(In first round there is no odd
person’ and ‘In second round there is no odd person’ and
‘In third round there is an odd person)

J1.1.3_ 3 (1%)
47474 64
_ — P(ENF) P(EUF) 1-P(EUF) .
2. PE|F)=—=—=—=""=
ER==E ="pFE ~ 1-P() ()
Now, P(E U F) = P(E) + P(F) - PENF)=0.8+0.7-0.6 =0.9
(1)
Substituting value of P(E U F) in (i), we get (1/2)
PEIF)-—22 01 1 (1/2)
1-07 03 3
3. Given, P(A):%then P(A)=1—%=213 and
P(B)= L thenP(B)=1-L=>
4 4 4
Required probability
=1 - P(problem is not solved)
2 3 1 )

=1-P(A) PB)=1-x7 =>

4. Let Abetheeventof commitinganerrorandE_, E2 and
E3 be the events that Vinay, Sonia and Igbal processed the
form.

(i) (b):Required probability = P(A|E2)

20

0.04x 27
:P(AmEz)_( 100

NN
100
(i) (c): Required probability = P(A N E2)

~004x-22 _0.008 (1)
100

) =0.04 (1)
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(iii) (b) : Total probability is given by
P(A) = P(E )-P(A|E )+ P(Ez)-P(AIE )+ P(ES)-P(AIES)

=20 006+22 %004+22 40030047 (1)
100 100 100

(iv) (d) : Using Bayes’ theorem, we have
P(E;)-P(A|E,)

PELIA)= P(E,)-P(A|E;)+P(E,)-P(A|E,)+P(E5)-P(A|E;)

0.5x0.06 30
~0.5%0.06+0.2x0.04+0.3x0.03 47

Required probability = P(E; | A)
30 17

—P(E;|A)= =0 (1)
3
(v) (d): YP(E;|A) =P(E,|A) + P(E,|A) + P(E,|A)
i=1
=1

[ Sum of posterior probabilities is 1] (1)

5. (i) Let P be the event that the shell fired from A hits
the plane. Q be the event that the shell fired from B hits the
plane. The following four hypotheses are possible the trial,
with the guns operating independently:

E;=PQ.E,=PQ,E;=PQ,E4;=PQ
Let E = The shell fired from exactly one of them hits the
plane. (1/2)
P(E;) =0.3x0.2=0.06, P(E,) =0.7 x 0.8 =0.56,
P(E;)=0.7x0.2=0.14,P(E,) =0.3x 0.8 =0.24 (1/2)
E OPE OPE 1,P£=1 (1/2)
P(E):P(E1)~P(£J+P(E2)-P(£J
Eq E;
+P(E3).P(EE )+P E,)- P( ] (1/2)
=0.14+0.24=0.38 3 Es
(i) By Bayes’' Theorem, P(%) (1/2)
E
P(E;)-P| —
_ ’ (Es J (1)
E E E E
P(El)AP(El]+P(E2)-P(Ez]+P(E3)-P(’:_3]+P(E4)-P(l:_4]
014 7
0.38 19 (1/2)
6. Let E;=The policyholder is accident prone.

= The policyholder is not accident prone.

E = The new policyholder has an accident withing a year of
purchasing a policy.

i) PE-
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P(E;) x P(E|E4) + P(E5) x P(E|E,)
20 6,8 2_7 (2)

~100°10 710010 25
(i) Using Bayes’ Theorem, we have P(E4|E)

0O 6
_PENPEIE) 10010 _3 @)
P(E) 77
25

7. Let Xbetherandom variable defined as the number of
red balls.

Then,X=0,1 (1/2)
pX=0)=2x2-56_1 (1/2)
4 3 12 2
pixo)_ Ly 3,3, 1 6 1 (1/2)
3 273727371272
Probability Distribution Table :
X 0 1
1 1
i 2 2
(1/2)

{ 8. Let X denotes the number of milk chocolates drawn.

Then probability distribution table is

X P(X)
4 3 12
0 675730
4 2
! ( X5 ) (z 5) Y
> | 2,12
5 30
(1%)
Most likely outcome is getting one chocolate of each type.
(1/2)

9. Suppose X denotes the Random Variable defined by
the number of defective items.

px=0)=2x3-2 (1/2)
6 5 5
P(X=1)= gxﬂ) 4 E) 8 (1/2)
6 5 6 5) 15
px=2)=2x1-L (1/2)
6 5 15
X; 0 1 2
. 2 8
Pi 5 15 I
8 2
X 0 8 el
piX; = i
10
Mean=Y p;x =573 (1%)




Self Assessment

(éase Based Objective Questions

(4 marks)

1.

(I\—/Iultiple Choice Questions

One day, a sangeet mahotsav is to be organised in
an open area of Rajasthan. In recent years, it has
rained only 6 days each year. Also, it is given that,
when it actually rains, the weatherman correctly
forecasts rain 80% of the time. When it doesn’t rain,
he incorrectly forecasts rain 20% of the time. Here,
leap year is considered.

- d u_'l.‘l’
Based on the above information, attempt any 4 out
of 5 subparts.
(i) The probability that it rains on chosen day is
1 1 1 1
@ 366 (b) 73 fc 60 (d) 61
(if) The probability that it does not rain on chosen
day is

1 5
a) — b) —
(@) 366 (b) 366
360
— f th
(c) 366 (d) none of these
(iii) The probability that the weatherman predicts
correctly is |
5 7 4 1
2 b ~ s =
(a) % (b) 8 (c) : (d) :

(iv) The probability that it will rain on the chosen
day, if weatherman predicts rain for that day, is

(a) 0.0625 (b) 0.0725

(c) 0.0825 (d) 0.0925

(v) The probability that it will not rain on the chosen
day, if weatherman predicts rain for that day, is

(a) 0.94 (b) 0.84

(c) 0.74 (d) 0.64

(1 mark)

2.

If P(A):%and P(AmB):%, then P(BJA) is equal to

1 1 7 17
(b) = @ @ -

@ % 8 8

A and B are events such that P(A) = 0.4, P(B) = 0.3 and

P(A U B) =0.5. Then P(B’ n A) equals

(a) (b)

WIN

1 1
2 10 5
OR
If two events are independent, then
(a) they must be mutually exclusive
(b) the sum of their probabilities must be equal to 1
(c) (a)and (b) both are correct
(d) None of the above is correct

4. A die is thrown and a card is selected at random
from a deck of 52 playing cards, then the probability
of getting an even number on the die and a spade
cardis

1 1 1 3
d b = d d) =
(a) > (b) 7 () 8 (d) 7

5. If the events A and B are independent, then
P(A N B)isequal to
(a) P(A)+P(B) (b) P(A) - P(B)

() P(A)-P(B) (d) P(A)|P(B)
Two cards are drawn from a well shuffled deck of 52
playing cards with replacement. The probability, that
both cards are queens, is

1 1 1 1
(@ —Sx—= (b) —+—

13 13 13 13

1.1 1 4
@ —x= d) —Sx—

13 17 13 51

7. The probability distribution of a discrete random

variable X is given below
X 2 3 4
Py | 2 | 7 9 1
k k k k
The value of k is
(a) 8 (b) 16 (c) 32 (d) 48

(\—/SA Type Questions (1 mark)

8. Suppose that five good fuses and two defective ones
have been mixed up. To find the defective fuses,
we test them one-by-one, at random and without
replacement. What is the probability that we are
lucky and find both of the defective fuses in the first
two tests?

9. Let A and B be independent events with P(A) = 1/4
and P(A U B) = 2P(B) - P(A). Find P(B).

10. Arandom variable X has the following distribution.

X 1 2 3 4 5 6 7 8
P(X) [0.15{0.23|0.12|0.10|0.20|0.08 | 0.07 |0.05

For the event E = {X is prime number}, find P(E).

OR
If three events of a sample space are E, F and G, then
what is the value of P(ENF N G)?
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11. For the following probability distribution:
X -4 -3 -2 -1 0
P(X) 0.1 0.2 0.3 0.2 0.2

what is the value of E(X)?

12. If A and B are two events such that P(A|B) = p,
P(A) = p, P(B):%andP(AuB):g, then find the value
of p.

GA | Type Questions (2 marks)

13. One card is drawn from a well shuffled pack of 52
cards. If E is the event “the card drawn is a king or a
queen” and F is the event “the card drawn is a queen

or an ace” then find the probability of the conditional

event E|F.

14. Given, P(A) = 0.4, P(B) = 0.7 and P(B|A) = 0.6. Find

P(AUB).

OR
P has 2 children. He has a son, Jatin. What is the |
probability that Jatin’s sibling is a brother?

15. Anurn contains 10 black and 5 white balls. Two balls
are drawn from the urn one after the other without
replacement, then find the probability that both
drawn balls are black.

16. Abox has 5 blue and 4 red balls. One ball is drawn at

random and not replaced. Its colour is also not noted.
Then, another ball is drawn at random. What is the
probability of second ball being blue?

(§A Il Type Questions

17. A bag contains 4 balls. Two balls are drawn at
random (without replacement) and are found to be
white. What is the probability that all balls in the bag
are white?

OR

One-third of the students of a class are boys and the
rest are girls. It is known that the probability of a
girl getting a first class marks in Board’s Exam is 0.6
and a boy getting a first class marks is 0.35. Find the
probability that a student chosen at random will get
a first class marks in exam.

A box contains 2 black, 4 white and 3 red balls. One
ball is drawn at random from the box and kept aside.
From the remaining balls in the box, another ball
is drawn at random and kept beside the first. The
process is repeated, find the probability that the

18.

balls drawn are in the sequence of 2 black, 4 white ‘

and 3red.

(3 marks)
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19. Prove that if E and F are independent events, then
| events E and F” are also independent.

20. The probability that a student A can solve a question

is g and that another student B can solve a question

3

is 2. Assuming that two events “A can solve
the question” and “B can solve the question” are
independent, find the probability that only one of
them solves the question.

If P(not A) =0.7, P(B) = 0.7 and P(B | A) = 0.5, then find
P(A | B) and P(A U B).

: ((Ease Based Questions

21.

(4 marks)

22. A student is preparing for the competitive
examinations of LIC AAO, SSC CGL and Bank
P.O. The probabilities that the student is selected
independently in competitive examinations of
LIC AAO, SSC CGL and Bank PO. are a, b and ¢
respectively. Of these examinations, students have
50% chance of selection in at least one, 40% chance
of selection in at least two and 30% chance of
selection in exactly two examinations.

Based on the above information, answer the
following questions.

(i) Find the valueofa+b+c-ab - bc-ca+abc.
(ii) Find the value of ab + bc + ac - 2abc.

f (I:A Type Questions (4/6 marks)

23. A bag contains 6 red and 5 blue balls and another
bag contains 5 red and 8 blue balls. A ball is drawn
from the first bag and without noticing its colour is
put in the second bag. A ball is then drawn from the
second bag. Find the probability that the ball drawn
is blue in colour.

24. Aand B are two events such that

P(A)=1,P(B)=1and P(AmB):l.Find
2 3 4

(i) P(A|B) (i) P(BIA)
(iii) P(A’|B) (iv) P(A'B)




Probability

25. A shopkeeper sells three types of flower seeds
Ay, Ay and Ag. They are sold as a mixture, where

the proportions are 4:4 : 2, respectively. The

germination rates of the three types of seeds are

45%, 60% and 35%. Calculate the probability

(i) of arandomly chosen seed to germinate.

(i) that it will not germinate given that the seed is
of type As.

(iii) that it is of the type A, given that a randomly |

chosen seed does not germinate.

Detailed B<{o]R88x ) [0] i

it rained only 6 days each year, |
therefore, probability that it rains on chosen day is |

1. (i) (d): Since,

6 _1

366 61

(if)  (c):The probability that it does not rain on chosen
1 60 360

day=1-—-=
61 61 366

(iii) (c):1t is given that, when it actually rains, the
weatherman correctly forecasts rain 80% of the time.
80 8 4

R d probability = —=—=—
equired probability 100-10"3

(iv) (a):Let A; be the event that it rains on chosen day, A,
be the event that it does not rain on chosen day and E be
the event the weatherman predicts rain.

6 360
Then, we have, P(A,) = A))= "
en, we have, P(A;) = 368 ,P(A,) = 368’
8 2
E|A))=— andP(E| A
P(E|Ay) =— and P(E|Aj)= 0

Required probablllty =P(A,| E)

_ P(A;)-P(E|A,)
P(A1)'P(E|A1)+P(A2)'P(E|A2)

6 8

366710 _ 48 _( 0605
6 8 360 2 768

366 10 366 10
(v) (a):Required probability = 1 - P(A; | E)
=1-0.0625=0.9375=0.94

2. (c) : Given, P(A)— P(An B)—f

P(AnB) 7/10 7
P(A)  4/5 8
3.(d) : We have, P(A) = 0.4, P(B) =
.+ P(AUB)=P(A)+P(B)-P(ANB)
= PANB)=04+0.3-0.5=0.2
Now, P(B’n A) = P(A) - P(An B)

Now, P(B|A)=

0.3and P(AUB)=0.5

=O.4—0.2=O.2=%
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OR

In a college, 70% students pass in Physics, 75%

students pass in Mathematics and 10% students fail

in both. One student in chosen at random. What is

the probability that

(i)  he passes in Physics and Mathematics?

(ii) he passes in Mathematics, given that he passes
in Physics?

(iii) he passes in Physics, given that he passes in
Mathematics?

OR
(d): If two events A and B are independent, then
P(A " B) = P(A)-P(B), P(A) #0, P(B) =0
=  Aand B have acommon outcome.

Further, mutually exclusive events never have a common
outcome.

4. (c): Let E; be the event for getting an even number

. on the die and E, be the event that a spade card is

selected.

13_1

: P(El)zg andP(E,)=

N\r—\

11 1
24 8

5. (c):Forindependent events A and B,
P(A " B) = P(A)-P(B)

6. (a):As,thereisreplacement.

Now, P(E; NE,)=P(E,)-P(E,)=

Probability of drawing each card of queens is %

4 4 1 1
Requnredprobablllty—§§ E 13
7. (c):Since, sum of all probabilities = 1
SP(X)=1
§+Z+2+E_1 = g=1
k k k k k
k=232

. 8. Let Dy, D, be the events that we find a defective fuse

in the first and second test respectively.
Required probability = P(D; n D,)

=PID,P(D, IDy) =2 2=
9. Wehave, P(A) = 1/4
Now, P(A U B) = P(A) + P(B) - P(A " B)
= P(A) + P(B) - P(A) P(B) (.- A, Bareindependent)
=1/4+P(B) - (1/4) P(B) = 2P(B) - 1/4 (Given)
= P(B)=2/5.

10. P(E)=P(X=2)+ P(X=3)+P(X=5)+P(X=7)

- =0.23+0.12+0.20+0.07 = 0.62
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OR
If E, F and G are the three events of a sample space, then
we have

P(E N F N G) = P(E) P(FIE) P(G|(E " F))

= P(E) P(FIE) P(GIEF)
11. E(X) = ZXP(X)
=(-4)x0.1+(-3)x0.2+(-2)x0.3+(-1)x0.2+0x0.2
=-04-06-06-02=-18

12. We have, P(A)=p, P(B)=1

and P(AuB):E

P(ANB) _
P(B)
P(A) + P(B) -

P(A~B)=P
P(A ~ B)

Now, P(A|B)=

Since, P(AUB) =
(Using above values)

53 2p 231
972 3
13. There are 4 kings and 4 queens in pack of 52 cards.
Let E = the card drawn is a king or a queen
PE=2 -2
52 13
There are 4 queens and 4 aces in a pack of 52 cards.
Let F = the card drawn is a queen or an ace
PF=2-2
52 13
Then, ENF contains drawing a queen.
PEAF=— =L
52 13

Required probability, P(E|F) = PENF) _1/13 _1

P(F)  2/13 2
0.7 and P(B| A) =

14. P(A)=0.4,P(B) =
P(ANB)
P(A)
P(B| A) x P(A)
0.6x0.4=0.24

Now, P(B|A)=

= PANB)=
P(AnB) =

Now, we have

P(A U B) = P(A) + P(B) - P(An B)

= PAUB)=04+07-024 = PAuUB)=

OR

Consider the experiment of selecting a random family
having two children.
Then, the sample space is S = {BB, BG, GB, GG}, where we
are assuming boys and girls are equally likely to be born,
the 4 elements of S are equally likely.
Let E be the event that the P has a son, then

E={BB, BG, GB}.
Let F be the event that the P has two sons, then
F={BB}.

0.86

Required probability is P(F|E)= P(E(Q)E)
_ PUBB) _1/4_1
" P({BB,BG,GB})) 3/4 3

{ Then, P(E;)=
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15. Let E and F denote the events that first and second
ball drawn is black respectively. We have to find P(E " F).

Now, P(E) = P(black ballin first draw) = 10

and P(FIE)=—

By multiplication rule of probability, we have

P(E)-P(FIE) =202 -3

15 14 7
16. We have, A box ={5 blue, 4 red}
Let E, = Event that first ball drawn is blue
E, = Event that first ball drawn is red
and E = Event that second ball drawn is blue.
Then P(E) = P(E,)-P(EIEy) + P(E,)-P(EIE,)
54 45 20 20 40 5
9898 72772 72 9
17. Consider the following events.

E : Two balls drawn are white
A :There are 2 white balls in the bag
B : There are 3 white balls in the bag

P(ENF)=

C:There are 4 white balls in the bag

P(A) = P(B) = P(C )=
2c
P(E/A)——2 =, P(E/B)=

1/3
AjL 3_1
6 2

4
PE/C)=5 221

C2

P(C)-P(E|C)
P(B)-P(E|B)+P(C)-P(E|C)

. P(C/E)= A PEIA)

1
gxl 3

1.1 1.1 1__ 5
XS+ -X—+-X1
3 6 3 2 3
OR
Let E4, E, and A be the events defined as follows:
E,:aboyischosen
E,:agirlis chosen
and A:the student gets a first class marks

1 2
—andP(E,)==
andP(E,)

Note that, E; and E, are mutually exclusive and
exhaustive events.
P(A|E,) = probability of a boy getting a first class marks
35 7
7100 20
probability of a girl getting a first class marks
6 3
10 5
By using law of total probability, we get
P(A) = P(E,) P(A|E4) + P(E;) P(A|E)
7 3 7 2 31
20

(238 7,231
35 60 5 60

P(AIE,) =

1
32
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18. In total, the number of balls =2 + 4 + 3 = 9 and the '
- LIC AAO, B be the event that the student is selected for

balls are being drawn one by one without replacement.

Now, P (first drawing gives a black ball) = %

P (second drawing gives a black ball) =

0|~

P (third drawing gives a white ball) = —,...and so on.

4
7
Hence, the required probability = P (the balls drawn are in
sequence of 2 black, 4 white and 3 red)
= P(BBWWWWRRR)

2 1 4 3 2 1 3 2 1 1

9876543211260

19. Since, E and F are independent, we have

P(E ~F) = P(E) - P(F) (i)
From venn diagram in fig., it is clear that E n F and
E n F” are mutually exclusive events and also

=(EnFuU(ENF).

E, F

(ENF) (ENF) (E'NF)
Therefore, P(E) = P(ENF)+ P(ENF)
or P(ENF)=P(E)-P(ENF)
= P(E) - P(E) - P(F) (By (i))
= P(E) (1 - P(F)) = P(E) x P(F")
Hence, E and F’ are also independent.

20. Let E be the event that the problem is solved by A
and F be the event that the problem solved by B.
6 _— 6 1
P(E)=—,P(E)=1-—==
(E) 5 (E) -=5
3.1

4 4
P(only one of them solves the question)
=P(ENF)+P(E NF)

=P(E)x P(F)+P(E)x P(F) [."

3 —
P(F)=~. P(F)=

E and F are independent
events]
11 3 6+3 9
XX — ==
4 7 4 28 28
21. We have, P(not A) = 0.7 or P(A)=0.7

1-P(A) =

_6
"7

0.7 = P(A) = Dwmnmm:q

P(ANB)
P(A)

P(ANB)
)

Now, P(B|A)=

= 0.5= =P(AnB)=0.15

P(AnB) 0.15 3
PB) 07 14 U PBI=07]
=P(A) + P(B) - P(A " B)

=0.3+0.7-0.15=0.85.

P(A|B)=

and P(A U B)

Lyl

LUy

- Similarly, we have P(A|E2):£
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22. Let A be the event that the student is selected for

SSC CGL and C be the event that the student is selected
for Bank PO.
Then, P(A) =a,P(B)=b and P(C) =

(i) Wehave,PAUBUC)=
1-P(AuBUC)=0.5
1-P(ANBNC)=0.5

1-P(A)-P(B)-P(C)=0.5
1-(1-a)(1-b)(1-¢)=0.5

[Since, P(A), P(B) and P(C) are independent events]

-[(1-a-b+ab)(1-¢)]=0.5
1-[1-c-a+ac-b+bc+ab-abc]=
a+b+c-ab-bc-ca+abc=0.5
(i)  We have, P(selection in at least two competitive
exams) = 0.4
P(ANBNC)+P(ANBNC)+P(ANBNC)+
P(AnBNC)=0.4

ab(1-c)+(1-a)bc+a(l-b)c+abc=0.4
ab - abc + bc - abc + ac - abc + abc = 0.4
ab +bc +ac - 2abc=0.4

Ly v

U

23. Ablue colour ball can be drawn from the second bag
in the following mutually exclusive ways:

(I) By transferring a blue ball from first bag to the
second bag and then drawing a blue ball from the second
bag.
(II) By transferring ared ball from first bag to the second
bag and then drawing a blue ball from the second bag.
Let E4, E; and A be the events defined as follows:
= ball drawn from first bag is blue
E, = ball drawn from first bag is red

- and A = ball drawn from the second bag is blue

Since, first bag contains 6 red and 5 blue balls, we have

6
d P(E,)=—
and P(E,) 11

If E; has already occurred, that is, if a blue ball is
transferred from the first bag to the second bag, then the

5
P(E;)=—
(E4) 11

i second bag contains 5 red and 9 blue balls, therefore the

probability of drawing a blue ball from the second bag is
9

ﬁ.
P(E) = 5/11
P(AIE) = 9/14
A
PIAIE,) = 8/14

9
P(A|E,)=—
(AlEq) 2

14
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By the law of total probability, we have
P(A)=P(E;) P(A|E;)+P(E,) P(A|E,)

5 9+6 8 93
11 1411 14 154
P(ANB)
P(B)

va_3
1/3 4
_P(ANB) 1/4 1

P(A)  1/2 2

P(A’nB) B P(B)-P(ANB)
PB)  P(B)

24. (i) P(A|B)=

(ii) P(BJA)=

(iii) P(A’|B)=

1
2

W=
-Ml—\
|_\

1
1 "1 4

3 3
P(A’~B’) _P((AUBY))
PB)  P(B)
1-[P(A)+P(B)-P(ANB)]

1-P(B)

(iv) P(A’|B")=

_1-P(AUB) _

1-P(B)

1_[1+1_1]
_ 2 3 4] 1-(7/12) 5
1_1 2/3 8
3
25.WehaveA1'A2'A3=4:4:2

2
10

where A4, A2 and Aj denote the three types of flower
seeds.

P(Al) P(A2) and P(A;)=

If E be the event that a seed germinates and E be the
event that a seed does not germinate.
45 60
ThenP(E|A ,P(E
en(|1)1 (|2)100
35
100

andP(E |A;)=1-P(E|A;)=

and P(E|A;)=

55
100’
40

P(E|A,)=1-P(E|A,))=——
(E1A,) (EIA,) 100

d P(E|A;)=1—-P(E]A
and P(E|A;)= (Ig)100

(i)  P(E) = P(Aq)-P(E|A) + P(A5)-P(E|A;) + P(A3)-P(E|A5)
445 4 60 2 35

10 100 10 100 10 100
[Substituting above values]
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_180 240 70 _ 490
1000 1000 1000 1000

4 35 _65

100 100
P(A,)-P(E|A)
P(A,)-P(E|A;)+P(A,)-PE|A,)
+P(A3)-P(E|A;)

4 40

_ 10 100
4 55 4 40 2 65

10 100

=0.49

(i) P(E|A;)=1-P(E|A;)=

(iii) P(A2|E)

10 100

160

1000
220 160 = 130

+ +
1000 1000 1000

=1—6=0.314
51

10 100

~160/1000
~ 510/1000

OR
P(A) = Probability of students passed in Physics = 70/100

Probability of students passed in Mathematics
=75/100

10
P(A’ N B’) = Probability of students fail in both = 100
PAUB)=1-PA AB)=1- 19 _ %0
100 100
(i) The student passes in Physics and Mathematics)
=P(AnB)=P(A)+ P(B) - P(AU B)

70 75 90 55 11

100 100 100 100 20

(ii) The student passes in Mathematics given that he

! passes in Physics)

55
(B) P(ANB) 100 _55_11
—p| 2|22 222
A)" PA) T 70 70 14
100
(iii) The student passes in Physics given that he passes in
: Mathematics)
55
_p(é)_P(A B)_100_55_11
~\B) PB) 75 75 15
100
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General Instructions :

1

S

This question paper contains - five sections A, B, C, D and E. Each section is compulsory. However, there are internal

choices in some questions.

Section A has 18 MCQs and 2 Assertion-Reason based questions of 1 mark each.

Section B has 5 Very Short Answer (VSA)-type questions of 2 marks each.

Section C has 6 Short Answer (SA)-type questions of 3 marks each.

Section D has 4 Long Answer (LA)-type questions of 5 marks each.

Section E has 3 source based/case based/passage based/integrated units of assessment (4 marks each) with sub parts.

Time Allowed : 3 hours

(Multiple Choice Questions)
Each question carries 1 mark

If A |s a square matrix such that A? = A, then find

(1- AP +A.

(a) A (b) A2 (o) I (d) A3

Find the value of P(A U B), if 2P(A) = P(B) = % and
2

P(A|B)= —.

(A|B) z

(a) 11/26 (b) 11/23

(c) 11/25 (d) 11/24

If (ZXOW 3") ( J then find the value of x.

(a) 1 (b) 2 () 3 4

Find the solution of the dlfferentlal equation

ﬂ = X3 e‘zy
dx
(a) e¥=x*+C (b) e&=x*+C
(€ 2e¥=x*+C (d) None of these
X2 y2
Find the area enclosed by the ellipse —t 5= 1.
a“ b

(a) mab sq. units (b) %bsq.units

(c) +«mab sqg.units (d)

What is the degree of the differential equation
2 2
dy) dy
5x| — -6y =logx?
(dX dx =108
(@) 2 (b) 1
() 3 (d) None of these
Two dice are thrown together. What is the probability

that the sum of the numbers on the two faces is
neither 9 nor 11?

(@) 1/6 (b) 5/6 (o)

ﬂbsq units
3 5%

3/5 (d 1/2

10.

11.

12,

13.

14.

Maximum Marks : 80

T
Evaluate: _[xlosin7x dx

-7

(@ O (b) 2 () 1 (d) 4
The value of i(cot_la—cot‘1 x) atx=1,is
X

1 -1 3 -3

= b) —= b d =
(a)2()2(C)2()2
Compute the shaded area shown in the given figure.

Y
x=-8 T > X
5 >
=

(a) 365sq.units (b) 12 sq.units
(c) 18sq.units (d) 15 sq.units

The function f(x) = x* - 2x is strictly decreasing in the
interval
(@) (-0, 1) (b) (1,20)
() R (d) None of these
Lioglat
If y=e2 oglrtan X) then dy is equal to
dx

(a) 1 sec?x (b) sec?x

2 1, 5

Zlog(1+tan“ x)
(c) secxtanx (d) e2
If P(A) = 0.4, P(B) = 0.8 and P(B | A) = 0.6, then find
P(A U B).
(a) 0.92 (b) 0.94 (c) 0.96 (d) 0.98
If ax? + 2hxy + by? = 1, then ? equals
X

(a) hx + by (b) ax+hy

ax+hy hx +by
© ax +hx —(ax+hy)

hy +by hx + by
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15. The length of the longest interval, in which the
function 3 sin x - 4sin® x is increasing, is

i o

T
(a)3 ()2 (c) 5 (d) m
3
16. 2j\/4—ydy isequal to
0
10 28
- (b — 14 (d) 21
(@ = (b — [ d()
17. Solve the differential equation Y eV 4 x2e .
X
3 3
(a) ey=e"+%+C (b) e=e-Xc
2 2
(€ & =e*+X+C (d) e =e-%X+cC
2 2
18. Solve the differential equation cos2(x —2y)= 1—23—)):_

(@) y=tan(x-2y)+C (b) x=tan(x-2y)+C
(c) y=tan(2y-x)+C (d) None of these

ASSERTION-REASON BASED QUESTIONS

In the following questions, a statement of assertion (A) is
followed by a statement of reason (R). Choose the correct
answer out of the following choices.

(@) Both A and R are true and R is the correct
explanation of A.

(b) Both A and R are true but R is not the correct
explanation of A.

(c) AistruebutRisfalse.
(d) Aisfalse but Ris true.

19. Assertion (A) : If 2(sin"'x)? - 5(sin"'x) + 2 = 0, then x
has 2 solutions.
Reason (R) : sin"(sin x) = x, if —gSng

20. Consider the system of equations,
X+y+z=1,2x+2y+2z=2,4x+4y+4z=3
Assertion (A) : The above system has infinitely many
solutions.
Reason (R) : For the above system det A = 0 and
(adj A) B = 0, where

111 1
A=|2 2 2|andB=|2
4 4 4 3

This section comprises of very short answer type
questions (VSA) of 2 marks each

21. Ifcot™? (_?1) = X, then find the values of sin x and cos x.
3
22. Evaluate: j
1

1
——dx
x(1+logx)?

OR

Evaluate: jjnex(%+%) dx

CBSE Champion Mathematics Class 12

23. A couple has 2 children. Find the probability that
both are boys, if it is known that
(i) atleast one of them is a boy,
(ii) the elder childis a boy.

24. Check whether the relation R in the set R of real
numbers defined asR ={(a, b) : a < b} is
(i) symmetric, (ii) transitive.
OR
Find the range of the function
f:10, 1] = R, f(x) = x° - x® + 4x + 2sin”1x.
25. If A, B, C have position vectors (2, O, 0), (0, 1, 0),
(0, 0, 2), show that AABC is isosceles.

This section comprises of short answer type questions
(SA) of 3 marks each

26. Show that the function f: (-, 0) — (-1, 0) defined by

flx) = L, X € (-o0, 0) is one-one and onto.
1+|x|

27. Iff(x)= xzsm(;), forxz 0, then show that the
1, forx=0
function is discontinuous at x = 0.
OR

= ax? + bx +—5—+1, then
(x—a)(x=b)(x—c) (x-b)(x—c) x—-c
find ﬂ

dx 9

28. Sketch the graphy = | x + 1|. Evaluate J.|x+1|dx.
-4

B S

Ify

29. Find the matrix X for which [;

OR
Find the adjoint of the matrix
-1 -2 -2
A=| 2 1 _2|andhenceshowthatA(adjA)=|A|ls.
2 -2 1

30. Given that the events A and B are such that P(A)= %

P(AuB)=g and P(B) = p. Find p if A and B are
(i) mutually exclusive (ii) independent.

31. Prove that the lines x = py + q, z = ry + s and
x=p'y+q,z=r'y+s areperpendicular,ifpp’+rr'+1=0
OR
Find the angle between the lines whose direction
cosines are given by the equations | + m + n =0 and
P+m?-n?=0

This section comprises of long answer type questions
(LA) of 5 marks each

xdx

T
32. Evaluate: [ 5————
0 g%cos“x+b“sin“x
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33. Solve the following differential equations.

: Lo dy
(i) (x+y)23—)):=1 (ii) &zsec(x+y)

OR
Solve the following differential equations.
. dy 2 . dy  (x-y)+3
i) —=Kx+y+1)° (i) —=——""-"—
(i) dx Oty +1)° (i) dx 2(x-y)+5

34. Find the vector and cartesian equation of the line
through the point f+]'—3IA< and perpendicular
to the lines F=2?—3}+7»(2?+]—3IA<) and
F=3?—5}+p(f+}+l2) .

35. Solve the following LPP graphically :

Maximize Z = 600x + 400y
subject to the constraints : x + 2y <12, 2x+y<12;

X+ éyZSandx,yZO.

4 OR
Find the number of points at which the objective
function z = 3x + 2y can be maximized subject to the
constraints : 3x+ 5y <15,5x+2y<20,x=0,y=0.

This section comprises of 3 case-study/passage-based
questions of 4 marks each. First two case study
questions have three sub-parts (i), (ii), (iii)
of marks 1, 1, 2 respectively. The third case study
question has two sub-parts of 2 marks each.

36. Case-Study 1 : Read the following passage and
answer the questions given below.
To promote plantation of trees in parks, an
organisation tried to spread awareness through
(i) Phone calls (ii) Posters (iii) Announcements.
The cost of each mode per attempt is given below :

(i) %30 (i) 50 (iii) ¥40

The number of attempts made in the city P, Qand Rby

above three modes are given below :

City (i) (ii) (iii)
P 100 50 30
Q 200 40 70
R 300 80 25

Also, the chances of trees plantation corresponding
to one attempt of given mode is |

(i) 3%

(i) 10%

PLANT A TREE.
SAVE THE ENVIRONMENT.

(iii) 20%

307

(i)  Find the cost incurred by organisation on city P.

(i) What cost is incurred by organisation on city R
than city Q?

(iii) What is the total number of tree plantation that
can be expected after the promotion in city P.

OR

How many trees are planted in all the three cities
that can be expected after the promotion?

37. Case-Study 2 : Read the following passage and
answer the questions given below.

Komal participated in the drawing competition
organised in her school. She wanted to make a
scenery in a circle. So, she drew a circle represented
by the equation (x - 1)2+ (y - 1)>= 1 and a straight line
y = 1 as shown in the figure.

(i) Find the points of intersection of the given curve
and the line.

(i) What is the area of whole scenery?

(iii) Find the area of shaded region.
y

OR
4

Find : j Ja—(x—2)2dx.
0

38. Case-Study 3: Read the following passage and
answer the questions given below.
The helicopters H; and H, move in 3D space along

the lines 5=X=£=t and 5=X=E=t respectively,

1 2 3 3 21

where t is the time in seconds.

(i) Find the angle between the path of the two
helicopters.

(if) Find the direction ratios and direction of the line
joining the position cosines vectors of H; and H,
after 3 seconds.
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Detailed B<{o]R88aj[0] i

1. (c): We have, A=A

Now, LH.S.=(1-AP+A= (I A)(I—A)(I—A)+A

=(- I—I A-A-1+A-A)l-A)+

=(I-A-A+A)I-A)+A [ IA A-l1=Aand A% = A]
(!

A)(I—A)+A-(l I -1-A-A-1+A-A)+A

=(I-A-A+A)+A=(I-A)+A=I

Hence, (I - A+ A=I

2. (a):Given,P(A|B)= E P(AHB)ZE
5 P(B) 5

= P(AmB)——P(B) % >_2

13 13
Hence, P(AuB)—P(A) P(B)-P(ANB)
15,5 2 5 15
5+10 4 11
26 26
3. (b): We have, 2ty 3y = 60
0 4 6 4

2x+y 3y) (6 6

( 0 4)_(0 4)
By equality of two matrices, we have
2x+y=6and3y=6=y=2.
Putting the value of y, we get
2X+2=6=2x=4=x=2.
4. (c):We have,%zx%—zy = e dy = x3dx

2y X4
Onintegrating, we get - = Z+ (0

= 2e¥=x*+C,whereC=4C

5. (a): We know that, the area enclosed by ellipse
X2 y2

—2+—2:1 is ab sq. units.

a

6. (b): Since greatest power of highest order derivative

is 1, therefore degree of the given differential equation
is 1.

7. (b):If two dice are thrown, then total number of
cases = 36

Cases fortotalof 9or 11 are{(3, 6), (4, 5), (6, 3), (5, 4), (6, 5),
(5, 6)},i.e., 6 in number.

P(total 9 or 11)=i=%
P(sum is neither 9 nor 11) =1 - P(sumis 9or 11)
115
6 6

T
8. (a): Letl= jxlosin7xdx

-7

Also, let f(x) = x%in"x

12, (0): y=e2

[ Putx-2y=u=1-

(TBZE) CBSE Champion Mathematics Class 12

Then, f(-x) = (-x)°[sin(-x)]” = -x'%in"x = —f(x)

T
= f(x)isanodd function. .. I= J' x10sin”xdx =0

—T
-1 1
:O— _— ==
(1+x2) 1+x2
11
1+41 2

9. (a): i[cot_la—cot‘1 x]
dx

Atx=1, i[cot_1 a—cot tx]=
dx

10. (b): Required area

0 4/37°
=| x3dx| = [_X ] =‘§[o—(—8)4/31
J 4/3] 4| 4
=E[_(_2)4] =%><16=12 5q.units

11. (a): f'(X)=2x-2=2(x-1) < 0ifx< 1 i.e.,x (- o, 1).
Hence, fis strictly decreasingin (- o, 1).

Iog(1+tan X)

/2 —secx

=(sec®x
d
—y= secxtanx

X

13. (c): Given, P(A) =0.4, P(B) =0.8 and P(B|A) =
Clearly, P(A " B) = P(B|A)-P(A) = 0.6 x 0.4 =0.24
Now, P(AUB) =P(A)+P(B)-P(AnB)=0.4+0.8-0.24=0.96
14. (d): Given, ax* + 2hxy + on2 =1
On differentiating w.r.t. x, we get
dV _o o dy__[axthy)
dx hx+by
3sinx - 4S|n3x =sin3x

2ax + Zh(xZ— +y )+ 2by

15. (a): Letf(x) =

: Since, sin x is increasing in the interval [—gg]

Tkl o ey <T
2 2 6 6
Thus, length of interval ‘ —(—E) _r
6 3
3 372 3
i 16. (b): We have, 2j\/4—ydy =2[g uﬂ
0 3 (1) 0
4 003/2 (372 4 28
—[)¥%-(4 =-Tn-g==2
3[( ) (4)°7] 3[ ] 3
17. (a): We have, Z—y:e"_y +x%e”Y
X
= dy=(7+x’e”)dx = e'dy = (e + x*)dx

= Jeydy = j(ex +x2)dx [Integrating both sides]

3
= e'=eX +%+C, which is the required solution.

Given, cos? (x - 2y) = 1—23—1 (i)
2dy _du

dx dx

18. (b):
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Equation (i) becomes coszu=$
=3 de:fseczudu
= x=tanu+C = x=tan(x-2y)+C
19. (d): 2(sin"x)? - 5(sin"x) +2=0

= sin_lxzw = Sirflx:%, Sinflxzz

= x= sin(l) is only solution
2

[ __’tgsin’lxsg,sm’lx=2 is not possible]

20. (d): The given system of equations can be written in
matrix form as

1 1 1]x] [1
2 2 2|yl=l2
4 4 4|z] |3

i.e. AX=Bwhere
1 1 1] [ x 1
A=[2 2 2|, X=|y|andB= 2]
4 4 4 z 3
111 111
Here,det A=[2 2 2|=(2x4)1 1 1|=0
4 4 4 111
0O 0 Of1
Also, (adjA)B=|0 0 0|[|2|=0
0O O Of|3

Reason (R) is true.
However, Assertion (A) is not true as the given
systemisinconsistent.Here, the third equation contradicts
the first and second which are identical.
So, the given system has no solution.

—1
21. Given cot” ( 1) =X = cotx= ,xe (0,n)

Now, cosec x = \/1+cot2x—1/1+ ,f \/_

[cosecx is +ve since O <x<n]

. 5
= sinx=——
V26
Also, cos x = £osx -sinx=cotx-sinx= (j)i = —1
’ sinx V26 26

o
22. |l= |————d
-1[x(1+logx)2 X

Putl+logx=t = d— =dt
X
Whenx=1,t=1andwhenx=3,t=1+log3

1+log3 dt

| = il
E
i E 1+Iog3__ 1 ne
-1, 1+log3

log3
1+log3

| Forx=1,f(1) =

309

B35k

=[(%)<ex>—(%)<ex>+zex£"

132n +£eZn+1_E = g2 (S_Tc_l)_f____
2 4 2 4 4 2) 2 4
23. Let Bi(i = 1, 2) denote the i*" child is a boy and
Gi(i = 1, 2) denote the i" child is a girl.
Then sample space is,

S$={B1B,, B1G,, G1B;, G1Go}
Let A be the event that both are boys, B be the event that
one of them is a boy and C be the event that the elder child

1 =n
= TcezTC_

i isaboy.

A ={B1B,}, B={G;B,, B1Gy, B1B5}
C={B;4B,,B;G,} = AnB={B;ByJandAn C={B;B,}
(i) Required probability = P(A|B)

_P(AnB) 1/4 1

" PB) 3/4 3

3 (i) Required probability = P(A|C)

_ P(ANC) 1/4 1
P(C) 2/4 2

24. We have, R ={(a, b) : a < b}, wherea, be R
(i) Symmetric:Let(x,y)e R,i.e, xRy = x<y
Then,y ¢ x,s0(x,y)e R = (y,x)& R
Thus, R is not symmetric.
(i) Transitive:Let(x,y)e Rand(y,z)e R
= x<yandy<z = x<z
= (x,2) € R.Thus, Ris transitive.

OR

We have, f(x) = x% - X% + 4x + 2 sin"1x
Forx=0,f(0)=0+2sin"}0)=0

1-1+4+2sin"}1)

Since, f(x) is an increasing function.
Itsrangeis [0, 4 + mt].

25. We have, AB = PV. of B - PV. of A
—  AB=(0i+]+0k)—(2i+0j+0k)=—2i+]+0k

AB= |AB|=+/(-2)2+12+02 =5

—442x_44n
2

 BC=PV.ofC-PV.ofB

=  BC=(0i+0j+2k)—(0i-+j+0k)=0i—j+2k

BC= |BC| =y/02+(-1)2+22=4/5

= AB=BC,therefore, AABCis isosceles.

26. Given, f(x) = €(—o0,0)

X
_’X
1+|x|
X
1-x
For one-one : Let f(x4) =
X1 _ X
1-x; 1-x,

("X € (=e0,0), x| = -x)
f(x9), X1X5 € (-o0, 0)

s Xl(l - X2) = X2(1 - Xl)

; = X1 =X Xg =Xy = X1Xo = X1 =Xy
i Hence, if f(x4) = f(x,), then x; = x,
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. fis one-one
Foronto: Letf(x)=y
X

= y= T x =S y(l-X)=x=y-xy=x
= x+txy=y = x(l+y)=y = x= Y
Here,ye (-1,0) 1+y
So, x is defined for all values of y.
Also, x € (-, 0) forallye (-1, 0).

f is onto.

27. We have, f(0) = 1 (1)

lim f(x)= lim xzsin(l)
x—0 x—0 X

.1 1
We have, —1<sin=<1 = —x2<x2sin=<x2
X X

. . (1 .
= lim (=x2) < lim x2sin| = | < lim x2
x—0 x—0 X x—0

= Oslimx25in(1)go = Iimxzsin(l):o
x—0 X x—0 X

= Iimof(x): 0 .(2)

From (1) & (2), Iirr:)f(x);t f(0) .. fisdiscontinuousatx=0

OR
ax? N bx L
(x—a)(x=b)(x—c) (x=b)(x—c) x-c
ax2 +bx(x —a)+c(x—a)(x—b)
+(x—a)(x—b)(x—c)
(x—a)(x—=b)(x—c)

+1

y:

= y=

x3 X3
=y A —
(x—a)(x—b)(x—c)}

= logy = 3logx - {log(x - a) + log(x - b) + log(x - ¢)}
On differentiating w.r.t. x, we get

1dy 3 { 1 1 1 }

L= + +

ydx x |x-a x-b x-c

S CERNCRERNENEN

~-alx-blx—c) :"°gy:'°g{

dy -a (=b) (—c)
= dx_y{x(x—a) x(x—b)+x(x—c)}
- ﬂ:x{ a b, ¢ }
dx xla-x b-x c—x
—(x+1) x<-1
28. We have,y=|x+1| .. =
ehave,y=[x+1] Y {(x+1) x>-1

The rough sketch of the curve y = [x + 1| is shown in figure.

CBSE Champion Mathematics Class 12
-1

2 2
J|x+1|dx: _[—(x+1)dx+ J(x+1)dx
-4 -4 -1

ez,
A6

=- —1—4:|+|:4+1} =2+2—9

| 2 2] 2 2
1 -4 -16 -
29. Let A= andB= 6 ¢
3 -2 7 2
1 -4 ey
s Now,|A|=3 ) =-2+12=10#0 = A " exists

A11 = —2;A12 = —3;A21 = —(—4) = 4;A22 =1

ade:-z 3] _[-2 4
4 1] |3 1

-2 4
sA-lziade 1[ }

AT T10[-3 1
The given matrix equation is
AX=B = AYAX)=A"B = IX=A"'B

1(-2 4|-16 -6
= X=—
10|-3 1 7 2

1[32+28 12+8] 1[60 20} 6 2

“10| 48+7 18+2] 10[55 20| |11 ,
2
OR
| -1 -2 -2 -1 -2 -2
Wehave, A= 2 1 2| = |A|=|2 1 -2
2 2 1 2 2 1
=(-1)(1-4-(-2)(2+4)-2(-4-2)=3+12+12=27+0

A texists
A11=-3,A1p=-6,A13=-6,Ap=6,A2=3,Ap=-6,

: A31 = 6,A32 = —6,A33 =3

3 -6 6] [-3 6 6

adiA=| 6 3 -6|=|-6 3 -6
6 -6 3| |-6 -6

-1 -2 2][-3 6 6

Adjd)=| 2 1 -2|-6 3 -6

2 2 1)-6 -6 3

27 0 O 1 00
=[0 27 0|=27/0 1 0|=|A|l;
0O 0 27 001
i 30. (i) When A and B are mutually exclusive, then

" AnB=¢0=PANB)=0=PAUB)=P(A)+P(B)
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31 _6-5_1
P=572710 "10
(i)  When A and B are independent, then

P(AnB) =P(A)- P(B)

3
—=—+p =

= P(AUB)=P(A)+P(B) - P(A) - P(B)
., 3.t 1. .31 2-p
5 2P PT 5T
p 6-5 2 1
= —_=— = p:—:—
2 1 10 5
31. Wehave,x:py+q:>y=ﬂ (i)
p
and z=ry+s :>y=ﬂ (i)
r
Xza_y_z-s [From (i) and (ii)]
p 1 r s
<dq, by, c>=<p,1,r> (i)
Similarly, X=q _y_z-5 (iv)
pl 1 r/

<02v b2v C2> = <p'7 17 r’>
As we know, two lines are perpendicular to each other, if
a40,+biby+c1c,=0=pp’ +rr'+1=0,
which is the required condition.

OR
We have,|+m+n=0 (i)
or n=-(+m)and?+m?-n?=0 (i)
Substituting n = - (I + m) in (ii), we get > + m? - (| +m)?>=0
= P+m?>-P-m?-2ml=0
= 2Im=0
= Im=0 = (-m-nm=0 [v I=—m—n]

= (m+nm=0=m=-n or m=0

= [=0,I=-n (Usingl=-m-n)
Hence, d.r's of two lines are proportional to 0, -n, n and
-n,0,nie,0,-1,1and -1,0, 1.

Therefore, the vector parallel to these given lines are

A

=—j+kand5=—i+lz

Ql
Ty

1 1 1 14
Now,cose— ————=——-— = c0sO===cos—
lallb] 2 2 2 3
p="
3
T
32. Let I=]— de2 . (1)
pa“cos 2x+b?sin®x

T

= I=J

Oa2 cos?(n—x)+b?sin%(n—x)

(1t —x)dx

Using Jf(x)dx =
0

(m—x)dx

T
= I=J
Oazcos2

Adding (1) and (2), we get

(2
x+b?sin?x 2

T
_7'C

27 a“cos x+b25|n2x

Let f(x)=
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1
a?cos? x+b?sin® x
1
a?cos?(n—x)+b?sin®(n—x)
1
a?cos?x+b%sin?x fx)
/2

s dx
I==]2
2( '([ azc052x+b25in2xJ

2a a
|:Using J f(x)dx = ZJf(x)dx, if f(2a—x)=f(x)
0 0

= fln—x)=

= flr—x)=

Put tan x = t = sec’x dx = dt.
Alsowhenx=0, t=tan0=0;

And when x=£, t=tanZ =oo

2
b, _(bt\|"
~=n 1 n[tan 1()]
I 2+b2t2 2(1;( )+t2 p2| a all
b

2

b i1

I= —Jtanles_tan-10l= —

= ab[tan tan O] 2ab

33. (i) The given differential equation is
(x4yP ¥ 1 (1)
dx
Putx+y=v = 1+dy av ﬂzd—v—l ..(2)
dx dx dx dx

From (1) and (2), we get

(ﬂ—l] 1= g, 1
dx dx v2

jv +11

=

J.dx

Jdv:de =v-tanlv=x+c

V

= j(1—

= x+y—tan‘1

v+l
(x +y) = x + ¢, which is the required

i solution.
(i) The given differential equation can be written as
d 1
v__ - (1)
dx cos(x+y)
Puttingx+y=v = 2L -V
utting x v —=—
gxTy= dx dx
dv 1
From (1), we have ——1=
dx cosv
ﬂ _ 1+cosv cosv(l—cosv)dv —dx
dx cosv 1-cos?v

cosv  cos’v
= |5 —— 5 [dv=dx
sin“v  sin“v

= (cotv cosecv - cot?v)dv = dx
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= J(cotv cosecv —cosec? v+ 1)dv = Idx

= -cosecv+cotv+v=x+C
= -cosec(x+y)+cot(x+y)+(x+y)=x+C
1 cos(x+y)

- sin(x+y) sin(x+y)

:_(M)ch

+y=C

sin(x+y)
2sin2()(;-y)
= - +y=C
2sin Xty cos Xty
2 2
= —tan (%}y =C,whichis required solution.
OR

(i) The given differential equation is ?z(x+y+1)2 (1)
X

Putx+y+1=v

1+ﬂ:ﬂ:d—y:d—v—1 (2)
dx dx dx dx
From (1) and (2), we get
ﬂ—1=v2$ﬂ=v2+1:>J. ! dv=.[dx
dx dx vZ+1

= tanlv=x+c
= tan'i(x +y+ 1) =x+c, which is the required solution.

(i) The given differential equation is

dy _ (x=y)+3 (1)
dx 2(x-y)+5
Putx-y=v= 1_d_y=d_v=>ﬂ=1_ﬂ .(2)
dx dx dx dx
From (1) and (2), we get
—ﬂzﬂ:d—\/:l— v+3 =2v+5—v—3= v+2
dx 2v+5  dx 2v+5 2v+5 2v+5

2v+5 1
= I%dv:]dx = j(2+m)dv=_[dx

= 2v+loglv+2|=x+c
= 2(x-vy)+log|x -y + 2| = x + ¢, which is the required
solution.
34. Here we need to find, the equation of the line
through the point (1, 1, -3) and perpendicular to the lines
x-2 y+3 z-0
2 1 -3
x—3_y+5_z-0 i)
1 1 1
Let the direction ratios of required line are a, b, c. Then,
equations of this line is given by
x-1_y-1_2z+3 i)
a b c
Direction ratios of line (i) are 2, 1, -3 and line is
perpendicular to line (iii) having direction ratios a, b, ¢
2a+b-3c=0 . (iv)
Similarlya+b+c=0 (V)
On solving equation (iv) and (v), we get
a -b ¢

4 5 1

and

L)
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From equation (iii), required equation of the line is

x-1_y-1_2z+3

4 -5 1
Its vector equationis r = (?+f— 3IA<)+ k(4f—5} + I?)
35. Maximize, Z = 600x + 400y
subject to the constraints :
xX+2y<12
2x+y<12

(i)
i)
x+%y25 (i)
x,y>0 L(iv)

Letusdrawthe graph of constraints (i) to (iv). ABCDEA s the
feasible region (shaded) as shown in the figure. Observe
that the feasible region is bounded, and coordinates of the

i corner points A, B, C, D and E are (5, 0), (6, 0), (4, 4), (O, 6)

and (0, 4) respectively.

Let us evaluate Z = 600x + 400y at these corner points.

Corner Points Z = 600x + 400y
A(5,0) 3000
B(6,0) 3600
C(4,4) 4000 (Maximum)
D(0, 6) 2400
E(0, 4) 1600

We clearly see that the point (4, 4) is giving the maximum
value of Z.
OR

Converting inequations into equations and drawing the
corresponding lines.

3x+5y=15, 5x+2y=20ie ~+¥=1 X4 Y _
53 4 10
As x>0,y >0 solution lies in first quadrant.

Let us draw the graph of the above equations.

1




Practice Paper - 1

B is the point of intersection of the lines 3x + 5y = 15and |
P = X2 -2x=0= x(x-2) =

5x+2y=20,ie B= (E, E)
19 19
We have points O(0, 0), A(4, 0), B(
Now z = 3x + 2y
z(0) = 3(0) + 2(0) =
z(A) = 3(4) + 2(0) =

2(B)= 3(E)+2( 15 ) 12,63
19) 419

z(C) = 3(0) + 2(3) =
z has maximum value 12.63 at only one point i.e.

)
19 19

70 15

) and C(0, 3).
19’ 19

36. (i) Let ¥ x, % y and T z be the cost incurred by the | 4

organisation for cities P, Q and R respectively, then the cost
X, y and z will be given by the following matrix equation

[100 50 30][30] [x
200 40 70]|50 (=
|1300 80 25|40 |z

[x] [3000+2500+1200 6700
= |y |=|6000+2000+2800 | =[ 10800
| z| | 9000+4000+1000 14000

Cost incurred by organisation on city P=3% 6700

(ii) Costincurred by organisation on city Q =¥ 10800
Cost incurred by organisation on city R =¥ 14000

.. Cost incurred by organisation on city R than

Q=% 14000 -% 10800 =% 3200

(iii) Total number of tree plantation that can be expected

in each city is given by the following matrix

P{100 50 30|f 3/100 3+5+6 14
Q200 40 70(|10/100|=[6+4+14|=|24
R[300 80 25[[20/100 9+8+5 22

Total number of tree plantation in city Pis 14.

OR
From above, we have total number of plantation in all the
three cities= 14+ 24+ 22 =60

37. (i) The given curveis (x - 1)2+ (y - 1) =1 ()

andliney=1 (i) ‘

From (i) and (ii), we have
(x-1)2=1
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= x*-2x+1=1 [
0=x=0,2
The points of intersection are (0, 1) and (2, 1).

(ii) Areaof whole scenery = 1t(1)” = 7t sq. units
2

(iii) Required area= J(\ll—(x—l)2 +1)dx—_2[1dx
0

0
2 2
= J.\ll—(x—l)zdx = [%xll—(x—l)z +%sin_1(x—1)]
O 0
= [O+%sin_l(l)—O—%sin_l(—l)]

[1 T 1 n] T .
—X—+—X—|=—5@. units
2 2 2 2] 2

OR

y=1]

4
=[";2 (2)2—(x—2)2+ﬂsin-1x—‘2]
2 2 2 1o

=0+2sin"(1)-0-2sin"t(-1)

2

| =2><E—2(_7n)=n+n=2n

38. (i) Direction ratios of the given lines are <1, 2, 4>
and <3, 2, 1>

Angle between them is given by
(1)(3)+(2)(2)+(3)(1)

V2 +(22 +3)2 (32 +(2) +(1)2
3+4+3 10 5 15
\/—\/— 14 7 = 0=cos” 7

(ii) Direction ratios of the line for helicopter H, are

<3,6,9>.

Direction ratios of the line for helicopter H, are <9, 6, 3>.
Direction ratios of the line joining H; and H, are
<9-3,6-6,3-9>ie,<6,0,-6>

6

JI62 +(02 +(-6)?
0 -6 .
J( 62+(0)2+(~62 (61 +(0)2 +(-6)2
. 0 -6
"e"<m’ﬁ’ﬁ>

cos0=

Direction cosines are <

o <= >

1oL
NI
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General Instructions :

1

S T

This question paper contains - five sections A, B, C, D and E. Each section is compulsory. However, there are internal

choices in some questions.

Section A has 18 MCQs and 2 Assertion-Reason based questions of 1 mark each.

Section B has 5 Very Short Answer (VSA)-type questions of 2 marks each.

Section C has 6 Short Answer (SA)-type questions of 3 marks each.

Section D has 4 Long Answer (LA)-type questions of 5 marks each.

Section E has 3 source based/case based/passage based/integrated units of assessment (4 marks each) with sub parts.

Time Allowed : 3 Hours

(Multiple Choice Questions)
Each question carries 1 mark
Find the value of k in the following probability

distribution.
X=x 0.5 1 15
P(X =x) k k2 2k*
(@ -1 (b) 1/3 () 1/2 () 1/4
X

Find the values of x for which
x 1 |4 1

+2 (d) +242

_‘3 2‘

(@ 242 (b) V2 (o)

n/2

Evaluate: _[costdx
n/4
(@) 172 (b) -1/2 (¢) 1/3 (d) -1/3

Determine the order and degree of
3

2 2|2
s Y _ ()L
dx2 dx

(@ 2,2 (b) 2,3 (¢ 3,2 (d) 3,3
If (@xb)?+(@-b)? =400 and ldl=4, then find |bl.
(@) 2 (b) 3 (c) 4 (d) 5
Find the principal value of cot-1(—/3).
5n 2n 3n T
(a) ? (b) ? (c) 7 (d) Z

1
If A=|:3 j:| and A2- kA - 5] = O, then find the value
of k.
(a) 3 (b) 4 () 2

If x sin(a + y) = siny, then % isequal to
X

(d) 5

10.

11.

12.

Maximum Marks : 80

%

(a) sin .a+y) (b) — Zina
sina sin“(a+y)

sin(a+y) sina
sina sin(a+y)

The area bounded by the curve 2x* +y? = 2 is

(a) msq.units (b) NOY sg. units

(c) gsq.units (d) 2msq.units

Which of the following statement is correct?
(a) EveryLPP has at least one optimal solution.
(b) Every LPP has a unique optimal solution.

(c) If an LPP has two optimal solutions, then it has
infinitely many solutions.

(d) None of these

Evaluate: J(5x3 +2x7° —7x+i+§)dx

Ix X
4 2
(a) 5%—2%—%+2\/;+5Ioglxl+c
X
5x* 1 7x?
(b) T+2—4+T+2\/;—5|0g|x|+c
X
5x4 1 7x?
(C) T—2—4+T+2\/;—5|0glxl+c
X
4 2
@ 2= T2k -Sloglxl+C
X
4 -1
T LR I , then find the values of
7-x 4 0 4
xandy.
(a) x=7,y=1 (b) x=-7,y=1
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13. Find the integrating factor of the differential

-2V dx
equation € +L}—=1(x¢0).
{ Jx o WxJdy
(@) & (b) e (¢ e2X (@ e
sinx?_ 0
14. If the function f(x)=4 x X# , is differentiable
0 ; x=0
at x = 0, then right hand derivative of f(x) at x =0 is
1 1
= = 1 -1
(a) > (b) 2 (c) (d)
4 X
15. Evaluate:_[ 3 dx
X +1
17 1 17
@ g7 e sl
1 5 5
=1 — d) log|—
( 208(17) ) °g(17)
16, 1Ff(x) = ~\25—x2 . then lim /X =f@) is equal to
x—>1 x-1
1 1 1
— (b = 24 (d) ——
@ -y Bz (© J_()@

17. If the volume of a sphere is increasing at a constant
rate, then the rate at which its radius is increasing, is

(a) aconstant
(b) proportional to the radius
(c) inversely proportional to the radius

(d) inversely proportional to the surface area

18. The optimal value of the objective function is

attained at the points
(a) on X-axis
(b) on Y-axis
(c) which are corner points of the feasible region
(d) none of these
ASSERTION-REASON BASED QUESTIONS

In the following questions, a statement of Assertion (A) is
followed by a statement of Reason (R). Choose the correct
answer out of the following choices.

(a) BothAandRaretrueandRisthe correct explanation
of A.

(b) Both A and R are true but R is not the correct
explanation of A.

(c) AistruebutRisfalse.
(d) Alsfalse but Ristrue.

19. Assertion (A) : The points A(2, 9, 12), B(1, 8, 8),

C(-2, 11, 8) and D(-1, 12, 12) are the vertices of a 3

square.
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Reason (R) : In a quadrilateral if AB = BC = CD = DA
and AC = BD then ABCD is a square.

X —X
20. Assertion (A) : If the function f(x)=m is
ce* +de™*
increasing function of x, then bc > ad.
Reason (R) : A function f (x) is increasing if f’(x) > O

for all x.

This section comprises very short answer type
questions (VSA) of 2 marks each

21. Ifthere are two values of a which makes determinant,
1 -2 5

A=|2 a -1|=86, then find the sum of these values.
0 4 2a

22. Letkand K be the minimum and the maximum values

(1+x)%°

1+x0¢
respectively. Find the ordered pair (k, K).

of the function, f(x)= defined on [0, 1],

OR

v
Separate the interval [O'E] into sub-intervals in

which the function f(x) = sin“x + cos*x is increasing or

decreasing.
23. Find jd—x.
V5—4x—2x?
OR
Evaluate: J sin2x dx
. T . i
sinf x—=[sin| x+=
(=3 5
. . . . dy ax+3
24. If the solution of the differential equation —=——
dx 2y+f
represents a circle, then find the value of ‘a’.
25. If Aand B are events such that P(A) = % P(B) = % and

P(ANB) = % then find P(not A and not B).

This section comprises short answer type questions
(SA) of 3 marks each

26. Letf: A — B be a function defined as f(x)= 2x+3

- x-3’
where A = R - {3} and B = R - {2}. Is the function f
one-one and onto?

27. Find Z—y,wheny=\/a+\/a+\/a+x2 ,Whereaisa
X

constant.
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OR

Find the value of k, for which

V14+kx —v1-kx

f(x)= X
2x+1

x-1"

, if-1<x<0
is continuous

if0<x<1

atx=0.

. XSinx
01+cos?x

OR

28. Evaluate:

3
Evaluate: Jl x2 —2x|dx
1

29. Solve the differential equation

—2Jx
(e——LJd—Xﬂ,x;eo.
Jx o x Jdy

30. The points A(1, 2, 3), B(-1, -2, -1) and C(2, 3, 2)

are three vertices of a parallelogram ABCD. Find the |

equation of CD.
OR
Show that the lines X+1=Y+S=Z+5 and x=2
5 7 1
= % = % intersect. Also find their point of

intersection.

31. Find graphically, the maximum value of

Z = 2x+ 5y, subject to constraints given below:
2x+4y<8,3x+y<6,x+y<4,x>0,y>0

This section comprises long answer type questions
(LA) of 5 marks each
32. The points A(4, 5, 10), B(2, 3, 4) and C(1, 2, -1) are
three vertices of a parallelogram ABCD. Find the
vector and cartesian equations of the sides AB and BC
and find coordinates of D.

OR

Find the coordinates of the points on the line
x+2 y+1 z-3
3 2 6
from the point (-2, -1, 3).

33. If A= 1 2,B=2 3 and C= 1 O,then
-2 1 3 4 -1 0

verify
(i) (AB)C=A(BC) (ii) A(B+C)=AB+AC
34. If A and B are two independent events such that

,which are at a distance of 2 units

P(ANB)= 1—25 andP(ANB)= % ,then find P(A) and P(B).

CBSE Champion Mathematics Class 12

OR

A doctor claims that 60% of the patients he examines
are corona negative. What is the probability that
(i) exactly 3 of his next 4 patients are corona
negative?
(ii) none of his next 4 patients is corona negative?
35. For what value of ais the function f defined by

asinE(x+1), x<0
f(x)= . continuous atx=07?
tanx—sinx 50

X3

This section comprises of 3 case-study/passage-based
questions of 4 marks each. First two case study
questions have three sub-parts (i), (ii), (iii)
of marks 1, 1, 2 respectively. The third case study
question has two sub-parts of 2 marks each.

36. Case-Study 1 : Read the following passage and
answer the questions given below.

A relation R on a set A is said to be an equivalence
relationon A iff it is
e Reflexiveie,(a,a)eRY acA.
e  Symmetricie,(a,b)eR = (b,a)eRV a,beA.
Transitive i.e., (a, b) eRand (b, c) eR
= (a,c)eRV a,b,ceA.
(i) Iftherelation R ={(1, 1), (1, 2), (1, 3), (2, 2), (2, 3),
(3,1), (3, 2), (3, 3)}defined on the set A = {1, 2, 3},
then find the relation Ron set A.
(ii) IftherelationR ={(1, 2), (2, 1), (1, 3), (3, 1)} defined
ontheset A ={1, 2, 3}, then find the relation R on
set A.
(iii) If the relation R on the set N of all natural numbers
defined as R ={(x,y) : y =x+ 5 and x < 4}, then find
the relation Ron set N.
OR
If the relation Ron the set A={1, 2, 3,...., 13, 14}
defined as R = {(x, y) : 3x - y = 0}, then find the
relation Ron set A.

i 37. Case-Study 2: Read the following passage and

answer the questions given below.

Let f(x) be a real valued function, then its
Left Hand Derivative (L.H.D.) :
Lf/ (a) - I|m f(a_h)_f(a)
h—0 —-h
Right Hand Derivative (R.H.D.):

Rf/ (a) — Iim f(a+h)_f(a)
h—0 h
Also, a function f(x) is said to be differentiable at x =a
if its L.H.D. and R.H.D. at x = a exist and are equal.
[x-3| ,x=1
For the function f(x) = {x2 3x 13

, answer

’

the following questions. L 4 2 4
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(i) Findthe R.H.D.of f(x)atx=1.
(ii) Find the L.H.D. of f(x) at x = 1.
(iii) Show that f (x) is non-differentiable at x =3.

OR

Find the value of f”(%).

38. Case-Study 3 : Read the following passage and
answer the questions given below.

Ginni purchased an air plant holder which is in the
shape of a tetrahedron.

Let A, B, C and D are the coordinates of the air plant
holder where A=(1,1,1),B=(2,1,3),C=(3, 2, 2) and
D=(3,3,4).

Detailed B<{o]R88x ) [0] i

1. (b): Since P(X) is a probability distribution of X,
2

3 P(X=x)=1

x;=0.5
= PX=0.5)+PX=1)+P(X=15)+P(X=2)=1
= k+k*+2k*+k=1= 3k*+2k-1=0
= (Bk-1)(k+1)=0 = k=% (k can’'t be negative)
2. (d): Wehave,3-x>=3-8 = x*=8

= x=12\/§
/2 sin2x /2
3. (b): We have, |= j cos2xdx=|: }
n/4 n/4
. T
_|sinz_*Mp _o.1_1
2 2 1 0 2 2

4. (a): The given differential equation can be written as

3
2 2, \2
1+ dy = Sd—y
dx dx2
Clearly, it can be observed that the order of differential
equationis 2 and the degree is 2.

5. (d): We have, (@xb)?+(d-b)> =400and ldl=4
— - -2
We know that, (@xb)? +(G-b)? =ldl*|b|
205 2 —12 -2 —
—  400=(4)2bl" = 16lb]" =400 = |bl" =25=|b|=5
6. (a): Let cot'l(—\/g) =0
= cot6=—x/§ = —cot%

=cot n—E =cot5—1t :e:s—“e(o,n)
6 6 6

Principal value of cot'l(—x/g) is 5{ .

7. (d): Given,A>-kA-51=0

1 1
L kA=A-5) o Ao|t 3 o
3 4/|3 4] 7|0 1
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(i) Find the magnitude of position vectors
ABand AC.
(i) Find the area of ABCD.

10 15| |5 © 5 15 1 3
15 25| |0 5] |15 20 3 4
i = kA=5A .. k=5
8. (a): Given,xsin(a+y)=siny = =,Sli
sin(a+y)
Differentiating both sides w.r.t. x, we get
sin(a+y)cosyd—y—cos(a+y)sinyﬂ
1= dx dx
sin(a+y)

. 2
= sinfla+y)=sinla+y ) L = dy _sin(a+y)
X

dx sina

9. (b): We have, 2x> +y*=2

2 .2
= X—+y—=1, an ellipse

1 2
Here,a=1andb=\/§ 5 9

: Area bounded by the ellipse X—2+Z—2=1 is ab.
a

Required area = mv/2 sq. units.

10. (c): If optimal solution is obtained at two distinct
points A and B (corners of the feasible region), then
optimal solution is obtained at every point of segment AB.

i 11. (a): We have J.(Sx3+2x5—7x+i+§)dx

NM
= 5Jx3dx + 2Jx—5dx - 7dex +Jx—1/2dx + 5j‘%dx
=5. ﬁ +2. X_4
4 (-4)

2
=————%+2\/;+5Iog|x|+c

3 4 -1
12. (d): Given Xy =
7-x 4 0 4

= y=-land 7-x=0
= x=7,y=-1

+5log|x|+C

X2 xl/2
7-—+
2 (1/2)

e-2Vx

dy 1 g
dx  x JIx

- 13. (c): We have, ———
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The obtained equation is of the form 3—y+ Py =Q, where
X
1 e—2f

P="- andQ=——
T Q=T

j_—ldx
LF.=elPd — g/ k" —e-2x,
14. (c) : At x = 0, right hand derivative

h—0 h
sinh? 0 )
i f=FO) b Ty SIOAT
h—0 h h—0 h h—0 h2
4
X
15. (b): Let I= dx
£x2+1 1
Putx’+1=t = 2xdx=dt = xdx=§dt

Also x = 2=>t 5andx=4 = t=17

1fdt_ [| eIt [Iog17 |og5]——log(17)
24 5
16. (d): Iimwzf'(l)
x-1 X-
1 -2x
Now, f'(x)=—= - —
2 J25-x2
I L S
2 Jo5-12 24
17. (d): Given that, Z_\t/zk (say)
VzﬂnR3 = d—V=4nR2ﬁ = d_R= k
3 dt dt dt  4rR?

= Rateof increase of radius is inversely proportional to
its surface area.

18. (c) : When we solve an L.P.P. graphically, the optimal
(or optimum) value of the objective function is attained at

corner points of the feasible region.
19. (c): We have

AB=\(2-1)2+(9-8)2 +(12-8)%2 =/18 =32
BC=+(1+2)2+(8-11)2+(8-8)2 =18 =312
=18=3\2
DA=1(-1-2)2+(12-9)2+(12-12)2 =18 =342
AC=+(2+22+(9-11)2+(12-8) =36 =6
and BD=y(1+17 +(8-12)2+(8-12)2 =36 =6

So,AB=BC=CD=DAand AC =BD
Thus, ABCD is a square.
Hence, Statement-I| is true but Statement-Il is false.

20. (d): f’(x)=2(ad—_kﬁ))2

CD=(-2+1)2+(11-12)? +(8-12)2

(ce* +de
and f(x) is an increasing function

2(ad —bc) -0

FX)>0 = 7

(ce* +de

i Thus, (k, K) =
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- = 2(ad-bc) >0 = ad > bc= bc < ad

1 -2 5
21. Given, A=[2 a -1|=86

0 4 2a
Expanding along C;, we get
1(2a° +4) - 2(-4a - 20) =
2a°+4+8a+40=86
20°+8a-42=0
a’+4a-21=0
(a+7)a-3)=0=a=3,-7
Now, sum of valuesof ais 3+ (-7) =
)3/5

=
=
=
=
3-7=-4

(1+x

1+x3/5

22. We have, f(x)=

(1 + x3/5) % (1+x)2/5 _(1+x)%5. g x~2/5

3/5)2

f'(x)=
Clearly f’(x) =

(1+x

0 = x=1
206
1, and f(1)=— >

(27941)

Also, f(0)= 904 - f(x)e[27°%1]

OR
Here f(x) = sin*x + cos*x (i)
On differentiating (i) w.r.t. x, we get

f’(x) = 4sin®x cos x - 4 cos®x sin x = 4 sinx cosx (sinx - cos?x)
= -25sin2x cos2x = -sin4dx

Putf'(x) =0 = x:%

Intervals Sign of f'(x) Conclusion

-veas0<4x<m |fisdecreasingin (O, g)

+ve as T < 4x < 2T

fisincreasingin (E,E)
42

23. Let I=

2

'[\/5 4x-2x? \/_J.\/—Zx X

_i_[ - dx 1 dx

_ﬁj = -
e
:%sin‘1 % +C:%sin‘1[\/g(x+1):|+c

OR
sin2x
Let!= j dx

sin(x—g)sin(x+%)
I GG
sin(x—g)sm(x+ ’3‘)




I{sin(x—g)cos(x+g)+cos(x—g)sin(x+g)}
ol 3Pl
= J{cot(x+ 3 )+ COt(X—g)}dx

dx

=log Sin(x+£) +log sin(x—E) +C
3 3
24. We have, & - 9X+3
Tdx 2y +f
= (ax+3)dx=(2y+f)dy
2
= GX? +3x=y2 +fy+C (Integrating both sides)

= —%xz +y2 -3x+fy+C=0

This will represent a circle, if —a_ 1=a=-2

[+ Coefficient of x*> should be equal to coefficient of y?]
1 1 1

25. Here, P(A) - P(B) = =x==-—=P(ANB)
3 4 12

= Events A_and B are independent.
= Events A and B are also independent.

Now, P(A ~B)=P(A)P(B)
(" AandB areindependent events)
=(1-P(A))(1-P(B)

(-2t )2l

3 4) 3 4 2

26. Lety=fl) = 23 N0
x-3

Let x4, X, € A=R - {3} such that f(x4) = f(x,)

2x,+3  2x,+3

X, =3 B X, =3

= (2X1 + 3)(X2 - 3) = (2X2 + 3)()(1 - 3)

= 2X1Xg = 6Xq+ 3Xp = 9= 2x1Xy = X5+ 3x1 - 9

= =6X1+3Xp=-6X+3X1= X1 =M = X1 =X,

Now, f(x4) = f(xp) = X1 = X,

So f(x) is one-one.
2x+3

x-3
= xy-3y=2x+3 = xy-2x=3y+3
= x(y-2)=3(y+1)
_3ly+1)

(y-2)
Equation (ii) is defined for all real values of y except 2

which is same as given set B=R - {2}.

=

For onto, let y =

(i)

Thus, for every y € B, there exists x:M € A such
thatf(x) =y y-2

Hence, function fis onto.

27. Wehave,y:\/a+\/a+\/a+x2 ,whereaisaconstant.

1

:>y:[a+\/a+m]5

& oo J

W 1o Jordar] [ (osdar?) 2|
A golar)

Y o fardort] | oo

[1 (a+x2) 2 2x]

) a+\/a+x (a+x )] 2

N

Since, f(x) is continuous at x=0

Ilm f(x)=f(0)= lim f(x)

lim f(x)— I|m f(0+h)

and lim f(x)= lim f(0—h)= “1 kh “1+k

o Ji-kh-vJ1+kh 1-kh++1+kh

* JL_kh+Ji1kh
(1—kh)—(1+kh)

=lm
h—0 —h[v'1—kh +/1+kh]

h—>0\/1 kh+~/1+kh

‘ Now, from (i), (ii), (iii) and (|v), wegetk=-1

28. Let l=j

n(rt—x)sin(m—x)
1+c052(n x)

| Adding (i) and (ii), we get

_ (x4 m—x)sinx

Put z=cosx = dz=-sinx dx
Also,whenx=0,z=1andwhenx=n,z=-1

T
—Z[tan-1(-1)—t
2[an (-1)-tan-

[aﬂ/awm]

1

i [tan-1z];?

319

(i)

(i)

.(iv)

(i)

..(ii)

(i)
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OR
Let I=_[f|x2 —2x|dx

—(x2-2x), when1<x<2
[x2 -2x|=
(x2-2x), when2<x<3
2 3
= I=J‘ |x2—2x|dx+‘[|x2 - 2x|dx
2

1
2 3

= J._ (X2 - 2xX)dx + f(xz —2x)dx
1 2

3 2 1,3 3
=_[X__X2] +[X__X2] =_(_ﬂ+3)+(ﬂ) 6.,
3 . L3 5 3°3)°\3) 73

—2Jx
29. We have, [e——LJd—le
Ix o Nx Jdy
dy e—2\/; y dy 'y 6_2\/;

ax x  x o Ax x

This is a linear differential equation of the form

dy . 1 e2Vx

—+Py=Q,with P=—=and Q=——

dx N Jx

[Pax J

l.LF.=e —e =e2&

N
The solution is given by yez‘/; =J‘e2‘/; ve—dx+C

Jx

1
= yeZ\/; :J.Td)(‘i'c = yezﬁ :2\/;+C
X

= y= (2&+C)e’2&, which is the required solution.

30. Given, A(1, 2, 3), B(-1, -2, -1) and C(2, 3, 2).
Letcoordinatesof Dbe(a, B,y).Since ABCDis aparallelogram,

diagonals AC and BD bisect each other i.e.,, mid-point of |
- (3,4,5).

segment AC is same as mid-point of segment BD.
(1+2 2+3 3+2)_(o¢—1 B-2 y—l)

27272 2272
= a-1=3,p-2=5y-1=5=a=4,=7,y=6.
Thus, the point Dis (4, 7, 6).
Now, we have C(2, 3, 2) and D(4, 7, 6).
Equation of line CD is
y N x—2=y—3=z—2
7-3 6-2 2 4 4
2y

is the required equation of line.

OR
Any point on the line X+1=Y+3=Z+5=r(say) (i)
3 5 7
is(3r-1,5r-3,7r-5).
x-2 y-4 z-6
3 5

Any point on the line =k (say) i)

is (k+ 2, 3k + 4, 5k + 6)
For lines (i) and (ii) to intersect, we must have
3r-1=k+2,5r-3=3k+4,7r-5=5k+6

On solving these, we get r= % k=—

are 0(0, 0), A(O, 2), 3(8 6),
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3

2
Lines (i) and (ii) intersect and their point of

. .. (1 1 3)
intersectionis | —,——,——
2 2 2

31. Convert the inequation into equation, we get
[1:2x+4y=8,1,:3x+y=6,l3:x+y=4;x=0,y=0

: 8 6 N
Solving Iy and I, we get B T !

Let us draw the graph of these I
equation.
The shaded portion OABC is
the feasible region, where !
coordinates of the corner points

55
C(2,0).

The value of objective function at these points are :

Corner Points Value of Z = 2x + 5y
0(0,0) 2x0+5x0=0
A0, 2) 2x0+5x2=10(Maximum)
B(gé) 2x§+5><é=9.2
55 5 5
C(2,0) 2x2+5x0=4

- The maximum value of Z is 10, which is attained at
point A(O, 2).
32. In aparallelogram, diagonals bisect each other.
Mid point of BD = Mid point of AC
(x+2 y+3 z+4)_(4+1 5+2 10—1)
27272 )\U2"2" 2
= x+2=5y+3=7,z+4=9
= x=3,y=4,z=5
So coordinates of D are

’ ’ ’

(x,y,2) (1,2,-1)
D C

Cartesian equation of side
. x-4 y-5 z-10 A B
ABIs 2_4 3.5 4-10 (4510 (2,3,4)
x-4 y-5 z-10 x-4 y-5 z-10
3 = = = = =
-2 -2 -6 1 1 3

. and vector equation of side AB is

F=4f+5}+10l2+k(?+}+3l2)
Again, cartesian equation of side BCis
x—2:y—3: z-4 N x—2:y—3:z—4
1-2 2-3 -1-4 -1 -1 -5

x-2 y-3 z-4

1 1 5
and vector equation of side BC is
F=2f+3]+4l2+k(f+f+5l2)

OR

x+2 y+1 z-3
3 2
Let P(-2, -1, 3) lies on the line.

is the given line (i)

The direction ratios of line (i) are 3, 2, 6
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The direction cosines of line are ; ;
Equation (i) may be written as
x+2 y+1 z-3 i)
3 2 6

7 7
Coordinates of any point on the line (ii) may be taken as

Er—2,2r—1,ér+3
7 7 7
Let Q= Er—2,zr—1,ér+3
7 7 7

Given |r| = Lr=+2
Putting the value r, we have

-8 -3 33 ~20 -11 9
Q_(7’7’7) or Q_( 77 7)

33. We have, A= 1 2,B: 23 andC= 10
-2 1 3 4 -1 0

0 AB:[1 2}[2 3]:[2+6 3—8]:[8 -5]
2 1|3 -4| |-4+3 -6-4| |-1 -10
and(AB)C:[s —5}[1 o}:{ 8+5 0}2[13 o}
-1 -10|-1 o] |-1+10 o] |9 O
(i)
NOW’BC:[z 3}[1 o] [2 3 o} [1 0}
3 -4|-1 o] [3+4 o] |7 O
andA(BC):[l 2][-1 o}:[-1+14 0]2[13 o]
2 1|7 ol | 2+7 o] |9 o

. (i)
Hence, (AB)C = A(BC)

[From (i) and (ii)]
o sec2 215 O 2]
3 4] |-1 0 2 4

Now,A~(B+C):[ ! 2}[3 3 :|

2 1|2 -4

[3+4 3-8][7 -5 _

“|-6+2 -6-4| |-4 -10 - (i)
Also, AB= 8 =
-1 -10

and AC=[_12 ﬂ[; SH

Now, AB + AC = [8 _5}{

-1 0
-3 0

-1 O:| [ 7 -5 :| .
= ... (i)
-3 0 -4 -10

-1 -10
From (i) and (ii), we get
A(B+C)=AB+AC.
34. ltisgiven that A and B are independent events and
P(ZmB):i
= PAPE)== ()
s

= 1 = 1 ..

Also, P(AmB)zZ = P(A)P(B)=Z i)

Let p=P(A)=P(A) =
and g=P(B)= P(B )=1

321

(A)=1-p
P( )=1-q
Now, from (i) and (ii), we get

2

(1-plga=—

15 (i)

and p(1-q)= + (V)

6
Subtracting (iii) from (iv), we get

St g L
P-a=g5=p=d+o5

Putting this value of p in (iii), we get

(1 1 )q—i = ﬁq_qz—i
30715 730779 T15

= 309 -299+4=0= 30g°-24q-5q+4=0

= 6q(5q-4)-

4 1
= q=§0rg

: ,using (iv), we have

o8l

For g=

1(59-4)=0=(59-4) (6g-1) =

% , using (iv), we have

RN
P e 6 Ple) 6P 5

5 4 1 1
P(A) 5 P(B) 5 or P(A) 5,P(B) n
OR
Let us consider,
A = First patient is corona negative,
B = Second patient is corona negative,
C =Third patient is corona negative,
D = Fourth patient is corona negative,

i Clearly, A, B, C, D are independent events, such that

60 3

P(A) = P(B) = P(C) = PID) =155 =

P(B) = P(C) = P(D) = 1-> =2

1-2-2
5 5

(i)  RequiredProbability=P[(AnB~CAD)U(ANBNCD)
UANBANCAD)UANBNCND)]
=P(ANBNCAD)+P(ANBNCAD)+P(ANBACND)
+P(ANBNCND)]

) P(B) P(C) P(D) + P(A) P(B)

Also, P(A) =

= P(A) P(B) P(C) P(D) + P(A
P(C) P(D) + P(A) P(B) P(C) P(D)
2 33332333323

SoX—X=X—F=X=X—=X—F+—=X—=X—=X~—
555555555555

_4x2><3x3><3_2£
~ 5x5x5x5 6250
(i) Required Probability = P(AnBNCn D)
2 2 2 2 16

= P(A) P(B) P(C) P(D) = XX Xe e



322
35. -+ f(x) is continuous at x = 0,

x—0" x—0

Here, f(0)= asing =a

lim f(x)=lim a sin(ﬁ(—hﬂ))

X—0" h—0 2

=lim asin (E—h )
h—0 2 2

sinh _ink sinh(l—l)

. cosh . cosh

= lim = lim
h—0 h h—0 h®

a lim f(x)=1i mw
-0 h

x—07"

. sinh 1-cosh
= lim x lim
h—0 h h—0 cosh- h2

2$in2(h)
2 1x

=1x lim x lim =
h—0cosh h—0 h\2
4><(—)

From (i), a:%
Hence, f(x) is continuous at x =0, if a =%.

36. (i) Clearly, (1,1),(2,2),(3,3),€ R.So,Ris reflexive on A.
Since, (1,2) € Rbut(2,1) ¢ R.So, R is not symmetric on A.
Since, (2, 3),e Rand (3,1) € Rbut (2, 1) ¢ R. So, R is not
transitive on A.

(i) Since, (1, 1),(2,2)and (3, 3) are notinR.

So, R is not reflexive on A.

Now, (1,2)e R = (2,1)e R

and(1,3)e R=(3,1)e R.

So, R is symmetric

Clearly,(1,2)eRand (2,1) e Rbut(1,1) ¢ R.

So, R is not transitive on A.
(iii) We have,R={(x,y):y =
: ={(1,6),(2,7),(3,8)}
Clearly, (1, 1), (2, 2) etc. are not in R. So, R is not reflexive.
Since, (1, 6) € Rbut (6, 1) ¢ R. So, R is not symmetric.
Since, (1, 6) € R and there is no order pair in R which has
6 as the first element. Same is the case for (2, 7) and (3, 8).
So, Ris transitive.

x+5andx <4}, wherex,ye N.

OR
We have, R ={(x,y) : 3x - y =0},
wherex,yeA={1,2,...., 14}
. R={(1,3),(2,6),(3,9),(4,12)}
Clearly, (1, 1) ¢ R. So, R is not reflexive on A.
Since, (1,3) € Rbut (3, 1) ¢ R.So, Ris not symmetric on A.
Since, (1,3) e Rand (3,9) € Rbut (1, 9) ¢ R. So, R is not
transitive on A.

x-3 ,x>3
37. We have, f(x)=4°"% 1<x<3

x2 3x 13

———+— ,x<1

4 2 4

+ lim f(x)= lim_f(x)=F(0) ) ) RE)= lim

: (iii) Rf'(3)=

Lf"(3)= lim

38, (i) AB=

(i) BC=
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f(1+h)-£(1)
h—0 h

_ lim 3-(1+h)-2 i h _
h—0

(i) LF(1) = fim [E=R-FA)
h—0 —h
2
i 1[(1—h) _3(1—h)+E_2}
h—>0 h 4 2 4
1+h?-2h-6+6h+13-8
_4h

2
i (h +4h)__1
h—0\ —4h

f(3+h) f(3)

= lim
h—0

. 3+h-3-0 . h
=lim——— =lim—=1
h—0 h h—0h
f(3-h)-£(3)

h—0 —-h
3-3-h-0 . h__,

= lim
h—0 h

h—0 —h
Lf'(3) # Rf'(3)

Hence, f(x) is not differentiable at x = 3.

OR
2
Given, f(x)—X——S—X+E,x<1
4 2 4
S fW=2-210 = =2

” _1
f (2)_2
(2-1)i+(1-1)j+(3-1k=i+2k
|Z§|=\/12+22=«/§units
AC=(3-1)i+(2-1)j+(@2-1k =2i+]j+k
IACI=v22+12+12 =J4+1+1 =6 units
(3-2)i+(2-1)j+(2-3)k =i+j—k
(3-3)i+(3-2)j +(4—2)k = j+2k

i ] ok
BCxCD=[1 1 -1|=3i-

01 2

Area of ABCD——|BC><CD|

1 \/1_ —\/_sq units

and CD=
2}+I2

\/32+22+1

N



PRACTICE PAPER 6

General Instructions :

1

S T

This question paper contains - five sections A, B, C, D and E. Each section is compulsory. However, there are internal

choices in some questions.

Section A has 18 MCQs and 2 Assertion-Reason based questions of 1 mark each.

Section B has 5 Very Short Answer (VSA)-type questions of 2 marks each.

Section C has 6 Short Answer (SA)-type questions of 3 marks each.

Section D has 4 Long Answer (LA)-type questions of 5 marks each.

Section E has 3 source based/case based/passage based/integrated units of assessment (4 marks each) with sub parts.

Time Allowed : 3 Hours

(Multiple Choice Questions)
Each question carries 1 mark
Let R be the equivalence relation in the set

A =1{0, 1, 2, 3, 4, 5} given by R = {(g, b) : 2 divides
(a - b)}. Write the equivalence class [0].

(a) {0,2} (b) {0,2,4}
(c) {0,4} (d) {0,1,4}

The order and degree of y = px + \lazpz +b?, where

d .
p= —y, are respectively
dx

(@ 1,2 (b) 2,1

() 3,1 (d) 1,3

Find the number of vectors of unit length
perpendicular to both the vectors a=2?+}+212
and b=j+k.

(@) 1 (b) 2 () 3 (d) 4
f 22

The value of j%dx ,is
sin“xcos” x

(@) tanx+cotx+C (b) tanx-cotx+C

(c) secx+tanx+C (d) secx-tanx+C

The direction cosines of the line ﬂ= Y =ﬁ, are
2 6 3
263 -2 63
(a) R — (b) I R —
777 7 77
2 -6 3 2 6 -
(C) oy o v o (d) oy T~
7 7 7 77

I

(@) m/3 (b)
() n/6 (d)

/2
/4

- 10.

11.

12.

Maximum Marks : 80

If the vectors 3i+ 2} —k and 6i— 4x}'+yIA< are parallel,
then the values of x and y, are respectively

(@ -1,-2 (b) 1,2

() 1,-2 d) -1,2

Letf:[2, ) — R be the function defined by

f(x) = x2 - 4x + 5, then find the range of f.

(@) (1,) (b) [1,0)

(c) (-o0,1) (d) (-0, 1]
n/4

The value of J (sec? x +cosec?x) dx, is
/6

(a) 2/3 (b) 2/43

(c) 3/2 d) 3/3

The random variable X has a probability distribution
P(X) of the following form, where ‘k’ is some number,

k, ifx=0

2k, ifx=1
P(X = x)= X

3k, ifx=2

0, otherwise
Determine the value of ‘K.
(@) 1/3 (b) 1/2 (c) 1/5

The area of the region bounded between the line
x = 2 and the parabola y? = 8x, is

d) 1/6

(a) 33—2sq.units (b) %sq.units

(c) % sq.units (d) § sq.units

The integrating factor of the differential equation
d—y+(secx)y =tanx, is

dx

|sec x + cot x|
|sec x|

(a) |secx-tanx| (b)
(c) |secx+tanx| (d)
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1 1 1
13. cos‘l(—)+2$'n‘1(—)+4tan‘1 — | isequal to
> i > 7 isequ
T T 47 3n
a) — b) — c) — (d) —
(a) 5 (b) 3 (c) 3 (d) 2
14. If y=tan Y(/x)—tan"1(x), theny’(1) is equal to
1 1
a) O b) = c -1 d) ——
(a) (b) 2 (c) (d) 2
. 2
15. The value of jwdx,is
cos“ x
(@) tanx+C (b) secx+C
(c) cosx+C (d) cosecx+C
16. If \x+y +y—x =a,thenﬂ=
dx

s

Y—X+~X+Yy

C2x-y
! Py vy

Q X+y+xy
JX+y

x2+y2+2xy
A —

X“+y
17. The function f(x)
(a) alwaysincreasing

(b)
(c) increasing for certain range of x
(d) None of these

=X+ Ccosxis

always decreasing

dy

18. Ify=ax?+b,then ™ atx = 2isequal to
X
(a) 4a (b) 3a
() 2a (d) none of these

ASSERTION-REASON BASED QUESTIONS
In the following questions, a statement of Assertion (A) is

followed by a statement of Reason (R). Choose the correct

answer out of the following choices.

(a) BothAandRaretrueandRisthe correct explanation
of A.

(b) Both A and R are true but R is not the correct
explanation of A.

(c) AistruebutRis false.
(d) Aisfalse butRis true.

19. Assertion (A): The pair of lines given by
F:f—j+k(2f+l2) and F=2f—lz+u(?+f—f<) intersect.

Reason (R) : Two lines intersect each other, if they are

not parallel and shortest distance = 0.
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- 20. LetHy,H,,....,H,bemutually exclusive and exhaustive

events with P(H) >0,i=1,2,..,n.
Let E be any other event withO < P(E) < 1

Assertion (A): P(H;/E) > P(E/H;)) x P(H)) fori=1,2,.....n

Reason (R): i P(H;)=1.
i=1

This section comprises of very short answer type
questions (VSA) of 2 marks each.

21. Find cofactors of a,; and a3, of the matrix

1 3 -2
A=[g;]=|4 -5 6 |.
3 5 2

OR

IfA= 13 , thenfind A™L.
3 10

22. Findthe order and degree of the differential equation

given by
X3 y2 3
2x2 3y ZV 0/=0.

o)
5x 2|ly—=+|— 0
* (y dx?  \dx
23. Find |axb|, if =i+3j—2k and b=—i+3k.
OR
Find the angle between two vectors d and b having
the same length V2 and their scalar productis -1.

24. Find the equation of a line passing through the point
(-3,2, -4) and equally inclined to the axes.

25. A coin is tossed and then a die is thrown. Find the
probability of obtaining a ‘6’ given that head came up.

This section comprises of short answer type
questions (SA) of 3 marks each.

26. Evaluate: X
.[ 4 81
x+3 z+4 2y-7 0 6 3y-2
27. If |[4x+6 a-1 0 =| 2x -3 2c+2|,
b-3 3b z+2c 2b+4 -21 0

then find the values of a, b, ¢, x, y and z.
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OR
Find x,y,aand b if 3x+4y 6 X2y
a+b 2a-b -3

[2 6 4
|5 -5 -3

28. Find the position vector of a point A in space such
that OA is inclined at 60° to OX and at 45° to OY and
|OA|=10units.
OR

Using direction numbers, show that the points
A(-2,4,7),B(3,-6,-8) and C(1, -2, -2) are collinear.

29. The two vectors ]+IA< and 3?—}+4I2 represent the |

two sides AB and AC , respectively of a AABC.Find the
length of the median through A.

2 2
30. If (ax +b) €’ = x, then show that B (xﬂ - y) )
dx? dx
OR

Find d_y when x = a{cost +1|0gtan2£} andy=asint. |
dx 2 2

31. Solve the differential equation:
(1+x2)?+2xy—4x2 =0, subject to the initial
X
condition y(0) = 0.

This section comprises of long answer type
questions (LA) of 5 marks each.

1 -1 0 2 2 4
32. If A=|2 3 4l|andB=|-4 2 -4|, then find |
0o 1 2 2 -1 5

AB. Hence, solve the system of equations :
X-y=6,2x+3y+4z=34,y+2z=14

33. Solve the following LPP graphically.
Maximize Z = 50x + 40y

Subject to constraints:

1000x + 1200y < 7600
12x+8y <72
x,y=0

OR

Solve the following LPP graphically.
Minimize Z=5x+7y
Subject to constraints :
2x+y<8
x+2y>10 and x,y>0
/2
34. Evaluate: J sin2x tan~(sinx)dx
0
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OR
dx
1 x(1+x2)
35. Anopen box with a square base is to be made out of
a given quantity of cardboard of area ¢ square units.

Evaluate:

3
Show that the maximum volume of the box is -
cubic units. 6\/5

This section comprises of 3 case-study/passage-based
questions of 4 marks each. First two case study
questions have three sub-parts (i), (ii), (iii)
of marks 1, 1, 2 respectively. The third case study
question has two sub-parts of 2 marks each.

36. Case-Study 1 : Read the following passage and
answer the questions given below.

Neelam and Ved appeared for first round of an
interview for two vacancies. The probability of
Neelam'’s selection is 1/6 and that of Ved’s selection

Al

(i) Findthe probability that both of them are selected.
(if) Find the probability that none of them is selected.

(iii)Find the probability that only one of them is

selected.

OR
Find the probability that atleast one of them is
selected.

37. Case-Study 2 : Read the following passage and
answer the questions given below.

Sonam wants to prepare a sweet box for Diwali at
home. For making lower part of box, she takes a
square piece of cardboard of side 18 cm.

(i) If x cm be the length of each side of the square
cardboard which is to be cut off from corner of
the square piece of side 18 cm, then find the value
of x.
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(i) Find the expression for the volume of the open |

box formed by folding up the cutting corners.
(iii) Find the value(s) of x for which Z—v =0.
X

OR
Sonam is interested in maximising the volume of
the box. So, what should be the side of the square
to be cut off so that the volume of the box is
maximum?

38. Case-Study 3 : Read the following passage and

answer the questions given below.

Two men on either side of a temple, which is 30
metres high above the stairs, observe its top
at the angles of elevation o and B respectively

Detailed g{o/8V)j(e] )}

1. (b): Here,R={(a,b) e AxA:2divides (a - b)}, which is

an equivalence relation,where A={0, 1, 2, 3,4, 5}.

Clearly, [0] ={ae A:aR0}

={ae A:2divides(a-0)}={ae A:2dividesa}={0, 2,4}
Equivalence class [0] is {0, 2, 4}.

2. (a): Given, y—px= Vazpz +b?

(y - px)? = a?p?+ b*= (x* - a®)p* - 2xyp + (y* - b?) =0

N AP .7
= (x a)(dx) 2xy(dx)

Hence, order is 1 and degree is 2.
3. (b): Given, a=2?+}+2:2 and B=j+:2

=

+(y?*-bH)=0

. . oy axb
Unit vectors perpendicular to aandbarei(lfxgl}
dx

So, there are two unit vectors perpendicular to the given
vectors.

4. (a): We have,
jsinzx—coszx

2 2

dx= _[(seczx —cosec?x)dx = tanx + cotx + C
XCOS“ X

sin

5. (c): The given equation of the line is

4-—x 1-z .
X y_ 172 ()
2 6 3
N X_4=Z=Z_1 N X_4=L=ﬂ
-2 6 -3 2 -6 3
Now, as 22 +(-6)>+3%2 =7
D.c’s. of (i) are 2_—62
7 7

6. (d): We have, tan‘1{2cos(25in—1(%))}
=tan1 {2C0$(2X£)} [ sin-11_ E}
6 2 6

= tan_l{ZCOSE} = tan—1[2 xl] —tan-11=C
3 2 4

CBSE Champion Mathematics Class 12

(as shown in the figure). It is known that o.=sin™* (EJ

(i) Findthe angle B.
(i1) Suppose C moves by certain distance then angle 8
changes to tan™x. Find domain and range of tan™2x.

7. (a): Let a=3i+2j—k and b=6i—4xj+yk
Since, dandb are parallel ... d=mb, forsomemeR
| :>3f+2j—l2=m(6f—4x}+yf<) = 3=6m = m=%
Also,—4xm:2:>?:2:>x:—1

andym=-1 = %=—1 > y=-2

8. (b): Given,f(x) =x?-4x+5
Let y=x?-4x+5 = y=(x-2)%>+1

= (x-2)%=y-1= x-2=.y-1 [ x€ [2,00)]
= x=.y-1+2
Forrangey-1>0 = y>1 .. Rangeis[1, ).
n/4
9. (b): '[ (sec? x + cosec?x)dx = [tanx—cotx]ﬁfg
: n/6
‘ 1 2
=(1-1)- (——ﬁ)z—
J3 V3
k, ifx=0
2k, ifx=1
10. (d): We have, P(X=x)= 3K £ _2
0, otherwise

3 Since, ZP(x;) = 1, therefore k+ 2k +3k=1
= 6k=1 = k:l

6
11. (a) : We have, y2 =8xandx=2

Required area = Area of shaded region
y2=8x

2 2 .. 32
5 =2.J.\/8xdx=4\/§[—x3/2] =—-sg.units.
| 0 3 o 3
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12. (c) : Given,

differential equation of the form d_y+ Py=Q
Here, P=secxand Q = tan x X

IF. = elPdx _ g[secx dx _ gloglsecx+tanx| = |secx + tanx|

11, ot 1) a1
13. (c): cos (2)+2sm (2 +4tan (\/5)

T T T T T 27t 4n
=—+2-—+4.—=
3 6 6 33 3 3

14. (d): Given, y=tan‘1(x/;)—tan‘1(x)
Differentiating w.r.t. x, we get
, 1 1 1 , 111 1
T1ax 20X 1442 2 2 4

)

15. (a): Let lzjwdx
Ccos“ x

2x —sin®x +2sin®x

COS2 X

dx

_JCOS

cos? x+sin?x
=| dx =]

COS2 X

16. (a): We have, \x+y +y—x=a
On differentiating w.r.t. x, we get

(1), (1)
2 X+y dx /) 2y dx

_ 1 1 1 \dy
\/X+y Hx \Jxry Jy—x Jax

e N e =
(\/ﬁ.,.\/m) dx  dx \/y—x+ X+y

17. (a): Given, f(x) =x+ cos x

On differentiating, we get f'(x) = 1 - sin x

f'(x)> O for all values of x (. sin xis lying between -1 to 1)
f(x) is always increasing.

dx= _[seczxdx =tanx+C

COS2 X

=

dy

18. (a): We have,y=ax’>+b = o = 2ax
X

%]
v =2ax2=4a

19. (a): Here, q, =f—f,51 =2i+k
52:2?—12 and 52:?+}—I2
Now, d, —dy =(2i—k)~(i-j)=i+j-k

and b1Xb2=—l+3j+2k

|by xby| = (-1 +(3F +(2) = V1+9+4 =114
| _|(+]=k)-(i+3]+2k)

-0
J14 |

|(a2 dy)-(by ><b2
|by xb| | |
Hence, two lines intersect each other.

Two lines intersect each other, if they are not parallel and
shortest distance = 0.

S.D.=

~ Hence, the angle between @ and b is =
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dy - 20. (d): P(H;/E) > P(E/ H;) x P(H;)
d—+(secx)y=tanx, which is a linear |
X s

P(H; NE) _ .
W>P(EmH,-) = P(H;nE)(1-P(E))>0

= P(H,nE)>0
This leads to a contradiction 0 > O if H; " E = ¢ for any i.

21. Let M; and C; respectively denote the minor and
cofactor of element aj inA. Then,

3
M21=5 =6+10=163C21=—M21=—16
3 -2
OR
1 3
i Let A= o |Al=10-9=1%0
i 3 10
So, Al exists.
10 -3 10 -3
Now, adj A= = Al =—( djA)= .
-3 1 |A] -3 1
22. We have,
x3 y2 3
2x2 Syd—y 0|=0
dx

2 2
5x 2(yd—y+(d—”)) 0
dx2  \dx

Expanding along C;, we get

3 4x2{ a2y (dy) } 155 % | =0
a2 \d dx

2 2
= 4x2yd +4x2(dy) —15xy0’y

Y _o
dx2 dx dx

2y
i Now, highest order derivative is Z— So, itsorderis 2 and
‘ x2

degreeis 1.

23. Wearegiven, d=i —2k and b=—i+3k

i ]k
s axb=|1 3 =2
-1 0 3

=(9-0)i—(3-2)j +(0+3)k =9i — j + 3k

12+32=81+1+9 =91

OR
Let 0 be the angle between vectors d and b.

We have, |6|:|5|:\/§anda~5:—

|axb|=+/92+(—

cosf= a-b = cosf= -1 ——1
ll|b| V2x2 2
= CosO= cosz—TE = 9—2“
3 3
2n
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24. Since, the line is equally inclined to the axes.

'.I'.he required equation of line is
x+3 y-2 z+4
o
x+3 y-2 z+4
1 1 1
25. The sample space S associated to the given random
experiment is given by
S={(H,1),(H,2),(H,3),(H,4),(H,5),(
(T,4),(T,5),(T, 6)}and
Let the event B ={(H, 6), (T, 6)} and
A={(H,1),(H,2),(H,3),(H,4),(H,5),(H, 6)}

[using (i)]

= x+3=y-2=z+4

H, 6),(T,1),(T,2),(T, 3),

1
P(AnB) 12

Required probability = P(B/ A) =
equired probability = P(B/ A) PA)

2 2
2. Let1=[2X*2 4 |—j1+9/"

—dX = |I=|——
4
x*+81 X2+81

|=.[ f|.+9/X2 dx _J'

92
x2+(—) -18+18
X
Put x—gzt:>(1+12)dx:dt
X X

|:J- dt N |=J dt
t2+18 £2+(3v2)°

i tan—l (L) +C
3V2 32

= Izitanl(ﬂ—_9J+c

3V2 342x
27. We have,
X+3 z+4 2y-7 0 6 3y-2
4x+6 a-1 0 |=| 2x -3 2c+2
b-3 3b 2b+4 -21 0

Equating the corresponding elements of two matrices,
we get
x+3=0=>x=-3
z+4=6=>2z=2
2y-7=8y-2=y=-5
a-1=-3=>a=-2
b-3=2b+4=b=-7
2c+2=0=>c=-1
Thus,a=-2,b=-7,c=-1,x=-3,y=-5,z=2.
OR

3x+4y 6 x—2y 2 6 4
We have, =
at+b 2a-b -3 5 -5 -3

Equating the corresponding elements of two matrices, we

= I=

zZ+2c

get

3x+4y=2 ()]
x-2y=4 . (i)
a+b=5 . (i)

- 2a-b=-5
I=m=n i)
P Bx+4y+2x-4y=2+8

| Z~Ioge=|og
X

CBSE Champion Mathematics Class 12

. (iv)
Multiplying (ii) by 2 and then adding to (i), we get

= 5x=10=>x=2

From(i),3(2)+4y=2 = 4y=-4=>y=-1

Solving (iii) and (iv), we get

3a=0= a=0

From (iii),b=5

Hence,x=2,y=-1,a=0,b=5

28. We have, OA is inclined at 60° to OX and at 45° to
OY. If OA makes angle y with OZ.

Then, cos?60° + cos245° + coszy =1 [+ P+m?+n?=1]

= (1)2 +(i)2 +cos?y=1
2) \V2

| = %+%+coszy:1 = coszyzl—(1+1)

2 4

= COSZ’YZ% = COS’\{:%:COSéoO ,Y=6oo

Now, ﬁ=|ﬁ|(%?+if+ll?]

J2© 2
1

=10(%f+ﬁq+%k) =5f+5\/§f+5lA< [+ |OA|=10]
OR

Direction numbers of the line AB are

<3+2,-6-4,-8-7>ie,<5,-10,-15>ie,<1,-2,-3>

and direction numbers of the line AC are

<1+2,-2-4,-2-7>ie,<3,-6,-9>ie,<1,-2,-3>.

Clearly, direction numbers of the two lines AB and AC are

proportional, therefore these lines are parallel.

But the lines AB and AC have a common point A.

Hence, the points A, B and C are collinear.

29. Take Atobe as origin (0, 0, 0).

Coordinates of Bare (0, 1, 1) and coordinates of C are

(3.-1.4).

A(0,0,0)
jt+k 3?—?’+ ak

B(0,1,1) D C(3,-1,4)
Let D be the mid point of BC and AD is a median of AABC.

Coordinates of D are (%,O,g)

3 ¥ 5 Y
So, length of AD = (5_0) +(0)2+(§_o)

9 25 34 .
=,|—+—=——units.
4 4 2
30. Given, (ax+b)e”  =x = ¥ = X _
ax+b

Taking log on both sides, we get
X

ax+b




Practice Paper - 3

= leogx—log(ax+b)
X

Differentiating w.r.t. x, we get

dy
X'i_y'l_l_ 1 dy 5, ax+b-ax

dx _ . =z
x2 X ax+b :de Y x(ax +b)

dy ~ bx .
= X T ax+b A0

Differentiating again w.r.t. x, we get
2 b—bx-
(42 dy , dy_(ax+b)-b—bx-a
dx?  dx dx (ax +b)?2

Ay b ady ((bx )
dx2  (ax+b)? dx2 \ax+b

2 2
SN L —(x—dy —y)
dx

dx2
OR

(Using (i))

We have, x = a{cost +%Iogtan2%} andy =asint

= x:a{cost+%-2logtan%}:> x:a{cost+logtan%}

Differentiating w.r.t.t, we get

dx { .
—=day-sint+

sec2£ l} and—-=aqcost
dt

tant/2° 2 2

X . 1
= —=as-sint+
dt { 2$in(t/2)cos(t/2)}

dx . 1 dx —sin?t+1
= —=a{-sint+—} = —=a———
dt sint dt sint

dx acos?t dy dy/dt acost
= = LT TP tant
dt  sint dx dx/dt acos?t
sint
31. We have, (1+x2)3—y+2xy:4x2
X
dy  2x 4x2
= —+ SY=—>
dx  1+x 1+x
This is a linear differential equation of the form
dy 2x 4x2
—+Py=Q where P= and Q=
dx 1+x2 1+x2

_[Adx )
I.F.:ejpdx =e 17 =eloslltx)_ g 4,2
So, the required solution is given by
4x?

y(1+x2)=J1+ 3 (1+x%)dx+C
X

3
= Y(1+X2)=4jx2dx+C = y(1+x2):4%+c
Given that y(0) =0

0(1+0)=0+C=C=0
3

Thus, y = 3(4X is the required solution.

1+x2)

(. loge=1)

X
por —+==1
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1 -1 02 2 -4

. 32. AB=|2 3 4||-4 2 -4
0 1 2|2 -1 5
2+4+0 2-2+0 -4+4+0 6 00
=|14-12+8 4+6-4 -8-12+20|=|0 6 0|=61,
0-4+4 0+2-2 0-4+10 0 0 6
1 4 1 . .
= A ZB =l;=A :ZB (By definition of inverse)
1 2 2 -4
- Al==|4 2 -4
2 -1 5
The given system of equations is
x-y+0z=6
2x+3y+4z=34
Ox+y+2z=14

This system of equations can be written as
1 -1 0]«x 6 ]
2 3 4|y|=|34
0 1 2|z] [14]

orAX=C

X 6
whereX= |y [andC=| 34
Z 14

As A ! exists, therefore X=A1C

1”2 2 46
= X=2|-4 2 -4|34

12 -1 514
| x]  [12+68-56] [24] [4
= |yl=>|-24+68-56|==|-12|=| -2

6 6
z 12-34+70 48 8
= x=4,y=-2,7=8
Hence, the solution of the given system of equations is
x=4,y=-2,z=8.

33. The given problem can be written as

. Maximize Z = 50x + 40y

subject to constraints :
5x+ 6y < 38
3x+2y<18
x20,y20

Now, let us draw the
lines

I4:5x+6y=38

X y
or (38)+(19)_1
5 3
l,:3x+2y=18

y

6 9
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Lines I; and I, intersect at E(4, 3).

bounded.
Corner points of the feasible region are O(0, 0), C(6, 0),

E(4,3)and B (O %)

The value of the objective function Z = 50x + 40y at corner
points are given below:

At 0(0,0),Z=50x0+40x0=0

At C(6,0), Z=50x6+40x0=300

At E(4,3), Z=50x4+40 x 3 =320 (Maximum)

At B(O 139) Z=50x0+40x % =253.33

Clearly, the maximum value is 320 at point E(4, 3).
OR

The given problem is minimize Z = 5x + 7y

subject to constraints: 2x +y <8

x+2y>210andx,y 20

To solve this LPP graphically, we first convert the
inequations into equations to obtain the following line

li:2x+y=8,0r X, Y 4
4 8

X .y
I,:x+2y=10,or —+==1
2: XLy 105

Lines I, and I, intersect at C(2, 4).

Y

B(0,8) &
~
A(0,5) 4]
3
2
1 , E(10,0)
0 1234\’5 6 7 8 910\;,2 > X
1

The coordinates of the corner points of the feasible region
ABC are A(O, 5), B(0, 8) and C(2, 4).

The values of the objective function Z = 5x + 7y at the
corner points of the feasible region are given in the
following table.

Corner Points Valueof Z=5x+7y
A(0, 5) 5x0+7x5=35(Minimum)
B(0, 8) 5x0+7x8=56
C(2,4) 5x2+7x4=38

Thus, Z is minimum at point A (O, 5).
/2
34, Let I= '[ sin2x tan™(sinx)dx

0
/2

= j 2sinx cosx tanfl(sinx)dx
0

P> Xx=

CBSE Champion Mathematics Class 12

- Letsinx =t= cosxdx =dt

The shaded region OCEB is the feasible region which is Also, when x = 0, then = t=0 and when ng,

thent=1
1 1
. I:jzt-tan‘ltdt=2jt-tan‘1tdt

Integrating by parts, we have

1 1 2
AP o g
I—2|:Etan t} £2(1+t2)

o
1 2
:Z[Etan‘11—0:|—_[ tzdt
2 (1+t°)
~ [1 E]_Jt +1-1, —J( ]
2 4 (1+t%) 5 1+t2
L N 1) S LA L |
4 Il +1 o 4 "4 2
OR
2
dx
Let I= | ————
€ {x(1+x2)
EConsider, A, Bx+C

=—+
x(1+x2) x 1+x2
= 1=A(1+x2)+Bx+C)-x = 1=x*A+B)+Cx+A

On equating the coefficients of x%, x and the constant term
from both sides,weget A=1,B=-1andC=0

2, 2
I=£;dx+j 2dx

2 d

=[Iogx]f jl+x dx=log2- JX X

1
Putl+x*=t = 2xdx=dt

: Whenx=1,t=2andwhenx=2,t=5

121 1 5
|= Iog2—§_2[?dt =Iog2—§[log th

1 1 5\ 1 8
=log2—-—[log5-log2] —|pg2 =] (_) == (_)
2 0827751085 ) 7285

35. Let hbe height and x be the side of the square base of

! the open box.

Then,its area= x>+ 4 hx = ¢2 (given)
2 _y2
N h:C X
4x h
Now, V = volume of the box
2_x2 1 X *
:thzxz,u:_(czx_)@)
4x
dx 4 dx2 4

. - dv 2 2
For maxima or minima, put d—:O:x &
X

(.- x can’t be negative)

&lo
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2
V<O

For this value of x, —
dx?2

. . c . . .
= Vismaximum at x=— and its maximum volume is,

J3
1 c(z cz) 3 N
=—— cubicunits.
43 3 63

36. Let A be the event that Neelam is selected and B be

the event that Ved is selected. Then, we have, P(A) = %

1—%:% = P (Neelam is not selected)

V= 1x(c2 —x2)=
4

= P(A)=

P(B)= =

4
1 3

1-—===P(Vedis not selected)
4 4

P(A)-P(B)

= P(B)=

(i) P(bothareselected) = P(ANB) =

1
24

1
4
N B) = P(A)-P(B)
3
4

1
T
P(A
5
6"

(ii) P (both are rejected) =

>
8
(i)

P (only one of them is selected)
= P(An B) + P(A N B) = P(A)-P(B) + P(A)-P(B)
13,513 5 8 1
6 4 6 4 24 24 24 3
OR
P (at least one of them is selected)
5 3

1-2=2
8 8

37. (i) Since, side of square is of length 18 cm, therefore
xe (0,9).

=1-P(Botharerejected) =

x

X

18 - 2x

18 - 24|
18 - 2x|

18 - 2x

x
x

 We have, V = x(18 - 2x)2
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- (i) Clearly, height of open box = xcm
Length of open box = 18 - 2x

and width of open box = 18 - 2x

Volume (V) of the open box = x x (18 - 2x) x (18 - 2x)
(iii) We have, V = x(18 - 2x)?
Z—V =x-2(18 - 2x)(-2) + (18 - 2x)?
X
= (18 - 2x)(-4x + 18 - 2x) = (18 - 2x)(18 - 6x)
Now, d_V 0
dx

= 18-2x=0or 18-6x=0=x=9 or 3
Here x = 9 is not possible so, x = 3.
OR

andd—v =(18 - 2x)(18 - 6x)
dx

2
Z—V ~ (18 - 2X)(=6) + (18 - 6x)(-2)

X
= (-2)[54 - 6x + 18 - 6X]
= (-2)[72 - 12x] = 24x - 144

2
Forx=3, d—\2/<0

dx

So, volume will be maximum when x = 3.

38. (i) Here,oczsin_11 = sinoczlzsinE = a=30°
2 2 6

and B:tan‘l(\/ng = tanf= \/_—tan(é) = B=30°

. ZABC=180°-(30°+30°)=120°

. (i) Domain and range of tan™1x are (-0, %) and

iE respectively.
22

‘—*'
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General Instructions :

1. This question paper contains - five sections A, B, C, D and E. Each section is compulsory. However, there are internal

choices in some questions.

ok wbd

Section A has 18 MCQs and 2 Assertion-Reason based questions of 1 mark each.

Section B has 5 Very Short Answer (VSA)-type questions of 2 marks each.

Section C has 6 Short Answer (SA)-type questions of 3 marks each.

Section D has 4 Long Answer (LA)-type questions of 5 marks each.

Section E has 3 source based/case based/passage based/integrated units of assessment (4 marks each) with sub parts.

Time Allowed : 3 hours

(Multiple Choice Questions)
Each question carries 1 mark
1. If A and B are two independent events such that
P(Aw B) =0.6 and P(A) = 0.2, then find P(B).
(@ 02 (b) 0.3 () 05 (d) 0.7
2. Find the solution of the differential equation
dy
dx
(@) 3e'=x3+C (b) 3e'=x3+C
© 2e¥=x*+C  (d) 2e¥=x+C

= X2 e_y

0 a -3
3. Ifthematrix A=[2 0 -1| isskewsymmetric,then
b 1 0

find the value of ‘a’ and ‘b’.

(@) a=2andb=2 (b) a=-2andb=3
() a=2andb=-3 (d) a=2andb=-2
2tanx

4. Differentiate the function ———— w.r.t. x.
tanx+cos x

2tanx(secx+tanx)
(tanx +cosx)?

2(secx +tanx-sinx)
(tanx +cosx)?

8tanx(secx+tanx)
(tanx+cosx)>?

8tanx(secx+tanxsinx)

tanx +cosx

de

\/X2—X

(a) 2Jx+C (b) 2Jx-1+C
() 2Jx+1+C (d) 2Vx-2+C

(a)

(b)

(c)

(d)

5.  Evaluate: _[

6. If A and B are two events such that P(A) = 0.2 ,

10.

11.

12.

Maximum Marks : 80

P(B) = 0.4 and P(A U B) = 0.5, then find the value of
P(A/B).

(@) 0.15 (b) 0.25 (c) 0.35 (d) 0.45

The function f(x)=—tan " x+x is increasing on

(@) (-1,00) (b) (-o0,0)
(c) (- oo,00) (d) None of these

The area between the curve y = 4 + 3x - x® and x-axis is

6

(c) %sq.units (d) none of these

(a) 125 sqg.units  (b) 12T55q.units

Find the solution of y’ = y cot 2x.
(a) y=c+sinx (b) y=c+/sin3x
() y=c+cosx (d) y=c+/sin2x

Iff(x) =x* - 4x + 1, find f (A), WhereA:[i 3:|

!
(@) [(1) S] (b) [2 é]
I
jlox?(;:?::f(;%e 10 dx isequal to

(@) 10°-x°+Cc  (b) 10°+x¥*+C
(© (10*-x19"1+C (d) log, (10" + x99+ C

The function f(x)=|x—4] is

(a) continuousatx=4

(b) differentiable atx=4

(c) notdifferentiable atx =4
(d) Both (a)and (c)
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13.

14.

15.

16.

17.

18.

19.

20.

Area bounded by the curves y = sin x, the line

x=0and the line ng, isequal to
(b) 1sqg.unit
(d) 2sq.units

(@) msqg.units

(c) g sg. units
Solve the differential equation ? =1-Xx+y—xy.
X

x2 x2
(a) Iog|1+y|=7+C (b) Iog|1+y|=x+7+C

2 2
(c) logI1+yI=—x+X?+c (d) |og|1+y|=x_X7+C

A bag contains 3 white and 6 black balls while
another bag contains 6 white and 3 black balls. A bag
is selected at random and a ball is drawn. Find the
probability that the ball drawn is of white colour.

1 1 1 1
- b = = d) =
(a) 5 (b) 3 (c) 7 (d) z
2x3 - 6x+5isan increasing function, if
(@) 0<x<1 (b) -1<x<1
() x<-lorx>1 (d) —1<x<—%
10 8 d2y .
Lety=t"+1andx=t +1,thend—2|sequalto
X
(a) ét (b) 20t8
2
(c) i (d) None of these
16t¢

For what value of a, f(x) = -x> + 4ax®> + 2x - 5 is

decreasing VV x?

(@) 5 (b) 3

() O (d) Cannot say
ASSERTION-REASON BASED QUESTIONS

In the following questions, a statement of assertion

(A) is followed by a statement of reason (R). Choose

the correct answer out of the following choices.

(@) Both A and R are true and R is the correct

explanation of A.

Both A and R are true but R is not the correct

explanation of A.

(c) AistruebutRisfalse.

(d) Alisfalse butRis true.

(b)

Assertion (A) : If the relation R defined in A = {1, 2, 3} 3
29.

by aRb, if [a® -b?| <5, then Rt =R.
Reason (R) : For above relation, domain of R™! =
Range of R.

For any square matrix A with real number entries,
consider the following statements.

Assertion (A) : A+ A’ is a symmetric matrix.

Reason (R) : A - A’ is a skew-symmetric matrix.

21.

This section comprises of very short answer type

questions (VSA) of 2 marks each

Find the number of triplets (x, y, z) satisfying the

. P .1 P 3n
equation sin” " x +sin "y +sin Z—?.

22.

23.

24.

25.

333

OR
Let A be any non-empty set, then prove that identify
function on set Ais a bijection.

Find the value of tan (cos ! x) and hence evaluate

)

. x+1
Flnd'j(x+2)(x+3) X

Find a unit vector perpendicular to each of the vectors

d and b where a=5f+6jA—212 and 5=7?+61A'+2I2.
OR

Find co-ordinates of the pointsontheline x- 2 = ﬂ

= % which are on either side of the point

A(2, -3, -5) at adistance of 3 units from it.

A and B are two candidates seeking admission in a
college. The probability that A is selected is 0.7 and
the probability that exactly one of them is selected is
0.6. Find the probability that B is selected.

This section comprises of short answer type questions

26.

27.

| 28.

(SA) of 3 marks each

Write minor and cofactor of the element a44, a5 and
G2 013

Gy A3

a3y 433

a11
a3, of the determinant |a,,

a3
n/4

Evaluate: J dx

0 cos3x\/2$in2x

Ifx,y,z € [-1, 1] such that cos x+cos! y+ cos 'z=3m,
then find the value of xy + yz + zx.

OR
-1 -1 -1 3n
If cosec™ x + cosec™  y + cosec "~ z = —?, find the
X z
value of —+X+—.
y z X

Determine the values of a, b and ¢ for which the
sin(a+1)x+sinx
X

f(x)= c

Vx+bx% —Jx

, x<0

function x=0 may be

——— x>0
byx®
continuous at x = 0.
OR
If V1-x2+y1-y?=a(x-y), then prove that
dy _1-y?

dx J1_x2-
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3 1 4
30. If P(B) = = P(A|B) = ) and PAU B) = = then find
P(A U B)’ + P(A” U B).

31. Find the coordinates of a point on the line
x+2 y+1 z-3
3 2 2

the point (1, 2, 3).

at a distance of i units from

V2

OR
Find the vector and cartesian equations of the line
through the point (1, 2, -4) and perpendicular to the
two lines

F =(8i—19]+10k)+ M3i—16] +7k) and
F =(15i+29] + 5k)+ (37 +8j - 5k).

This section comprises of long answer type questions

(LA) of 5 marks each
32. Solve the following problem graphically.
Minimize Z= —X_, Y
1000 1000

subject to constraints :
0.1x+0.05y<50;0.25x+0.5y>200;x,y>0

OR
Solve the following problem graphically.
Minimize Z = 150x + 200y
subject to constraints :
6x+ 10y >60;4x+4y<32;x,y>0
33. Find the general solution of differential equation
dy _y(x+2y)
dx  x(2x+y)’

OR

Find the particular solution of the differential
equation (3xy + y2)dx + (x*> + xy)dy = Oforx = 1,y = 1.

34. If the shortest distance between the lines
Ll:x__lszi and Lz:ﬂ:X:ﬂ isunitY,
1 -1 2 2 2 A

then find the value of A.

xlog,t . .
dt.
110t Find the function
1

f(x)+ f(l)and show that f(e)+f(l)=—,
X e) 2

This section comprises of 3 case-study/passage-based
questions of 4 marks each. First two case study
questions have three sub-parts (i), (ii), (iii)
of marks 1, 1, 2 respectively. The third case study
question has two sub-parts of 2 marks each.

36. Case-Study 1 : Read the following passage and
answer the questions given below.
Three schools A, B and C organized a mela for
collecting funds for helping the rehabilitation of flood
victims. They sold hand made fans, mats and plates
from recycled material at a cost of ¥ 25,3 100 and

35. Forx>0,letf(x) =

37.
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¥ 50 each. The number of articles sold by school A, B,
C are given below.

School | A B C
Article
Fans 40 | 25 35
Mats 50 | 40 50
Plates 20 | 30 40

(i) If P be a 3 x 3 matrix represents the sale of
handmade fans, mats and plates by three schools
A, B and C, then find the matrix P.

(i) If Q be a 3 x 1 matrix represents the sale prices
(in %) of given products per unit, then find the
matrix Q.

(iii) If school A sold all the three articles, then what
amount is collected by school for funds?

OR

If all the three articles sold at ¥ 40 each, then find the
amount collected by school C?

Case-Study 2: Read the following passage and

answer the questions given below.

A mirror in the shape of an ellipse represented by
2 2

X_+Y_:1 was hanging on the wall. Arun and his
4

9
sister were playing with ball inside the house, even
their mother refused to do so. All of sudden, ball

hit the mirror and got a scratch in the shape of line

represented by X Y_q
3 2

(i)  Findthe point(s) of intersection of mirror (ellipse)
and scratch (straight line) on it.

(ii) Represent graphically the given equation of
mirror and scratch oniit.

(iii) Find the area of smaller region bounded by the
ellipse and line.
OR
. . . X2 y2
If the equation of the mirror is of the form =—+<—=1,
then find its area. 5 9
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38. Case-Study 3 : Read the following passage and |

answer the questions given below.

Two motorcycles A and B are running at the ‘

speed more than allowed speed on the road along
the lines F=A(i+2j—k) and 7=3i+3j+u(2i+]+k),

Detailed o 8V)j(e] )}

1. (c) : If Aand B are two independent events, then
P(AnB)=P(A)xP(B)
Itis given that P(AuB)=0.6,P(A)=0.2

P(AUB) = P(A) + P(B) - P(ANB)

= P(AuUB)=P(A)+ P(B) - P(A) x P(B)
= 0.6=02+P(B)(1-0.2)
= 0.4 =P(B)(0.8)
= pE)=22 o pE)=Llo0s
0.8 2
2. (a): We have, ﬂzxz e
dx

= e dy=x%x
. . x3
Onintegrating, we get e¥ = ?+ c’

= 3e=x3+C,whereC=3C

3. (b) : Since, matrix A is skew symmetric matrix.

A =-A (i)
0 a -3 0O 2 b
As A=[2 0 -1 A=la 0 1
b 1 O -3 -1 0
From (i),A+A’=0
[0 a -3 0 2 b
=12 0 -1|1+4|a O 1(=0
b 1 O -3 -1 0
[ 0 2+a b-3 0 0O
= |a+2 O 0 |[=|0 0 O
|b-3 O 0 0 0O
a+2=0andb-3=0 = a=-2andb=3
4. (b):Lety:&
tanx+cosx

Differentiating w.r.t. x, we get

| _2(secx+tanx-sinx)J

335

(i) If both the motorcycles unfortunately met with
an accident. Then, find the point of intersection
using given equation of lines.

(if) Find the D.R!s and D.C!s of line along which
motorcycle A is running.

dx )?

dy _ 5 sec? x(tanx +cosx)—tanx(sec? x —sinx)
(tanx +cos x

(tan x + cos x)2

Jx

X2—X

dx

5. (b):Leti:j

_\/; ¢ odx
_jJAX_”dx_jJX_1_2J§?1+c

6. (b): We have, P(A)=0.2, P(B) =0.4 and P(AuUB) =0.5
P(AnB)=P(A)+P(B)- PAUB)=0.2+04-0.5=0.1

P(ANB) 01 1

P(A/B) = =——=-=0.25
P(B) 04 4
7. (c): Given, f(x)=—tan 1 x+x
= f'lx)= -1 +1 = f'(x)= x? >0,VxeR
1+x2 1+x%2

f(x) is increasing in (-oo, ).

8. (a) : Wehave,y =4+ 3x - x%, a parabola with vertex at

(3
h 2v 4 .

Puttingy =0, we get x> - 3x-4=0
= (x-4)(x+1)=0= x=-1or x=4
4

Required area = J.(4+3X—X2)dx
21

32 2| 125
=|4x+——-—| =—= s@.units
1

2 31 6
9. (d): We have, y’ =y cot 2x
= d—y=ycot2x
X

L= d_y = cot 2x dx
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Integrating both sides, we get
LA Jcot 2x dx

= loglyl= % log |sin 2x| +logc
Iog|c\/sin2x|
= y=csin2x

0. (c) : We have, f(x) =
= f(A)=A"-4A+I

A2
A:[z 3} {2 3]

1 2 1 2

7 12 1
el 74 2 J
_[7 12] [8 12 1 0] [o
14 7 4 8o 170 o
11. (d) : Putting 10°+x* =t
= (10"log,10 + 10x")dx = dt

= loglyl=

9 X
J-10x +10 Iogelodxz‘[ﬂ
10% +x%° t

=log,t+ C =log,(10* + x0+C
12. (d) : |x-4|is continuous but not differentiable at x = 4.
y
(0,4)

(4,0)
13. (b) : Required area
/2 /2
- j(sinx)dx [—cosx]¥/? V\
0 ‘e
X<
=—[cos£—c050] }
2
=-[0-1]=1sq.unit
4. (d): We have, Z =1-x)1+y) = =(1-x)dx
X

dy x?
——=|(1-x)dx = log|1+y|=x——+C
1y Ja-x gll+yl=x-=
15. (a): Let E; be the event that bag | is selected, E, be the
event that bag Il is selected and E be the event that the ball

drawn is of white colour.
By rule of total probability,

13 16 9 1
P(E) = P(E,)-P(E|E,) + P(E,)-P(EIE,) == -=+=-— —==
(E) = P(E4)-P(E|E4) (2)”2)2929182
16. (c) : Letf(x)=2x3-6x+5
Differentiating w.r.t. x, we get f'(x) = 6x°-6

Since, it is increasing function.
= 6x*-6>0= (x-1)(x+1)>0=>x>1orx<-1

CBSE Champion Mathematics Class 12

i 17. (c) :Wehave,y=t©0+1x=t8+1
| dy dx
=10t’, — =8t’
dt dt
dy _dy/dt_10t 5,
dx dx/dt 8t/ 4
2
- 9y 5(2t)—=§ 2txi7=i6
dx? 4 8t’ 16t
-x3+4ax’+2x-5

18. (d) : - f(x) =

L fx )=—3x +8ax + 2

Slnce f(x) is decreasing V x, therefore
f'(x)<0

= -3x*+8ax+2<0

- From above, it is clear that decreasingness of f(x) will be
i depend on the value of a and x.

19. (b) : Assertion (A) :
R={(1,1),(1,2),(2,1),(2,2),(2,3),(3
R ={(y,x): (x, y)eR}
={(1,1),(2,1),(1,2),(2,
Reason (R) : Domain of R1=

2),(3,3)}

2),(3,2),(2,3),(3,3)}=
{1,2,3}

i Rangeof R={1,2, 3}

Hence, both A and R are true but R is not the correct
explanation of A.

20. (b): LetB=A+A’ then

B =(A+A)=A+(A)Y=A"+A=A+A’=B

Therefore, B=A + A’ is a symmetric matrix.

Now, letC=A-A’
C=A-A)Y=A-(AY=A"-A=-(A-A)=-C

Therefore, C= A - A’ is a skew-symmetric matrix.

Hence, both A and R are true but R is not the correct
explanation of A.

21. We have, sin'1x+sin'1y+sin'1z= —

T . T -7
—=<sinix<=,——<sin” y<— and —
2 2 2

22

The above condition will true if

T
T sinlz<X
2

. . . T
sin"Xx =sin"y =sin 1z=§:>x=y=z=1

i Thus, there is only one triplet.

OR
Theidentify functionl,: A— Aisdefined as I4(x) =xV x € A
Let x4, Xp €A, then I4(xq) = [4(X2) = X1 = X,
.. Iy is one-one or injective.
Let y € A be any arbitrary element, then there exists
x=y e Asuchthat, I4(x) =x=y .. I,isonto or surjective.

22. Let cos™*x = 0, then cosd = x, where 0 € [0, 7]

sind \/1 cos’0 \/1 x?

tan (cos ' x) = tan@ =

cos®  cosf X
' Hence, tan cosfl(i) =—V1_(8/17)2 B
i ’ 17 8/17 8
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23, Let]= [ X*1
¢ -[(x+2)(x+3)dx
Also let, x+1 = A + B
(x+2)(x+3) (x+2) (x+3)
= x+1=Ax+3)+B(x+2) (i)

Putting x = -3'in (i), we get
-B=-3+1=-2=B=2
Putting x = -2 in (i), we get
A=-2+1=-1

-1 1
=
J.(X+2)dx+2_|.(x+3)dx

=-log|x+2|+2log|x+3|+C

24. Given, G=5i+6j-2k and b=7i+6]+2k

~ ~ ~

i j k
Now, axb=|5 6 -2| =24i-24j-12k
7 6 2
. Unit vectors perpendicular to both G and b are given by
- axlz 4 24i-24j-12k
laxbl ~/576+576+144
12202k Lioi 5) gy
36 3
OR
The given line is X_2ZY+23:Z“2LS (D)

Let A(2, -3, -5) lies on the line.
Direction ratios of line (i) are 1, 2 2

-2 2
Direction cosines of line are = 3 "33 |
(i) may be written as XIZ = Y+23 = 225 i) |
3 3 3

Coordinates of any point on the line (ii), may be taken as

1r+2,_—2r—3,2r—5
3 3 3

1 -2 2
—[2r+2,25r-3,%-5
Let Q (3 3 3 )

Given |r| = r=+3

Putting the values of r, we have
Q=(3,-5,-3)orQ=(1,-1,-7)

25. Let p be the probability that B gets selected.

P(Exactly one of A, Bis selected) = 0.6 (given)

P(A is selected, B is not selected; B is selected, A is not

selected) =0.6

= PANB)+PA NB)=

= P(A)P(B’) + P(A") P(B) =

= (0.7)(1-p)+(0.3)p=0.6 = p=0.25

Thus, the probability that B gets selected is 0.25.

0.6

26, We have, |a,,

i Cofactorofa3=A3=

| -1 -1 -1 T T L
i = cosec "x+cosec "y+cosec z=|—=|*|—=IT|—=

337

d11 012 013

dpp 023
d31 dzp dgz
dyr a
. 22 O3
Minor of a;; =My = = 022033 — dp3d3)
d3p  dg3
d,, a
. 21 d22
Minor of aj3=M;y3= =0dp103 — Ap03
d31 dz
) a, a
Minor of a3y =Mz, = 12713 - Q12023 — A1302)
dyo O3

Also, cofactor of as; = Aqq = (-1)11 (050033 - a5303)
= 022033 ~ dp3037
(_1)1+3
= 031033 ~ dp2031
= - 3+1
Cofactor of az; = Az; = (-1)

(421037 - a2,031)

(a12023 - a13052)
= 012023 —A13022
n/4

dx
27. let |= | —0————=
i cos® x/2sin2x

_”'/[4 dx _1./[ dx
5 cos®x+2-2sinxcosx 2 0 U 1

cos2 x-sin2 x

11:/4

dx
2 7 1 1
5 7 1 1
cos? x-tan? x-cos? x

n/4
sec X

1
=§ E[ cos x\/tanx_ J. \/tanx

Put tan x = t = sec?xdx = dt

Alsox=0=t=0and x=g=>t=1

—j(1+t2)dt 1}t2+t2)olt [ﬁﬁm} _6
211/275/2) 5

28. We have, x,y,z e [-1, 1]
= -1<x<1,-1<y<1,-1<z<1

= 0<cos'x<mO0<costy<mO<coslz<n

Given, cos Ix+ cos'ly +cos’'z=3n
= cos x+ cos'ly +cos lz=mn+m+m
= cos x= T, cos'1y= T, coslz=n = x= -1y=-1,z=-1
xy+yz+zx=(-1)x(-1) + (-1) x (-1) + (-1) x (-1)
=1+1+1=3

OR

We know that the minimum value of cosec *x is - g which

is attained at x=-1.
-1 -1 1 _ 3n
cosec "X +cosec” 'y + cosec z——?

2 2
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-1 L% -1 s -1 T
= CcosecC X=—§,COSEC y=—§,cosec Z=—§

= x=-1y=-1z=-1

x,y,z_(1) (1) 1)
y z x (-1) (-1) (-1)
29. Here, f(0) =
LHL. atx=0
lim f(x)= lim sin(a+1)x+sinx
x—0" x—0" X
. (sin(a+1)x sinx)
= |im | ——————+—=
x—0" X X
. sin(a+1)x . sinx
= lim {————}-(@+1)+ lim — =(g+1)+1=a+2 |
x—0~ | (a+1)x x—0 X
RH.L.atx=0
. oAx+bx®=JIx . xW1+bx -1}
lim f(x)= lim = lim
x—0* x—0" b\/X73 x—0" bX\/;
_ (\/1+bx—1)x J1+bx+1
x—0" bx \/1+bX+1
1+bx-1 1
x=0* bx(N1+bx+1) Lot J1+bx+1 2

Now, f is continuous at x = 0 if
lim f(x)=£(0)= lim f(x)

x—0" x—0*

1
je,ifa+2=c= 1 =a= _E andc= P
2 2

Hence, for f (x) to be continuous at x = 0, we must have
3

a=-=,c=

5 %;bmay have any real value.

OR

We have, V1—x? +4/1-y? =a(x—y)

Letx=sinA,y=sinB

\/1—sin2A +\/1—sinzB =a(sinA-sinB)

= cosA+cosB=a(sinA-sinB)

B) (A—B) (A+B
cos| —— | =2acos
2 2
—B) . (A—B)
=asin
2
(A—B) A-B
= cot =a=
2 2
= A-B=2cotla
= sin"lx-sinty=2cotta
Differentiating w.r.t. x, we get

1 1 dy=0:> ﬂ:
J1-x2 \/1—y2dx dx

)S' (Azs)

= 2cos(AJr

= COS(

=cot la

=

= (BA-3)%+(21-3)2
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30 We have, P(B)=§,P(A|B)=% and P(AuB)=%
P(ANB)
. P(A[B)=
(A|B) PE)
— PANB)=PAB)IPEB) =~ xS=
275710
Since, P(A U B) = P(A) + P(B) - P(A M B)
pay=2 3,31
5 510 2
PAUB) =1-PAUB) :1-%:%

We know, P(A N B) + P(A” " B) = P(B)

[As AN Band A’ M B are mutually exclusive events]

= PAAB)=S_3 .3

5710 10
Now, P(A’ U B) = P(A") + P(B) - PA’ A B)
1,33 5163 4

2'5 10 10 5
PAUBY +P(A’ UB)= 2+ 2221
55 5

x+2 y+1 z-3

31. Given equation of line is > =3 =\ (say)
= x=3A-2,y=21-1,z=21+3
Coordinates of any point on the line are
(Bn-2,20-1,21+3) (i)
Let the distance between this point and (1, 2, 3) be o
- 2
units
6
(BA-2-1)?+(2A-1-2)?+(2A+3-3)2 =—
y V2

(202 = 36

= N2+ 9- 181 +402+9- 121 +4)%=18 = 1702 - 301 =0

= AM170L-30)=0 = k=0,%

Substituting the values of A in (i), we get the required

' pointas (-2, -1,3) or (56 43 111)

17°17° 17
OR
The given lines are

F=(8i—-19]+10k)+A(3i—16j+7k)

and F= (15f+ 29}+5I2) + u(3f+8}—5l§)
Equation of any line through (1, 2, -4) withd.r’'s I, m,niis
F=(i+2]—4k) + t(li+m]+nk) (i)
Since, the required line is perpendicular to both the given
lines. .. 3I-16m+7n=0and 3/[+8m-5n=0
| m n |

= = = = —

80-56 21+15 24+48 2

_m_
=3

n
6
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From (i), the required line is
r =(f+2}—4l2)+t(2f+3]+6l2)
Here, the position vector of passing point is
G=i+2]j—4k and parallel vector is b =2i+3]+6k

.. Cartesian equation is given by
x-1 y-2 z+4

2 3 6
32. The given problem is
Minimize Z= 4x +i
1000 1000
Subject to constraints:
0.1x+0.05y<50
0.25x+0.5y>200

x,y=>0
Convert the inequations into equations and draw the
graph of lines :

0.1x+0.05y = 50 ; 0.25x + 0.5y = 200

’x
1000% C(0, 1000)

900+
800
7007
600

OO_

A(0, 400) 400
3001

200B(400, 200)
1007
X’/ T T T T T T T T T T T T \X
0[100200 300400 508,600 700800
0.25x+ 0.5y =200

\ ’
Y

0.1x+0.05y = 50

Asx>0,y>0 .. Solution lies in first quadrant

Here, the shaded region is the feasible region. Now, we
find the value of Z at each corner point.

Corner Points Value of Z
A (0,400) 24 <«— Minimum
B (400, 200) 2.8
C (0, 1000) 6
Thus, Z has minimum value 2.4, when x =0 and y = 400
OR

The given problem is
Minimize Z = 150x + 200y
subject to constraints
6x+10y>60;
4x+4y<32;
x>0,y>0
Asx>0,y>0

Solution lies in first quadrant
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\ C(0,8)

B(5,3)

X
0(0.0) \‘\ 6x+ 10y > 60

Y 4x+4y<32
Convert the inequations into equations and draw the
graph of lines: 6x+ 10y =60;4x+4y =32
Here, shaded region is the feasible region.
Corner points of feasible region are A(0, 6), B(5, 3) and C(0, 8).

i Value of Z at these corner points are:

Corner Points Value of Z
A(9, 6) 1200 (minimum)
B(5, 3) 1350
(o, 8) 1600
- Thus, Zhas minimum value 1200 whenx =0 andy = 6.
33. We have, 9Y - Y{x+2Y) (i),
dx  x(2x+y)

which is a homogeneous differential equation.
d d
Putting y:vx:>—y:v+x—v
dx dx
Equation (i) becomes
dv  vx(x+2vx)

X— =
dx  x(2x+vx)

ﬂ_v(1+2v)_

dx  (2+Vv)

ﬂ_v+2v2—2v—v2

dx 2+v

dv v?-v 2+v dx

—_—= = — .ee i
= XdX 2+v '[vz—v Y J.X (")

2+v A B

Now, =—+

viv-1) v v-1

2+v _ Alv-1)+Bv

v(iv-1) viv-1)

= 2+v=(A+B)v-A

Comparing the coefficients of like powers of v, we get
A=-2;A+B=1

= -2+B=1=B=3
Equation (ii) becomes

J._—zdv+3.[idv= ax
v v-1 X
= -2logl|v| + 3log|v - 1| = log|x| + log|c|
(v-1° (y-x°_y?
=cx = =2=.cx
v2 x° x?

= (y-x°=cx®y? which is required solution.
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OR
We have, (3xy + y2) dx + (x* + xy) dy =0

dy _ 3xy+y® _ 3y/x+(y/x)?

dx x2+xy - 1+y/x

This is a homogeneous differential equation.
Puty=vx:>ﬂ=v-1+x-ﬂ
dx dx

Equation (i) becomes,

2,2 2

dv 3x-vx+vx 3v+v
V4 X—= =

dx X2 +X-VX 1+v

dv 3v+v2 —2vZ -4y
= X—=-V-—

dx 1+v v+1
_"2+1 x_o
2v- +4v X

Integrating both sides, we get
%Iogl 2v2 + 4v | +log| x|=logC’

= (2vZ+4v %X:C’
(2v*+4v)

|

2 1

= 2L+ﬂ x=C" = (2x2y2+4x3y)4 =C’
x> x

= 2x%?+4x% =C [whereC=(C)Y

Put x=1,y=1in(ii),wegetC=6

Hence, 2x2y2 + 4x3y =6

= x%?+2x% = 3is the required particular solution.

34. Thelines are x-1_ vy _z
-1 2
and ﬂzxzﬂ
2 2 A

Here,x;=1,y,=0,z;,=0
al=1 b1=-1 C1=2
X2——1 Yo = 022—3
y=2,b,=2,cp= A

Xp—Xq Yo—Y1 Z9—-Z4| [-2 0 3
Now, | a4 by ¢ |=/1 -1 2
a, b, Cy 2 2 i

=-2(-A-4)+0+3(2+2)=21+8+12=21+20

and (b1C2 - b2C1)2 + (C102 - C201)2 + (albz - azbl)z

=(-A-4)2+(4-1)2+(2+2)?
=A2+16+8L+ 16+ A% - 8L+ 16=2)2+48

Shortest distance between lines = %
= 22+20= 27\124‘48 2\°+48

= 422+400+801=2)\2+48
= 2A%2+800L+352=0=A%+40A+176=0

=1 [Given]
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_ -40£,/1600-4(1)(176) _ —40++v1600-704
2 2

_ —40£+896 —40+2\/22
2

= -20++/224 units

X
35. We have, f(x)= [ .26 'Oge loget 4 00
1

1/x
= f(1)= J.Iog—etdt

X 1 1+t

Let t= 1 Then, dt= —izdu.
u u

{ Whent=1=u=1;when tzlzlzlzu:x
X

u x

X
f(l):'[loge(ll/u)x—_zldu
X1 14= U

u

= (3

1) 7 log,t .
= f(?)_{(nt)tdt (i)

Adding (i) and (ii), we get
1)_7[log.t  log,t
f(X)+f(x)_H 1+t +(1+t)t}dt

S fix )+f(1) j'°ge (1:t)dt:>f(X)+f( ) 5t
1

X 1+t

1 log, 1
f(x)+f(—)= J vdv,wherev=log,tand ?dt =dv
X
1

| 2 loge X
= f(X)+f()1()=|:v:| =1(Ioge X)Z—O:%(Iogex)2

2l 2

Putting x = e, we get

2
f(e)+f(%)=—(logee) 1

2 2
Fans Mats Plates
Al40 50 20
36. (i) Clearly, P=B|25 40 30
C|35 50 40 25 TFans
(if)  Since, Qis a3 x 1 matrix. Therefore, Q=| 100 |Mats
50 |Plates

(iii) Clearly, total amount collected by each school for
funds is given by the matrix
40 50 20| 25 1000 +5000+1000| |7000
PQ=|25 40 30100 | =| 625+4000+1500 |=|6125
35 50 40| 50 875+5000 + 2000 7875

Thus, amount collected by school A is ¥ 7000.
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OR
40 50 20|40 1600 2000 800 4400
Now, [ 25 40 30|[40| =] 100 1600 1200 |=| 3800
35 50 40| 40 1400 2000 1600 5000
Thus, amount collected by school Cis ¥ 5000.
2 2
R X° y .
37.(i) G , —+—=1
(i) Given 5 + I (i)
and X4+¥ -1 (i)
3 2

On solving (i) and (ii), we have the point of intersection as
(3,0)and (2, 0).

(iii) Area of smaller region bounded by the mirror and
scratch

3 3
:%j\/9—x2dx—2f(1—%)dx =li-1
0 0

3 3
Now, I, = gJ.\/9—x2dx =2J (3)% —x2dx
30 3o

- 3
%X\/‘?— X2 +%sin‘1 (%)}

0

20+ Jsin Lo 2o o)
k2\/6+25|n (1) 2(O) 2S|n (0)

L2 2

= 3 X X2 ¥
Letl, _ZI(l—)dx=2|:x—]
AR 6

WIN WIN WIN
r

’9fq_§£ T

| _12[ 25

> o h=0 1)
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=2(3_2_0_O)=2X§=3 I2=3 (2)
: 6 2

From (1) and (2) we have

=@_3=3(g—1)sq.units-

2
OR
2 2 2 2

X°y y X 3 2
We have, —+*—=1 I -1-== =+24/25_
e have 25+ 5 = 5 T =y z X

5 5
3
Required area = 4_[de 4_[§ 25-x2 dx
0 0

5
22X o5 2 4 i |
0

512 2 5

5
=15 1 sq. units

0+?xsin‘11—0] =£[25 n] 12><2—25><

DT 22 r
5L2 2] 5 2

38. (i) Given equation of lines can be written in cartesion form

=%=_i (A say) (1)
-3_y-3_z
2 o g e -

Any point on (1) is (A, 2A, -A) and point on (2) is (2u+ 3, u+ 3, 1)

Both the lines will intersect iff these two points coincide.
A=2u+3 (i)
2L=u+3 (i)
A=p

On solving above equations, weget A =1,u=-1
Point of intersectionis (1, 2, -1).

(ii) Clearly, D.R!s of the required lineare<1,2,-1 >

D.C’sare
1 2 1
< , , >
12422 1(c1)2 124221 (<1)? 124224 (-1)2

ie <ii__1>
RRNIRNEINTS
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General Instructions :
This question paper contains - five sections A, B, C, D and E. Each section is compulsory. However, there are internal

1.

S

choices in some questions.

Section A has 18 MCQs and 2 Assertion-Reason based questions of 1 mark each.

Section B has 5 Very Short Answer (VSA)-type questions of 2 marks each.

Section C has 6 Short Answer (SA)-type questions of 3 marks each.

Section D has 4 Long Answer (LA)-type questions of 5 marks each.

Section E has 3 source based/case based/passage based/integrated units of assessment (4 marks each) with sub parts.

Time Allowed : 3 Hours

(Multiple Choice Questions)
Each question carries 1 mark

The sum of the vectors 6z?—2j+l?, B:—2f+4f+5l2
and c=i—-6j-7k s
(a) 4j-k

~

(b) —4j—k

(€ 4j+k d) —4j+k

Suppose that five good fuses and two defective ones
have been mixed up. To find the defective fuses,
we test them one-by-one, at random and without
replacement. What is the probability that we are

lucky and find both of the defective fuses in the first

two tests?
1 1
el b —
(a) 1 (b) 1
1 1
= d) —
(c) 0 (d) 23
If lines x-1_y-2_z-3 and x-1_y=5_z2-6
-3 2k 2 3k 1 -5
are mutually perpendicular, then find the value of k.
-10 -11
- b) ==
(a) 7 (b) 7
-13 10
i d) =
() > (d) -
2x:x>3
Let f: R — R be defined by f (x) = {x?®:1<x<3.
3x:x<1

Findf (- 1) +f(2) +f(4).

(@) 7 (b) 8
() 9 (d) 10

10.

Maximum Marks : 80

Evaluate:‘[d—x

V1-2x—x2
(a) sin—1%+c (b) sin—l(l%()+c
(c) cos—1%+c (d) cos—l(%)+c

If y = ae* + be™ + ¢, where a, b, c are parameters, then
y’isequal to

(a) ae*-be™
(©) -(ae*+be™ (d)

sin—1 (%) +2cos™1 (%) +4cot? (%) is equal to

13n T 47 3n
o (b) 3 (c) 3 (d) 7

(b) ae*+be™
ae* - be

(a)

Evaluate: I(Ztanx —3cotx)2dx
(a) -4tanx - 9cotx - 25x+C
(b) 4tanx - 9cotx - 25x+C
(c) -4tanx+ 9cotx+25x+C
(d) 4tanx+9cotx+25x+C

The function f(x)= Iog(1+x)—22TX isincreasing on
X

(@) (-1,00) (b) (-e0,0)

(c) (oo 00) (d) None of these

The area of the region bounded by the linesy = x + 1

andx=2,x=3is

9 7
a) = sg.units b) = sqg.units
(a) 5 s (b) 5 sa

(c) 1—215q.units (d) %sq.units
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11. The degree of the differential equation

12.

13.

14.

15.

16.

17.

18.

dx? dx
(@) 2 (b) 1
(c) 3 (d) None of these

If @ b,¢ are the position vectors of points A, B, C

respectively such that 54— 3b-2¢=0, then find the
ratio in which C divides AB externally.

(@ 1:3 (b) 2:5 (c) 3:5 (d) 5:2
Domain of cos™ ![x] (where [ ] denotes G.I.F.) is
(@) [-1,2] (b) [-1,2)

() (-1,2] (d) None of these

Ify =log,ox + log,y, then Z—Y is equal to
X

(a) ny1 (b) %
(c) Iog%e(ﬁ) (d) None of these

Let R be a relation on the set N of natural numbers
denoted by nRm < n'is a factor of m (i.e.,n | m). Then,
Ris

(a) Reflexive and symmetric

(b) Transitive and symmetric

(c) Equivalence relation

(d) Reflexive, transitive but not symmetric

Evaluate:j(ex'°ga+ealogx+ea|oga)dx

aX xa+1
+
loga a+1

+a9x+C

(a)

aX Xa+1
+

a-1
aX x4
+
loga a+1

(b) +axa+C

loga

+ax9+C

(c)

aX xa+1
+
logx a+1

+a9x+C

(d)
If f is a real-valued differentiable function satisfying
If(x) - fly)| < (x - y)%, x,y € Rand f(0) = O, then f(1) equals
(@ 1 (b) 2

© O d -1

The order of the differential equation whose general
solution is given by

y=(C; +C,)cos (x+Cg)—C,ex*Cs

where C4, Cy, C3, Cy4, Cs are arbitrary constants, is

P21 If A:|:

343

(b) 4
d) 2

ASSERTION-REASON BASED QUESTIONS
In the following questions, a statement of assertion (A)
is followed by a statement of reason (R). Choose the
correct answer out of the following choices.
(a) Both AandR aretrue and Ris the correct
explanation of A.
(b) Both A and R are true but R is not the correct
explanation of A.
(c) AistruebutRisfalse.

(d) Aisfalse but Ris true.

19. Assertion (A) : The unit vector in the direction of

sum of the vectors f+}+l2,2f—j—l2and2}+6l2 is

—;(3?+2}'+612).

a

lal

Reason (R) : Let a be a non-zero vector then isa

unit vector parallel to a .
20. Let E; and E, be any two events associated with an
experiment, then
Assertion (A) : P(E;) + P(E,) < 1.
Reason (R): P(E,) + P(E,) = P(E; U E,) + P(E; N Ey).

This section comprises of very short answer type
questions (VSA) of 2 marks each.

5a

3
of 5a+b.

-b
5 } andAadjA= AAT then find the value

OR

|fA=2 3 and B= 1 _z,thenﬁnd(AB)'l.
1 -4 1 3

i 22. Prove that the area enclosed between the x-axis and

the curvey =x?- 1is % sg. units.

23. If G=2i+3]j—k and b=i+2j+3k, thenfind dxb

and |axb].
OR
Prove by vector method that the area of AABC is
a?sinBsinC
2sinA

24. Find the vector equation of the line passing
through the point A(1, 2, -1) and parallel to the line
5x-25=14-7y =35z
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25. Arandom variable X has the following distribution.

X
P(X)

1
0.15

2
0.23

3
0.12

4
0.10

5
0.20

6
0.08

7
0.07

8
0.05

For the event E = {X is prime number} and F = {X < 4},
find P(E U F).

This section comprises of short answer type
questions (SA) of 3 marks each.

cos6

2. : sin® '
—sin® coso

Find the inverse of matrix {

OR
2 40 14
Given Az[3 9 6:|andB= 2 8
1 3

Is(AB) =B'A"?

2
27. Ify = sin”x, then show that (1 —xz)d—y - xd—y =0.
dx?2 " dx
OR

If f(x) is continuous at x = 0, where

forx>0
,then find f(0).
, forx<O

sinx
——+COSX,

fx) =4 *
4(1-VJ1-x)
X

1
Evaluate : jtan—lx dx
0

28.
29. Find the solution of the differential equation
dy _y(1+x)
dx x(y-1)

OR

If % =sin(x +y) + cos(x +y), y(0) = 0, then find
X

tan (ﬂ)
2

A vector r has magnitude 14 and direction ratios 2,
3, - 6. find the direction cosines and components of

30.

¥, given that ¥ makes an acute angle with X-axis.

31. Find the foot of perpendicular from the point

4-x =X=u. Also, find the
2 6 3

perpendicular distance from the given point to the

line.

(2, 3, -8) to the line

CBSE Champion Mathematics Class 12

. This section comprises of long answer type questions
(LA) of 5 marks each.

32. Solve the following LPP graphically.
Maximize, Z = 150x + 250y
Subject to the constraints, x + y <35
1000x + 2000y < 50000; x,y >0
OR
Find the number of point(s) at which the objective
function Z = 4x + 3y can be minimum subjected to
the constraints 3x + 4y <24,8x + 6y <48,x<5,y<é6;
X, y=0.

1

fA=|? 3| B
1 -4 -1

(AB)1=B1AL

i 33. _32], verify that

34. Find: jsin3x cos~dx
2
OR
1

dx
sin% x + sin? x cos? x + cos# x

Evaluate: J

35. Showthat y=log(x++/x2 +a2?)?2 satisfies the

dy  dy

dx? ”&

This section comprises of 3 case-study/passage-based
questions of 4 marks each. First two case study
questions have three sub-parts (i), (ii), (iii)
of marks 1, 1, 2 respectively. The third case study
question has two sub-parts of 2 marks each.

differential equation (x2 +a2) =0.

| 36. Case-Study 1 : Read the following passage and
answer the questions given below.

In the math class, the teacher asked a student to
construct a triangle on a black board and name it as
PQR. Two angles P and Q were given to be equal to

tan-1 (%) and tan-1 (%) respectively.
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(i) Findthe value of cos (P+Q+R).
(if) Find the value of cosP + sinP.
(iii) Find the value of sin?P + sin’Q.
OR
If P = cos ! x, then find the value of 10x2.

37. Case-Study 2 :
answer the questions given below.

Read the following passage and

A night before sleep, grandfather gave a puzzle to
Rohan and Payal. The probability of solving this
specific puzzle independently by Rohan and Payal are

1 1
— and = respectively.
5 3 p Y.

J

(i) Find the probability that both solved the puzzle.

(if) Find the probability that puzzle is solved by
Rohan but not by Payal.

(iii) Find the probability that puzzle is solved.

Detailed B<{o]R88a)[0] i

5. (b):Wehave, |=

1. (b)
G=i-2j+k, b=-2i+4j+5k, c=i—6j—7k

Required sum =d+b+¢
=(i—2j+k)+(~2i+4]+5k)+(i—6]-7k) =— 4] —k.
2. (a) : Let D4, D, be the events that we find a defective
fuse in the first and second test respectively.

Required probability = P(D; n D5)

: The given vectors are

21 1
—P(D,)-P(D,, |Dy) == . ==~

(D,)-P(D,|D,) = 5= 21
3. (a) : Lines X°1o¥=2_2-8 4 x-1_y-5_z-6

= an
-3 2 2 k 1 -
will be perpendicular if aja, + b1b, + c1c, =0
= -3(3k)+2k+2(-5)=0
= -9k+2k-10=0
=

.10
7
4. [c) : Clearly f(-1) = 3(-1) =-3;
f(2)=(2)*=4andf(4)=2(4)=8
f(-1) +f(2) +f(4)=-3+4+8=9
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OR

Find the probability that exactly one of them
solved the puzzle.

38. Case-Study 3 :
answer the questions given below.

Read the following passage and

A concert is organised every year in the stadium
that can hold 42000 spectators. With ticket price of
T 10, the average attendance has been 27000. Some
financial expert estimated that price of a ticket should

be determined by the function p(x)= 19——
3000’

where x is the number of tickets sold.

R

(i) Findthe range of x and revenue R as a function of x.

(if) Find the value of x for which revenue is maximum.

dx
X2 +2x)
dx

—(1+x)?

=J- dx
J2-(x2+2x+1)

jJi—(

3 dx _
) J\/2—(1+x)2 J\/(@2

Put 1+x=z = dx=dz

L= _[ =sin~1 +c = sin~ (“—X)+c
/\/_)2 72 J2
6. (a): Given,y=ae"+be™+c
Differentiating w.r.t. x, we get

y’=ae‘ - be™
7. (a): sin” ()+2cos ( +4cot” ( )
L2n 4 _13n
6

7t41c

L B R on
6 3 3
8. (b) : We have, _[(2tanx—3cotx)2dx

= f(4tan2 X+9cot?2 x —12tanx cotx)dx
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= J.{4(sec2 x—1)+9(cosec2x —1)-12} dx

= _[(4sec2 X +9cosec?x —25)dx

=4tanx-9cotx-25x+C
9. (a) : Given, f(x):log(1+x)—i
2+x
_ 2
1 (2+x)2-2x s F(x)= X

1ex (2+x)2 (x+1)(x+2)2

Clearly, f’(x) > O for all x > -1, hence f(x) is increasing on
(-1, 0).

10. (b) : Wehave,y=x+1andlinesx=2,x=3.

Points of intersection are A(2, 3) and B(3, 4).
Required area of the

= f'x)=

3
shaded region :J(x+ 1)dx

N

Degreeis 2.
12. (c) : Given, 54-3b—2¢=0=2¢=5d-3b
5i-3b 5d-3b 3b-5d
2  5-3  3-5
So, C divides AB externally in the ratio 3: 5.

13. (b) : Clearly,-1=<[x]=<1
= -1=x<2=xe[-1,2)

= C=

14. (c) : We have, y = logo x + log,y

O g e 100 L O ey )
dx x y dx dx X y-1
15. (d) : Reflexive:n|nforallneN .. Risreflexive.
Symmetric: 2 | 6 but 6 does not divides 2

R is not symmetric.
Transitive : Let nRm and mRp
= n|mandmip

= n|p = nRp.So, Ris transitive.

16. (a) : We have, J(exloga +edlogx 4 galoga) dx

= J.(elogax + elogx“ + eloga“ )dX

= I(ax + X9 +a9)dx [- elost =]
X a+1
=J.axdx+J.xadx+‘[a“dx -4 +X +a9x+C
loga a+1
17. (c) : Since, Iimws lim|x—-y]|

XY |X —y| X=Yy

32422462 944436 7
‘ Hence, Assertion is false.
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= |f'(y)|<0 =f’(y)=0 = fly) = constant
As f(0)=0=fly)=0 =f(1)=0

18. (c) : The given equation can be written as
y = Acos(x + C5) - Be*
where A=C, +C,andB=C,e%s
So, there are three independent variables, (A, B, Cs).
Hence, the differential equation will be of order 3.
19. (d) : Sum of the given vectors
=(i+j+k)+(2i—j—k)+ (2] +6k) =3i+2j+6k

The unit vector in the direction of the sum of the
given vectors

_ 3Bi+2j+6k  3i+2j+6k :1(3f+2}+6f<)

a
|al
Reasonis true.

Also, is a unit vector parallel to a.

20. (d) : Reason is a standard result. It is addition
theorem of probability. However, the first result is untrue

i aswe can have

P(E;) + P(E,) > 1

For example, when a dice is rolled once and
E,:‘anumber < 5’ shows up,

E,:‘anumber > 1’ shows up

4 2 5
then P(E,)=—== and P(E,)=—.
(E,) 5=3 (E,) 5

Here, P(E4) + P(E,) > 1.
Hence, A is false but R is true.

5a —b|[5a 3
21. We have, AAT =| 27 a
3 2(-pb 2

15a-2b 13

506 -bl[2 b1 [10a+3b 0
and A-(adjd)=| " B
3 2/-3 54 0  10a+3b

| _|:25az+b2 15a—2b]

-+ A-(adjA) =AATis known, so equating the two expressions,
we get

15a-2b 13 0 10a+3b

We have, 10a+ 3b=13and 15a-2b=0
Onsolving,wegeta=2/5andb=3
Thus,5a+b=2+3=5.

[25a2+b2 150—2b}_|:10a+3b 0 ]

OR
Given, A= 23 andB= 1=
1 -4 -1 3
Now, AB= 2 3|1 -2 _ -1 5
11 —4]|-1 3 5 -14
-1 5
|AB|= =14-25=-11%0
5 -14
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_1__
(AB) ~TAB] [adj(AB)]

_-1|-14 5] 1|14 5

_H[ -5 —1}H[ 5 1}
22. The equationy =
with vertex at (0, -1).
It cuts x-axis wherey =0
ie,x*-1=0= x=t1
1

J (x%—1)dx
-1

(AB) lexists. .-

x% - 1 represents a upward parabola

Required area =

X3 :|1 1
5 M

=‘%(1+1)—(1+1)

Y/

= Z—2 =i sg. units
3 3

23. Given, G=2i+3j—k and b=i+2j+3k

ik
Now, dxb=[2 3 -1
1 2 3
= (9+2)i—(6+1)j+(4-3)k=11i-7]+k.
 1axh|=y(112 +(=7)2 + (12 =171
OR
Area of the triangle ABC
= §|BC><BA| = —IacsmBnI
A
= 1ac5|nB= 1aLsmB sinC
2 2 sinC
1 a c b
= —g——sinBsinC [By sine rule]
2 sinA
_a 2sinBsinC B a ¢
2sinA
24. Vector equation of the line passing through

(1,2, -1) and parallel to the line

5x-25=14-7y=35z

x=5 y-2 z Orx—5:y—2=£

"1/5 —1/7 1/35 7 -5 1

is F=(i+2j—k)+M7i—5]+k).

25. Clearly, P(E)=P(X=2)+ P(X=3)+P(X=5)+P(X=7)
=0.23+0.12+0.20+0.07=0.62

P(F)=P(X = 1) + P(X = 2) + P(X = 3)
=0.15+0.23+0.12=0.50

P(ENnF)=P(X=2)+P(X=3)=0.23+0.12=0.35
P(EUF)=P(E)+P(F)-P(ENF)

=0.62+0.50-0.35=0.77.

ie.

26, Let A=| 059 sin®
—sin@ cos0O
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0 sind
|A|= cc‘)s °n =cos?0+sin’0 =1,V 0
—sin® cosH
Since, |A|20 . A lexists
adjA- cc?se sin® _ cc‘>se —sin®
—sin® cos6 sin@  cosO
A—1=iade=l c?se —sin@ _ cc‘)se —sin@
|A] 1[ sin® cosO sin®@  cosB
OR
2 4 0 14
Wehave,A:|:3 N :| andB=|(2 8
2x3
) 13 3x2
s Now, AB = 2+8+0 8+32+0 _ 10 40
3+18+6 12+72+18| |27 102
10 27
= (ABY = . (i)
40 102
1 2 1 23
| AIso,B’:|:4 3 3:| andA’=|4 9
‘ 2%3
) 0 ¢ 3%x2
BIA = 2+8+0 3+18+6 | (10 27 (i)
8+32+0 12+72+18 40 102
From (i) and (ii), we get, (AB) = B'A’.

27. We have,y =sin “1x.
On differentiating w.r.t. x, we have

dy _ /—2
I '—1 = 1-x

Again, differentiating w.r.t. x, we have
d 5 dy
J1-x2. =2 (=0
dx( dx)

= B e i)

[1—x2. d_y_ﬂ 2x =0
dx2 dx 2. [1_x2

dy . dy_

= (1-x2)—=%-x

dx2 " dx
OR
Since, f(x) is continuous at x = O, therefore

f(0) = Iingﬁf(X)= Iingj(X) (i)
(4(1—\/1—)()]
X

lim f(x)= lim

x—0~ x—0

= 41lim (MJ=4 lim (;)
x—0{ x(1++1-x) x=0\ x(1++1-x)

=4( 1 )=i=2
+1)) 2

From (i), we get f (0) =
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1 1
28. Let I=J.tan—1xdx = jtan—lx-ldx
0 0
1oa 1
= [tan " x-x]y — -X dx

0 '([1+ 2

1
T 17 2x .
=P o)== i
(4 ) 2£1+x2 XT3 {)

Consider I, :_[ 2
01+

Putl+x%=t
= 2xdx=dt
Whenx=0,t=1andwhenx=1,t=2

2

. Ilzj% dt=[logt]} =log2 -log1=log2 (i)
1

= I:E—Iog\/i
4

dy _y(1+x) N y-1 dy = 1+x dx

dx x(y-1) y X

= j(1—%)dy = j(%+1)dx+c1

[From (i) and (ii)]

29. We have,

= y-logly|=log|x| +x+C;=x-y+log|xy| =
(where C=-C,)
OR
Substitutex+y=z = — dy E 1
dx dx
So, given equation becomes
dz .
— =1+sinz+ cosz
dx
= .[dx = ‘[Lzll (say) i)
1+sinz+cosz
Now, I; =I dz 5
2tan(z/2) + 1-tan“(z/2)
1+tan(z/2) 1+tanz/2
o _J(1+tan2(z/2))dz _ljsec2 (z/2)dz
1) 21 +tan(z/2) 172014 tan(z/2)

Substitute tan % =t,we get
dt

t+1
Now, from (i), we have

Iq= =ln(t+1)+c

= In(l+tanx—+y)+c
2
x=0,y=0=¢=0 = €&- 1-tan(xzy)
30. Let r=at+b1+ck

Also, —
3 -6

N

= a=2kb=3kandc=-6k -
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F =k(2i+3j—6k)

- Now, [f|=14
= 4k>+9k>+36k*=196
= 49k*=196 = k*=4
= k=2[. T makesan acute angle with X-axis]
F=4i+6j-12k
Now, ;:;:4I+6J—12k gﬂ EA_éIA(
IFl 14 777
Direction cosines are Z § _—6
77 7
‘ and components of F:4f, 6]’, —12k.
31. We have, equation of line as 4-x :X:E
2 6 3
x-4_y_z- 1-% anddr’s are -2, 6, -3.
-2 6 -3

= x=-2A+4,y=6landz=-3A+1
If the coordinates of L be (4 - 2A, 6\, 1 - 3A) and P be

i (2, 3, -8) then direction ratios of PL are proportional to

(4-21-2,6A-3,1-31L+8)ie,(2-2\61-3,9-3A).

Since, PL is perpendicular to given line
-2(2-20)+6(6L-3)-3(9-31)=0

= -4+4)0+36A-18-27+91=0

= 490=49 = A=1

Hence, the coordinatesof Lare (4-2,6,1-3)i.e., (2,6,-2)

Now, PL=1/(2-2)2 +(6—3)2 +(-2+8)?

= J0+9+36 =35 units

32. The given problem is

Maximize , Z = 150x + 250y

Subject to the constraints
x+y<35x+2y<50andx,y>0

To solve graphically, we convert the inequations into

equations to obtain the following lines :
x+y=35x+2y=50,x=0,y=0

The point of intersection of these lines is (20, 15).

Let us draw the graph of these lines as shown below.

The feasible region is the shaded region. We observe that
the region is bounded.

The corner points of the feasible region OBED are O(0, 0),
B(35, 0), E(20, 15) and D(0, 25).

- The value of the objective function at corner points of the
| feasible region are:
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Corner points Value of Z= 150x+ 250y
0(0,0) 0
B(35,0) 5250
E(20, 15) 6750 (Maximum)
D(0, 25) 6250

Clearly, Zis maximum at x = 20, y = 15.
OR
The given problem is minimize z = 4x + 3y
Subject to the constraints 3x + 4y <24, 8x + 6y <48,x<5,
y<6;x,y>0

To solve graphically, we convert the inequations into
equations to obtain the following lines :
Letl;:3x+4y=24,1,:8x+6y=48,l53:x=5,l,:y=6,

For B: Onsolving |, and I5, we get B(5, 4/3)

For C: Onsolving I; and [, we get C(274 274)
Ya
I3
A
8% H(0,8)
F(0, 6) 7'&
+5 >,
5--
41 C
3--
2--
11
o\ 8.9
X gt I\g:
V12343 60 é\g
Y v

From the graph it is clear that Shaded portion OABCD
is the feasible region, where O(0, 0),

C(24 24) nd D(O, 6) are
7 7

Corner points Value of Z=4x+ 3y
0(0, 0) 0 ( Minimum)
A(5,0) 20
4
Bl 5,—
[55) 24
24 24
Cl—,—
(3%) 24
D(O, 6) 18
33. Here, A= 23 andB= 1 -2
1 4 -1 3
= |Al=-11and|B|=1

-4 2
Aflziadez 1 “3londto|
|A| 11]-1 2 11

A(5, 0), B(5, 4/3), |

349

_32(1)—4 —3_( 1)—14 -5 0
11 1|Vt )j-1 2| VU11)] 5 1
NowAB -2 S| T 2t 3

1 -4|]-1 3 5 -14
= |AB|=14-25=-11

1\[-14 -5

=(AB —1=(——) (i

(AB) 11 [_5 _J (ii)
From (i) and (ii), (AB) =B 1AL
34. -» We know that sin 30 = 3sin0 - 4sin®0
3s5in6—sin30

4

= RHS.=B'AT

L.H.S.

- sin°@=

3sinx —sin3x

Now, _[sin3xcos%dx=j )

~cos£dx
2

= E_[sinxcosidx - 1_[5in3xcos£dx
4 2 4 2

= ngsinxcosidx - 1J.ZSin(?.xcos{dx
i 8 2 8 2

3](. 3x .
=—|| SINn—+SsIn
8 2

5)dx - lj(sin7—x + sins—x) dx
2 8 2 2

[ 2sinAcosB=sin(A+B) +sin (A - B)]

= gJsina—xdx + EJsinidx - 1Jsinzdx - 1Jsins—xdx.
8 2 8 2 8 2 8 2

_§ cos3x/2 +§. cosx/2 _1 cos7x/2
8 3 8 1 8 7
2 2 2

_1[_ cos5x/2 ]+ c
8 5

2

1 3x 3 x 1 7x 1 5x
=——C0S— ——CO0S—+—C0S— +—C0S—+C
4 2 4 2 28 2 20 2

OR
1

sin% x +sin? xcos? x + cos# x

Let I:f dx

,[ sec? xdx f(l +tan? x)sec? xdx
tan4x+tan2x+1 tan4x+tan2x+1

Puttanx =t = sec’xdx = dt

1+l

dt = | t21 dt
t2+1+
ﬂ

_J 1+t2
t4+t241
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dy 1

I= fm = ﬁtan—l(%)+C

tan-1

(1)
t 1 _1(tanx—cotx) L e

:i +C=—=tan
V3 V3 V3 V3

2
35. We have, y = Iog(x+\/x2 +a? ) (D)

On differentiating (i), w.r.t. ‘x, we get

;’_yz%Z(x+\/x2+az)(1+%(2X)]
X (x+ 2 +a? VX" +a

o dy_ 2 (\/x2+az+x
dx (x+\/x2+az)L Jx2 +a2
- o2

dx  \x2+a2
[+ _o (i)
dx
On differentiating (if) w.r.t. ‘x’, we get

dy
\/x2+a2 =0
dX2 2\/x2+a2
2. 5 d?y dy .. . .
= (x2+a )—+x—=0,wh|ch is given differential
dx2 " dx

equation.

=log(x++x2+a2)? is the solution of given
differential equation.

36. (i) Since, PQRis atriangle
. ZLP+./£Q+ £ZR=180°
= cos(P+Q+R)=cos180°=-1

R
(i) Since, LP:tan‘i(%) = tan P:%

10 J5
= sin P—L and cos P—i
NS N R AN At
3 1 4
Value of cos P+sinP = + =
J1o V10 V10
(iii) Given, 4P=tan—1(%) and 4Q=tan—1(%)
1 1 1 1
tanP==and tanQ== .. sinP=— and sinQ=—
3 2 710 NG
= sin2P+sin2Q_i+E=E=i
10 5 10 10
OR
Given, P = cos ' x (1)

Also, /P =tan"! (%)

-

=P(E,) - P(E) =

(ifi) P(puzzleis solved) =
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| 1 3
i > tanP== .. cosP=——=
s 3 J10
3
= P=cosl| —— -(2)
)

From (1) and (2), we get

X=—— X2:i = 10x2=9

N R
37. Let E; be the event that Rohan solved the puzzle and
E, be the event that Payal solved the puzzle.
Then, P(E;) = 1/2 and P(E,) = 1/3
(i) Since, E; and E, are independent events
P(both solved the puzzle) = P(E; N E5)

11 1
27376
(if)  P(puzzle is solved by Rohan but not by Payal)
111 21 1
3) 2 32 3
P(E, or E,)
=P(E; U E,) = P(Eq) + P(E,) - P(E; N E,)

1 11 4 2

2 3 6 6 3

= P(E, P(E) = (1

OR
P(Exactly one of them solved the puzzle)

= P((E;and E,) or (E; and E,))
=P(Eyn E,)+P(E;n E)
= P(Eq) x P(E,) + P(Ep) x P(E)

[ P(E;)=1- P(Ey)]

1.2 11
—X=H=X=
2 3 32
1,13 1
3 6 6 2

38. (i) Since, more than 42000 tickets cannot be sold.
So, range of x is [0, 42000].

Revenue function, R(x) = xP(x)

{19~ 3505 ) =19
~3000) =" 3000

X2

3000

(i) We have, R(x) = 19x -

= R(KX)=

1500
For maxima/minima, put R’(x) =0

=0 = x=28500

X
1500
Also, R”(x) = -

<
1500
Maximum revenue will be at x = 28500
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(Based on CBSE Circular released on 31% March 2023)

General Instructions :
This question paper contains - five sections A, B, C, D and E. Each section is compulsory. However, there are internal

1.

S

choices in some questions.

Section A has 18 MCQs and 2 Assertion-Reason based questions of 1 mark each.

Section B has 5 Very Short Answer (VSA)-type questions of 2 marks each.

Section C has 6 Short Answer (SA)-type questions of 3 marks each.

Section D has 4 Long Answer (LA)-type questions of 5 marks each.

Section E has 3 source based/case based/passage based/integrated units of assessment (4 marks each) with sub-parts.

Time Allowed : 3 Hours

(Multiple Choice Questions)
Each question carries 1 mark

If A= [a ] is a square matrix of order 2 such that

au_{l Whenlij then AZis

0,wheni=

10 11
(@) [1 o} (b) [o o}

11 10
© [1 o} (d) {o 1}

If A and B are invertible square matrices of the same
order, then which of the following is not correct?

(@) adjA=|A|-AY (b) det(A)t=[det(A)]*?

(© (AB'=B*A™" (d) (A+B)'=B'+A"!

If the area of the triangle with vertices (-3, 0), (3, 0)
and (0, k) is 9 sg units, then the value/s of k is will be

(@) 9 (b) +3 () -9 () 6

If f(x)= {| I’ ifx<0 is continuous at x = 0, then the
3,ifx=>0

value of kis

(a) -3 (b) O

(c) 3 (d) anyreal number

The lines F=i+j—k+A(2i+3j-6k)and F=2i—j—k+
u(6f+9]'—18f<) ; (Where A anu are scalars) are

(a) coincident (b) skew

(c) intersecting (d) parallel

The degree of the differential equation

3
212 2
2
dx dx

(a) 4 (b) 5 () 2 (d) Not defined

10.

P11,

Maximum Marks : 80

The corner points of the bounded feasible region
determined by a system of linear constraints are
(0,3),(1,1) and (3, 0). Let Z = px + qy, where p, q > O,.
The condition on p and g so that the minimum of Z
occurs at (3,0) and (1, 1) is

(@) p=2q (b) p:%
() p=3q (d p=gq

ABCD is a rhombus whose diagonals intersects at E.
Then EA+EB+EC+ED equals to

(@) O (b) AD (c) 2BD (d) 2AD
For anyintegern,thevalueof_[ 5" X cos3(2n+1)x dx is
@ -1 B0 © 1 (2
0 2x-1 x

The value of |A|, if A=|1-2x 0  2vJx |, where

_ ~Jx -2Jx 0
xeR™,is
(@) (2x+1)? (b) O

(© (2x+1)°

The feasible region corresponding to the linear
constraints of a Linear Programming Problem is given
below

(d) None of these

X o(1,c\>2/<2,o) 1,00~y X
+>(
’ j/\\
y 2
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12.

13.

14.

15.

16.

17.

18.

Which of the following is not a constraint to the given

Linear Programming Problem ?
(@) x+y=2 (b) x+2y<10
() x-y=1 (d) x-y<1

If a=4f+6} and 5:3}+4I§, then the vector form of
the component of @ along b is

18,.» = 18,.~ »

(©) %(3?+4:2) (d)

Giventhat Ais asquare matrix of order 3and |A| = -2,
then |adj (2A)] is equal to

(a) -2° (b) 4

(c) -2° (d) 2°

A problem in Mathematics is given to three students

;—i(z?+4})

whose chances of solving it are %%% respectively.

If the events of their solving the problem are
independent then the probability that the problem
will be solved, is

(a) (b)

(c) (d)

The general solution of the differential equation
ydx - xdy = O; (Given x, y > 0), is of the form

(@) xy=c (b) x=cy?

(c) y=cx (d) y=cx’

(Where ‘¢’ is an arbitrary positive constant of
integration)

NI N
Alw W=

The value of A for which two vectors 2?—}+2I2 and
3i+ 7»}'+IA< are perpendicular is

(@ 2 (b) 4

© 6 (d 8

The set of all points where the function f(x) = x + |x| is
differentiable, is

(@) (0,0) (b) (~,0)
(€) (=o0,0)U(0,00) (d) (= -o0,00)
If the direction cosines of aline are <1,1,1> ,then
(@) O<c<1 (b) c>2 ccc
(© c=%2 (d) c=+3
A tion -R B 1Q l'

In the following questions, a statement of Assertion (A)

is followed by a statement of Reason (R).

Choose the correct answer out of the following

choices.

(a) Both (A) and (R) are true and (R) is the correct
explanation of (A).

(b) Both(A)and(R)
explanation of (A).

20.

25.

are true but (R) is not the correct :
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(c)
(d)

Let f(x) be a polynomial function of degree 6 such that

(A) is true but (R) is false.
(A) is false but (R) is true.

19.
9 () =(x~1°(x -3, then
dx
Assertion (A) : f(x) has minimum at x = 1.

Reason (R) : When %(f(x)) <0,Vxe(a—h,a) and

di(f(x)) >0,Vx e(a,a+h); where ‘h’ is an infinitesimally
X

small positive quantity, then f(x) has a minimum at
x = a, provided f(x) is continuous at x = a.

Assertion (A) : The relationf: {1, 2, 3, 4} — {x, y, z, p}
defined by f={(1, x), (2, ), (3, 2)} is a bijective function.
Reason (R) : The functionf:{1, 2, 3} — {x, v, z, p} such
thatf={(1,x),(2,y), (3, 2)}is one-one.

This section comprises of very short answer type
questions (VSA) of 2 marks each.

21. Find the value of sin™? (cos(%)).

OR
Find the domain of sin™ (x? - 4).

22. Find the interval/s in which the function f:R—>R

defined by f(x) = xe*, is increasing.
23.

If f(x)= ;xeR, then find the maximum

4x2% +2x+1
value of f(x).

OR
Find the maximum profit that a company can make,
if the profit function is given by P(x) = 72 + 42x - x?,
where x is the number of units and P is the profit in
rupees.

Evaluate: J'jllog . (z;)dx.

24, X
2+x

Check whether the function f:R—R defined by
f(x) = X% +x, has any critical point/s or not ?
If yes, then find the point/s.

This section comprises of short answer type
questions (SA) of 3 marks each.

2x2+3
2(x2+9)
The random variable X has a probability distribution
P(X) of the following form, where ‘k’ is some real
number.

26. Evaluate: I dx; x#0.
X

27.
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k, if x=0
P(X)= 2k, !f x=1
3k, if x=2

0, otherwise

(i) Determine the value of k.
(ii) Find P(X< 2).
(iii) Find P(X > 2).

28. Evaluate: J / 3 dx; xe (0, 1).

T
Evaluate: Jozloge(1+tanx)dx.

29. Solve the differential equation :

)dy, (y#0).
OR
Solve the differential equation:

(coszx)d—y+y=tanx; (OSX <E).
dx 2

X X
yeYdx=\xe¥ +y?

30. Solve the following Linear Programming Problem |

graphically :

Minimize : z = x + 2y,

subject to the constraints : x + 2y > 100, 2x - y <0,
2x+y<200,x,y=>0.

OR
Solve the following Linear Programming Problem
graphically :
Maximize:z=-x + 2y,

subject to the constraints: x> 3,x+y>5,x+2y>6,
y>0

Yy d2y a 2
31. If (a+bx)ex =x then prove that x—=( ) .
dx?2 \a+bx

This section comprises of long answer type questions
(LA) of 5 marks each.

32. Make arough sketch of the region{(x, y) : 0<y<x*+1,

0<y<x+1,0<x<2}and find the area of the region, |

using the method of integration.

33. Let N be the set of all natural numbers and R be a
relationon NxN defined by
(a,b) R(c,d) < ad = bcfor all (a, b), (c,d) € NxN.Show
that R is an equivalence relation on NxN . Also, find
the equivalence class of (2, 6), i.e., [(2, 6)].
OR

Show that the function f:R = {xeR:-1<x <1} defined

by f(x )_1 Xl ,xeR is one-one and onto function.

34. Using the matrix method, solve the following system

of linear equations:
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2,3,10_, 46,546,220 ,
Xy z X'y z Xy z

35. Find the coordinates of the image of the point (1, 6, 3)

withrespecttotheline ¥ :(}+2IA<)+ k(f+2]‘+3f<); where
‘A is a scalar. Also, find the distance of the image from
the y-axis.

OR

An aeroplane is flying along the line F:Mf—ﬁlz);
where A’ is a scalar and another aeroplane is flying
along the line F:f—f+u(—2}+f<); ‘W is a scalar. At
what points on the lines should they reach, so that
the distance between them is the shortest? Find the
shortest possible distance between them.

This section comprises of 3 case-study/passage-based
questions of 4 marks each with sub parts. The first two
case study questions have three sub-parts (i), (ii), (iii)
of marks 1, 1, 2 respectively. The third case study
question has two sub parts of 2 marks each.

36. Read the following passage and answer the questions
given below.

In an office three employees James, Sophia and Oliver
process incoming copies of a certain form. James
processes 50% of the forms, Sophia processes 20%
and Oliver the remaining 30% of the forms. James has
an error rate of 0.06, Sophia has an error rate of 0.04
and Oliver has an error has an error rate of 0.03.
Based onthe above information, answer the following
questions.

(i) Find the probability that Sophia processed the
form and committed an error.

(i) Find the total probability of committing an error
in processing the form.

(iii) The manager of the company wants to do a
quality check. During inspection, he selects
a form at random from the days output of
processed form. If the form selected at random
has an error, find the probability that the form is
not processed by James.
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OR

Let E be the event of committing an error in

processing the form and let E4, E; and E; be the
events that James, Sophia and Oliver processed

3
the form. Find the value of ZP(E:' /E).
i=1
37. Read the following passage and answer the questions
given below :

Teams A, B, C went for playing a tug of war game.
Teams A, B, C have attached arope to a metal ring and
is trying to pull the ring into their own area.

Team A pulls with force F, =6i+0jkN,
Team B pulls with force F, =—4i+4]kN,
Team C pulls with force F; =-3i-3jkN,

G=6i+0j

(i)  What is the magnitude of the force of Team A?
(i) Which team will win the game?

1. (d):Given,A:[0 1]:>A2=[0 1][0 1]:[1 O]
10 1 0fl1 o] [0 1

2. (d):(A+B)tzBt+A?

1—3 01
3. (b):Area==|3 0 1|, giventhatthearea
0 k 1
= 9 sq. unit.
1—3 01
= 19==3 0 1; expandingalong C,, we get
2
0 k 1
= +18=-k(-3-3)=+18=6k=k=+%3
kx
—,ifx<0
4. (a) s fx)=1Ix]
3, ifx>0

Since, fis continuous at x = 0,

= LHL=RHL=f0)= lim f(x)= lim f(x)=F(0)

x—=0~ x—0"

= lim _—kX= lim 3=3 = k=-3.
x—0" X  x-0*

Detailed o 8V)j(e]\ 1
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(iii) Find the magnitude of the resultant force exerted
by the teams.

OR
In which direction is the ring getting pulled?

38. Read the following passage and answer the questions
given below :

The relation between the height of the plant ('Y’ in
cm) with respect to its exposure to the sunlight is
governed by the following equation y=4x—%x2,
where ‘X’ is the number of days exposed to the

sunlight, for x< 3.

(i)  Find the rate of growth of the plant with respect
to the number of days exposed to the sunlight.

(i) Does the rate of growth of the plant increase or
decrease in the first three days? What will be the
height of the plant after 2 days?

5. (d) : Vectors 2i+3j-6kand6i+9j-18k are parallel

and the fixed point i+j—k on the line

r =f+}—f<+7x (2?+3}—6I§) does not satisfy the other line

F=2f—}'—f<+u(6f+9}—18f<); where A and u are scalars.

6. (c) : Squaring the given differential equation, we get

[ooee T -2
= (@) D) = () (@]

= degree=2

7. (b):
Corner point Value of Z=px+qy;p,q >0
(0,3) px0+qgx3=23q
(1,1) px1l+gx1l=p+q
(3,0) px3+qx0=3p
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The minimum of Z occurs at (3,0) and (1, 1)

. p+q=3p:>p=ﬂ
2

8. (a):Given, ABCD is a A

rhombus whose diagonals bisect

each other. |EA|=|EC| and

|EB|=|ED| but since they are g D

opposite to each other so they

are of opp05|te signs

— EA=-ECandEB=-ED.

o C
= EA+EC=0 ..(i) and
EB+ED=0 ..(ii)

Adding (i) and (ii), we get EA+EB+EC+ED=0.

9. (b): Let f(x):es"‘z" cos® (2n+1)x
f(n—x):esmz("‘x)c053(2n+1)(n—x)
= es'” X cos3(2n+1)x =—f(x)

fges'" Xcos®(2n+1)xdx=0, as if f is integrable in

[0, 2a] and f(2a - X) = - f(x) then j(f“ﬂx)dx:o .

10. (b) : Given,
0 2x-1 x 0 1-2x —Jx
A=|1-2x 0 2Jx|A'=[2x-1 0 -2Jx
Jx -2Jdx 0 Ux 2dx 0
Since, A" = -A,
Matrix A is a skew symmetric matrix of odd order.
|A] =

11. (c) : Weobserve, (0,0) does not satisfy the inequality
x-y=1

So, the half plane represented by the above inequality will

feasible region.
12. (b) : Given, d=4i+6j andb=3j+4k
d-b=(4i+6))-(3j+4k) =4x0+6x3+0x4=18

b|= \/ +(4)? =V9+16 =5
|b|2=52=25
a-b aR
Vector component of aalongb (lbl ) ( 4k).

13. (d) : |adj(2A)|=|(2A)|2=(23|A])2=28|A|?=26x (-2)?=28,
14. (d)
the problem. Then, P(A)=

: Let A, B, C be the respective events of solving

1 b=t and PiC)=L. Here,
2 3 4

A,B,C are independent events.
Problem is solved if at least one of them solves the
problem.

Required probability is = P(AuBUC)=1-P(A)P(B)P(C)

:1_(1_1)(1_1)(1_1):1 123 _,.1.3
2077307, 234 T4 4

15. (c) :

- 18. (d)
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Given, ydx - xdy = 0 = ydx = xdy = dyy dx

Integrating both sides, we get de jdx

log,ly| = log, |x| + log, |c]
Since x, y, ¢ > 0, we write log, y

16. (d) : Dot product of two mutually perpendicular
vectors is zero.

(2i—]+2k)-(3i+Aj+k)=0

= 2x3+(-1A+2x1=0=>6-A+2=0=>A1=8

=log, x +log,c =y =cx.

17. (c) : Given, Y
2x,x=20
f(x)=x+|x|= XX o
: 0,x<0 _;I/
There is a sharp corner at  y=o0x<0 /Y -
x=0, X < O* » X

= f(x)isnot
differentiable at x = 0.
Hence, f(x) is differentiable when x € (- o, 0) U (0, ).

- Weknow, P+m?+n?=1
1¥ (1Y (1} 1 1 1

= |=|+H =+ )] =1l 5+5+5=1
c c c 2 22

- %zl:c:i\@.
C

19. (a) : Given, %(f(x)):(x—1)3(x—3)2

Assertion : f(x) has minimum at x = 1 is true as
i(f(x))<O,Vxe(l—h,1)andi(f(x))>O,Vxe(1,1+h); where
dx dx

‘h’ is an infinitesimally small positive quantity, which is in

i accordance with the Reason statement.
not contain origin therefore, it will not contain the shaded

Both (A) and (R) are true and (R) is the correct
explanation of (A).

20. (d) : The element 4 has no image under f = relation f
is not a function. So, Assertion is false.

The given function f: {1, 2, 3} — {x, y, z, p} is one - one
as for each element of {1, 2, 3}, there is different image in

' {x, v,z p}underf.

Reasonis true.
21. Given,

(632 oo (2

(.0 cos(2m + x) = cosx)

0s™! (cosx) = x)
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OR
Given, sin"! (x* - 4)
Since the domain of sin"xis[-1, 1]
-1<(x*-4)<1

= 3<x’<5= J3<|x|<V5
=  xe[—5,-v3]u[V3,45]

Hence, the required domain is [—x/g,—x@]u[x/i \/g]

22. Wehave, f(x) =xe* = f(x) =xe* + =" (x + 1)

For f(x) to be increasing, we have f'(x) = e*(x + 1) >0

= x2>-lasée*>0,VxeR

Hence, the required interval where f(x) increases is [- 1, o).

1

4x%+2x+1
On differentiating w.r.t. x, we get

F(x)= (4x%+2x+1)-0-1- (8x+2)  —(8x+2)
(4x%+2x+1)?  (4x2 +2x+1)2

For maxima or minima, we put f'(x) =
%:o — 8x+2=0 = x=—1.
(4x%+2x+1) 4

Again differentiating equation (i) w.r.t x, we get
—— {(4)(2 +2x+1)2 (8)—(8x+2)2x (4x> +2x+1)(8x+2)}

(4x?+2x+1)*
At x=—1,f”(—1)<o
4 4

f(x) is maximum at x:—%.

23. Given, f(x)=

maximum value of f(x) is

f(_ 1 )_ 1 4
4) 2 T3
4(_1) +z(_1)+1 °
4 4
OR

For maxima and minima, P’(x) =0 =di(72+42x—x2)=0
X

= 42-2x=0=x=21andP”(x)=-2<0

So, P(x)is maximumatx=21.

The maximum value of P(x) = 72 + 42 x 21 - (21)>= 513 ]i.e.,
the maximum profitis¥ 513.

24. Let f(x)= Ioge(z X)
2+

We have, f(-x)= Ioge(2+x) log, (Z;X}—f(X)
2— 2+X

= f(x) is an odd function.

By the property
. 0, if f(=x)=—f(x)
dx = a
J'_af(x) X 2fo f(x),dx if (—x)=f(x)
1 2-Xx
j_lloge (m)dx—o.
25. fix)=x3+x, forallxe R.

On differentiating w.r.t. ‘x, we get
f(x)=3x*+ 1;forallxe R,x*>0
= fx)>0

| T
= I=j()zloge (1+

CBSE Champion Mathematics Class 12

Hence, there is no point where the function is undefined
and its derivative is zero or undefined.

Hence, no critical point exists.

2x%+3
x2(x2 +9)‘

26. Given, Now, let x> = t.

The form of the partial fraction decomposition

2t+3 _A i: 2t+3  A(t+9)+Bt
tt+9) t t+9 t(t+9) t(t+9)
= 2t+3=t(A+B)+9A .. A+B=29A=3
On solving, we get AzéandB-g
2x +3 de SJ- dx 1 §tn (X)+c,
2(x +9 X249 3x 9 3

 Where‘c'isan arbitrary constant of integration.

27. Wehave, (i) Y P(X;)=1=k+2k+3k=1= 6k=1=k= %
.. 1 1
(i) P(X<2)=P(X=0)+P(X=1)=k+2k=3k=3x xZ=5
(i) P(X>2)=0.
3 1

28. Letx2=t= dt:%xidx

The integration becomes
Nima el ﬁ ex
= |3 *J

t

—sm () +c

_gsm 1(x2)+c, where, ‘¢’ is an arbitrary constant of

integration.
OR

T
Let I:fozloge (1+tanx)dx (i)

T
= Izjozloge (1+tan(Z—x))dx,

( _[;f(x) dx= J:f(a - x)dx)

1—tanx)
dx
1+tanx

X 2 x . .
:J'(;t|oge(1+tanx)dx:J(;llogede—l [Using ...(i)]
T 1
= 2I=ZIoge2=>I=§Iog52.
X
X1y Iy dx er+y
29. We have, ye*Vdx=(xe*" +y )dy:>d X
y
y-e
= ax_ XY (i)
i dy vy

x
ey
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dx dv
Let x=vy=>—=v+y—;
dy dy
So, equation (i) becomes v+yﬂ:v+L
dy e’
dv vy v
y—=-— =e’ dv=dy
dy e

On integrating we get, _[e"dv:J'dy:e" =y+c= eV =y+c
Where ‘¢’ is an arbitrary constant of integration.

OR
The given differential equation is

(coszx)%+y:tanx
X

Dividing both the sides by cos? x, we get
ﬂ+ y _ tanx

dx  cos? 2 x

X cos
ﬂ+y (sec? x)=tanx(sec2 X)
dx
Clearly, it is a linear differential equation.
On comparing with %+Py:Q, we get

X
P= seczx, Q =tanx. secx
The integrating factor is, I.F. = g/Pdx _ gJsec?xdx _ tanx
On multiplying the equation (i) by '™
d

d—(y.eta“") =e® tanxsec?x = dly.e
X

On integrating we get, y.e®®" = ft.et dt+c,; where,

,we get

tanx) _ gtanX tanxsec? x dx

t=tanx;dt= sec? xdx
= tef - et + ¢ = (tanx) eB™ - ™ 4 ¢

y = tanx - 1 + c. (e7®™), where ‘c;’ & ‘¢’ are arbitrary
constants of integration.

30. Given, First, convert the inequation into equation
x+2y=100,2x-y=0,2x+y=200,x,y=0
Now, draw the graph.

Y
A
X >
s
//0
%
% C(50,100)
(0,50) N
A(0,50 X+, _ 2
8120 45 Y=100 %
X < » X
5 (100, o%
\J
v

A(0, 50), B (20, 40),C (50, 100) and D(0, 200) are the corner
points of the feasible region.

Now, draw the graph:
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The values of Z at these corner points are given below :
| Corner point Corresponding
value of
Z=x+2y
A (O, 50) 100 Minimum
B (20, 40) 100 Minimum
C(50, 100) 250
D(0, 200) 400

Since, the minimum value is at two points i.e., A(O, 50) and
B(20, 40)

= The minimum value of Zis 100 at all the points on the

' line segment joining the points A(0, 50) and B(20, 40).

OR

Given,x>3,x+y>5x+2y>6,y>0.
First, covert the inequations into equation.
x=3,x+y=5x+2y=6,y=0,

y

(0,5)

(3.0) (5,0) (a%
V=g

y x=3
Here, it can be seen that the feasible region is unbounded.
The values of Z at corner points A(3, 2), B (4, 1) and C(6, 0)
are given below.

Corner point | Corresponding value of Z=-X+ 2y
A(3,2) 1 (may or may not be the maximum value)
B(4,1) -2

C(6,0) -6

Since the feasible region is unbounded, Z = 1 may or may
not be the maximum value.

Now, we draw the graph of the inequality, -x + 2y > 1, and
we check whether the resulting open half-plane has any
point/s, in common with the feasible region or not.

Here, the resulting open half plane has points in common
with the feasible region.

Hence, Z = 1is not the maximum value. We conclude, Z has

i no maximum value.
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31. Given, (a+bx)e"* =x=e"*=—"
(a+bx)

Taking log on both sides, we get

y X
=~=log,| —— |=log, x—log. (a+bx
” ge(a+bx) 8e g ( )

On differentiating w.r.t. ‘x, we get
xﬂ—y
o de 1 1 d(a+bx):1— b
X2 X a+bxdx X a+bx

X a+bx dx x(a+bx)
On differentiating again w.r.t. ‘x, we get

N x?—y:xz(l— b ):>Xdy yzxz(a+bx—bx)
X

d2y N dy dy (a+bx)a—ax(b)

dxi2 dx dx (a+bx)?

X 72
dX a+bX

32. Given,{(x, y):0£y£x2+ 1,0<y<x+1,0<x<2}
Draw the graph:

=

P(0, 1) =

/o

X< S(1,0) T(2,0)

Yy

y=x*+1.(); y=x+1 (i)
By (i) and (ii), we get
X*+1=x+1=x(x-1)=0=x=0,1.

So, the point of intersections P(0, 1) and Q (1, 2).

Area of the shaded region OPQRTSO

= Area of the region OSQPO + Area of the region STRQS

1 2 3 Por.2e P
:f (x2+1)dx+-[ (x+1)dx :[X+X:| +[X+X]
0 1 3 o 2 |

:[%+1—O]+[(2+2)—(%+1):|:27:

Hence, the required areais % sg. unit.

33. Let (a, b) be an arbitrary element of N x N. Then (a, b)
e NxNanda,be N

We have, ab = ba; (As a, b € N and multiplication is
commutative on N)

= (a,b) R (a,b),according to the definition of the relation
RonNxN

Thus (a,b)R (a,b), V (a,b) e Nx N

So, Ris reflexive relation of N x N

Let (a, b), (c, d) be arbitrary elements of N x N such that
(a, b) R(c, d).

Then, (a, b) R(c, d) = ad = bc = bc = ad; (changing LHS and

RHS)

| We have, f(x)=

i Case 2:whenx <0, we have f(x):li
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=cb=da; (Asa,b,c,de Nand multiplicationis commutative
i onN)

= (c, d) R(a, b); according to the definition of the relation
Ron NxN

Thus (a,b) R (c,d) = (c,d) R (a, b)

So, Ris symmetricrelationon N x N

Let (a, b), (c, d), (e, f) be arbitrary elements of N x N such
that

(a,b) R(c,d) and (c, d) R(e, f).

(a,b)R(c,d)= ad =bc
en (c,d)R(e,f)= cf =de
= (a, b)R(e,f); (according to the definition of the relation
RonNxN)

Thus (a,b) R (c,d) and (c,d) R (e,f) = (a, b) R (e, )
So, Ris transitive relation of N x N.

Th }:>(ad)(cf)=(bc)(de):>af=be

i As the relation R is reflexive, symmetric and transitive so,

itis equivalence relationon N x N.
[(2,6)]={(x,y) e NxN:(x,y) R(2,6)}
={(x,y) e NxN:3x=y}={(x, 3x) : xe N} ={(1, 3), (2, 6),
(3,9),..}
OR

X .
—ifx=0
+X
X .
—,ifx<O0
—X
Now, we consider the following cases

Case 1:when x>0, we have f(X)=L
1+x

Injectivity : let x, y € R" U {0} such that f(x) = f(y), then
X y
= S XtXY=Y+XY=X=Y
1+x 1+y
So, fis injective function.
Surjectivity : when x > 0, we have f(X)=ﬁ20 and

1‘(X)=1——1 <1,asx>0
1+x

| Letye[0, 1), thusforeachye|0, 1), there exists x=—2_>0

1-
y y

such that f(x)= 1y

:y.
1+—
1-y

So, fis onto function on [0, =) to [0, 1).

Injectivity : Letx,ye R i.e.,x,y <0,suchthatf(x) =f(y), then
X _y
=TS X—XY=Y—Xy =>X=
1x 1oy y=y—xy y

So, fis injective function.

Surjectivity
X 1
f(X)=——=-1+—->-1;-1<f(x)<0
1-x 1-x
Letye (-1,0), be an arbitrary real number and there exists
v
1+y
1- Y
1+y

x < 0, we have f(x):%<o also,
—X

x=—Y—<0 such that, f(X)=f(y)= =y.
1 l+y

+y
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So, for y (-1, 0), there exists x =% <0such that f(x) =
y

Hence, f is onto function on (-, 0) to (-1, 0)
Case 3: Injectivity : Let x > 0 &y < O such that f(x) = f(y)

X y
1+x 1-y
= X-Xy=y+xy=x-y=2xy,here LHS >0but RHS <O,
which is inadmissible.
Hence, f(x) # f(y) when x = y.

Hence f is one-one and onto function.

34. The given system of equations can be written in the
form AX =B,

2 3 10 1/x 4
Where, A=|4 -6 5 [X=|1/y|andB=|1
6 9 -20 1/z 2
Now,
2 3 10
|Al=|4 -6 5 |=2(120-45)-3(-80-30)+10(36+36)
6 9 -20
=2(75) - 3(-110) + 10(72) = 150 + 330 + 720 = 1200 # 0
- A lexists. |
75 110 72 T 75 150 75
~adjA=|150 -100 O =(110 -100 30
75 30 -24 72 0 -24
75 150 75
Hence, A~ IAI(ade) 12100 110 -100 30
72 0O -24
1
X 75 150 754
AS,AX=B:>X=A"1B:>1 1 110 -100 30 |1
v 12000 500 0 oz
1
z
1] 1
300 150 150] |* 6007 |2
1 1 1 1
=500 440 ~100 60 |= S Fow 400|=| =
288 0 48] |} 240| |
7] 5
Thus, 2=+ 111 1 cnce x=2,y=32=5.
x 2y 3z 5
35. LetP(1, 6, 3) be the given point, P(1,6,3)
and let ‘L’ be the foot of the
perpendicular from ‘P’ to the given
line AB (as shown in the figure below). A 1 B
The coordinates of a general point
on the given line are given by
x-0 _y- -1 z-2 Q

———=1_"="""=):Ais a scalar,
1 2 3

ie,x=Ay=2A+1andz=3A1+2
Let the coordinates of L be (A, 2A + 1, 3A + 2).
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So, directionratiosof PLareA-1,2A+1-6and3A+2-3,
Y. ieA-1,2A-5and 3% -1

Direction ratios of the given line are 1, 2 and 3, which is

perpendicular to PL.

Therefore,(A-1)1+(2AL-5)2+ (3L -1)3=0

=A-14+4)1-10+9A-3=0=141-14=0=>A=1

So, coordinates of L are (1, 3, 5).

Let Q(x4, ¥1, 1) be the image of P(1, 6, 3) in the given line.

Then, L is the mid-point of PQ.

Therefore,

(x1+1)
2

Hence, the image of P(1, 6, 3) in the given line is (1,0, 7).

Now, the distance of the point (1, 0, 7) from the y-axix is

(Y1 +6)

=1, =3and

(21;3) 5 X1 =1, yl =Oand 21 =

- V12472 =/50 units.

OR
Given, an aeroplane is flying along the line F:M?—}HQ) .
Another aeroplane is flying along the line
F=i—j+u(-2j+k)

The equation of two given straight lines in the Cartesian
Y _ ..(i)and Xol Y+1 Z (i)

form are I

The lines are not parallel as direction ratios are not pro-

| portional. Let P be a point on straight line (i) and Q be a

point on straight line (ii) such that line PQ is perpendicular
to both of the lines.

Let the coordinates of P be (A, -A, A) and that of Q be
(1,-2u - 1, u); where ‘A’ and ‘W’ are scalars.

Then the direction ratios of the line PQare (A - 1, -1 + 2u
+1L,A-w

i Since PQ is perpendicular to straight line (i), we have,

A-1D1+(-A+2u+1.(-1)+(A-w.1=0

= 3A-3u=2 ...(iii)

Since PQ is perpendicular to straight line (ii), we have,

O.A-1)+(-A+2u+1).(-2)+(A-u).1=0=31-5u=2
.(iv)

Solving (iii) and (iv), we get u =0, A=

(.»J\N

)and that of

WIN

2 2
Therefore, the Coordinates of P are (g 3
Qare(1,-1,0)
So, the required shortest distance

([ as3o-3 - ome
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36. Let Ey, Ey, E5 be the events that James, Sophia and |
Oliver processed the form, which are clearly pairwise |

mutually exclusive and exhausive set of events.

50 5 20 1 30 3
Then P(E1)—R 10 P(E,)= 100°5 ”dP(Ef‘):ﬁ:E'
Also, let E be the event of committing an error.
We have, P(E|E,) = 0.06, P(E|E,) = 0.04, P(E|E5) = 0.03.
(i) The probability that Sophia processed the form and
committed an error is given by

P(EmE2)=P(E2)~P(E|E2)=%><O.04=0.008.

(ii) The total probability of committing an error in process-
ing the form is given by

P(E) = E|E1)+P(E2 (E|E,) + P(E5).P(E|E5)
P(E)= ﬂ x0.06+ —x004 ﬂ><OO3 0.047.
100 100 100

(iii) The probability that the form is processed by James
given that form has an error is given by
PlE, |E)= PIE|Ey)xP(E;)
P(E|E;)-P(E;{)+P(E|E,)-P(E,)+P(E|E5)-P(E5)
50

0.06x>2
100 30

006522 4004x 20 1003x 0 47
100 100 100
Therefore, the required probability that the form is

not processed by James given that form has an error

= 30 17
= P(E,|E)=1-P(E,|E)=1-"—="=
(E1 |E) (E1|E)= -1
OR
ZP(EIE P(E, |E)+P(E, |E)+P(E5|E)=1

Since, sum of the posterior probability is 1.

3
(We have, ZP(E,-l E)=P(E, |E)+P(E, |E)+P(E5 |E)
i=1
_ P(ENE;)+P(ENE,)+P(ENE;)
- P(E)
_ P(ENE;)UP(ENE,)UP(ENES)
- P(E)
are mutually exclusive events

askE; &Eji#],
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_P(En(E; UE, UES)) _PENS) _P(E) _
- P(E) - PE)  PE) T
‘S’ being the sample space)

37. We have,

|Fy|=V62 +0 =6 KN, |F, |=(-4) +42 =\/32 = 4/2KN,
|F3|=/(=3)% +(=3)? =+/18 =3/2kN

(i) Magnitude of force of Team A = 6kN.
(ii) Since, 6 kN is largest so, team A will win the game.

(iii) F=Fy+F,+F3=61+0j-4i+4j-3i-3j=—i+]
< [Fl=y(=1)2+(1)? =<2 kN.

OR
F=—it]

(1 n 3rn
. O=m—tan ——=—
n (1) b 17 where ‘0’ is the angle made

by the resultant force with the +ve direction of the x-axis.

1
38. (i) y=4x—§x2

To find the growth rate, differentiate the given equation
w.r.t. ‘X, we get
x—lxz)
2

ﬂ:i(4
dx dx
ay 4 2 Ay,

= =
dx 2 dx

.. The rate of growth of the plant with respect to the num-

ber of days exposed to sunlight is given by 3 =4-x.

(i) Let rate of growth be represented by the function

| dy
g(x)= et
d dy)
=Y |=—1<0
Now, g’(x) dx(dx <

= g(x) decreases
So, the rate of growth of the plant decreases for the first

| three days.

1
Height of the plant after 2 days is y=4><2—§(2)2 =6cm.



